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Algebraic curves:
An irreducible projective curve defined over a field k = k is called the set of zeroes of the
following irreducible homogenous polynomial F(x, y, z) € k[x, Yy, Z].
We normally say: Given the curve C
C: F(xy,z2)=0
The coordinate ring of C is k[C] := k[x, y, z]/(F). The function field of C is defined as
k(C) := { % ’ g, h € k[C] are forms of the same degree and h # 0}

A rational map between two curves
¢: Ci: F(x,y,2)=0 — Co: Fa(x,y,2)=0
is a map given by
(x,y,2) = (h(x,y,2), k(x,¥,2),13(x, ¥, 2))

where fi, f>, f3 are homogenous polynomials such that:
@ fi, f, f3 and all have the same degree.
@ Thereis a P € Cy such that not all f;(P) = 0.
Q@ R (h(x.y,2).h(x.y.2), h(x.y,2)) =0
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The map
¢ C1 — Cg

is regular at P € C if fi(P) # 0 for at least one i. Moreover, it is called a morphism if it is regular

in all points P € C; and an isomorphism if ¢ has an inverse
¢~ Co— Gy,

which is also a morphism.

Without any loss of generality we may assume that our curves are non-singular. Then,

@ Any rational map ¢ : C; — Cy is a morphism
@ if ¢ is non-constant then ¢ is surjective.

Cy
¢ 7777777

C

Moreover,

Ci 2 Cp <= k(C1) = k(Ca).

Similarly, we can define these concepts for affine curves.
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_ Riemann surfaces

Riemann surfaces

Riemann surfaces can be thought of as "deformed copies” of the complex plane: locally near every
point they look like patches of the complex plane.

Every algebraic curve with coefficients in C is a compact Riemann surface.

Every compact Riemann surface is a sphere with some handles attached. The number of handles
is an important topological invariant called the topological genus of the surface.

genus of an algebraic curve = # of handles on the surface.

The most famous Riemann surface of all is the so called Riemann
sphere, denoted by P!,

Every algebraic curve X is given as a covering X +— P!,

South pole = compiexorigi’

When such covering X — P! has degree 2, then the Riemann sur-
face is called hyperelliptic.

© 2002 Encyeiopadi Brtanncs, ne.

Every hyperelliptic curve has equation y? = f(x), for some polynomial f(x).
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Some examples of curves

We give some examples of some very recognizable families of curves defined over algebraically
closed fields of characteristic # 2 (precise definitions will come later).

An elliptic curve is a curve with affine equation
2 =1f(x)
where f(x) is a degree 3 or 4 polynomial with nonzero discriminant.
An hyperelliptic curve is a curve with affine equation
y2=1f(x)
where deg f > 5 and discriminant A # 0.
A superelliptic curve is a curve with affine equation
y"=1(x)
where n > 2, deg f > 3 and discriminant Ay # 0.

My research program is to, whenever possible, extend the theory of elliptic’hyperelliptic curves to
superelliptic curves (i.e. automorphisms, field of moduli versus field of definition, rational points,
minimal integral models, etc).

For more details visit algcurves.org where one can find some Sage packages, a database of
genus two curves, and profiles of some of my collaborators.
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Automorphisms of curves

All examples above have something in common; they all have automorphisms.
Let Xy denote an algebraic curve of genus g > 2, defined over k = k, and K = k(Xg).

The automorphism group Aut(Xy) of Xy is the group of automorphisms of K defined over k.
Aut(Xy) acts on the finite set of Weierstras points of Ay.

This action is faithful unless Xy is hyperelliptic, in which case its kernel is the group of order 2
containing the hyperelliptic involution of Aj.

Thus in any case, Aut(Xy) is a finite group. This was first proved by Schwartz.

Xy The next milestone was Hurwitz’s seminal paper [Hur93], where he
discovered what is now called the Riemann-Hurwitz formula
if
2(g—1)=2deg(f)(h—1)+ > (er—1)
Xh PeXgy

From this he derived what is now known as the Hurwitz bound.

|Aut(Xg)] < 84 (9g—1)

Fix a group G = Aut(Xy). The coverings Xy — Xg/G for all g > 2 are studied in [MSSV02]. The
space of such covers with fixed signature is a sublocus of Mg. Studying such loci helps us
determine a lattice of loci in Mg (cf. g = 3, 4).
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Hyperelliptic and superelliptic curves

Let Xy be a genus g hyperelliptic curve with equation

2 _ f(x , K
ye=1(x) | )
where degf = 2g + 2. Let G = Aut(Xy) and w : (x,y) — (—x,y) bethe a( k(x)
hyperelliptic involution. Then, w is central in G. | G=G/(w)
k

The group G := G/(w) is called the reduced automorphism group of Ag.
Hence, G — Aut(k(x)/k) = PGL(2, k) and G is finite.

Hence, G itis isomorphic to one of the following: Cn, Dn, A4, S4, As. Therefore, G is a degree 2
central extensions of G.

Next, we try to generalize the above to non-hyperelliptic curves.

Let Xy be a curve and H be a normal cyclic subgroup of order n of G =

Aut(Xg) which fixes a genus 0 space Xg/H.

The group G = G/H is called the reduced automorphism group of Xjg. K
We call such curves superelliptic curves. They have affine equation k(‘ )H
G X
y" = f(x) | G=G/H
k

for some polynomial f(x). Then 7 : (x,y) — (x,{y), where ¢" = 1, is an
automorphism of Xj.
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Automorphism groups and equations for hyperelliptic curves

From [Sha03] we have the following:

62 T. Shaske.

#] ¢ [GléGO ]| 64 C=(Cy,..0) 6

1|2 ®%. ZE _1Tncg+l (n?,0%,27,...,27)

2| By |En|E-t (n?,2n,27,...,27) (n,n)

3| Zan Z-1| n<g (2,2n,27,...,27)

4|2, D, L (n%,2%,...,2%7)

5 Ve 3oL (n%,47,2%7,...,2%7)

6| Dy |Dn| £ (@220, ..., 227 (27,27 n?)

v| He g lncgtl| (47,47 n82%0. . 2%

g U H g#£2 | (20,2027

9| @ L1 | necg |(@n 40020,

10]Z, @ As 2L (38,35,252,

11] 2 @ Ag =t (38, 64,212,

12]Z, @A | Ag| 52 §£0 (6%,6%,22, (2¢,34,39)
13| SIy(3) S#0 | (45,38, 38,08

14| SIa(3) (45,35, 64,22,

15| SIy(3) F£0 | (4,6%642%,...,21)

16] Z: ® ¢ (3%, 42,2797

17| Z: ®Se

18| GLy(3)

18] GL,(3) | S¢ (22,3%,4%)
20| W

2| W (42,42,65,22¢, . 92¢)

22| W (42,385,224, 92¢)

28| W (42,65,85,224 ..., 22

24[Z: 0 4s

25| 2 ®As

26| Z: ®4s

27| Z, ®4s | 4s (2,3%,5)
28| SZa(s) (450,390,524 960, 950)

28| SLy(s) (80, 3%, 1012, 2%,

30| SLs(s) (4%,6%0,52¢,960,___ 990)

31| SLy(s) (450,620,102, 256, .., 260)
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# ¥ =7k

1 @+ a0 o et 11, b= 222
2 w0 oo gt +1, b= 2
3 (=™ + o™t 4o tagam 4 1), 2
4 Fla) = T @2 + ha™+ 1), t= 2L

5 (@™ —1)- F(x)

8 % F(z)

4 (@2r— 1) F(n)

8 @@ — 1) - Flw)

s 22" 1) Flz)

16]  Cla)i= T, (#2 — hw® — 3308 1+ 2ha® — 83af — A + 1)
11 (=* +2iv/32” + 1) Gle)

12 (o + L4a* + 1) - G(z)

53 szt 1) CG(x)

14 — )t +20v32 + 1) G)

15 szt — 1)E® + 145+ 1) Gr)

16 M(w)

tr S(=) - M(z)

18 T(w)- M(z)

10 S(w)- T(x) - M(x)

2 R(x)- M(z)

2t R(»)- () - M(w)

22 Riw) - T(x)- M(z)

2 R(%)-5(z) T(x) M(®)
24 Al
25 {2 —2285° 4 4042%° +228x° + 1) - A(w)
26 (o (@' + 11a® 1)) - Alw)
big % Afz)
28 | (w® — 2280 + 4940 + 228 + 1) - (w (™ +11e° — 1)} Alx)
26 (% (2 +112° - 1)) -9~ Alz)
10 (2% — 22821 + 404%™ + 9282° + 1) -9 - A2}
3L | (2™ — 2285 ° 4+ 404210 4 208 +1) . (& (20 + [La® — 1)) - % - ()
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Automorphism groups and equations for superelliptic curves

Theorem (Sanjeewa-Sh)

For any superelliptic curve Xy of genus g > 2 defined over a field k, char k = p # 2, the
automorphism group Aut(Xg) and the equation of Xy are given below:

Theorem 3.2. Let X, be a genus g > 2 irreducible cyclic curve defined over an
closed field k of char (k) = p, G = Aut(X,), and G its
reduced automorphism group. If |G| > 1 then is G is one of the following:
(1) G = Cp: Then, G & Gy or (rs]r™ = 1,8™ = Lsrs™ = r1), (Ln) = 1
and 1™ = 1 (mod ).

(2) If G Dy, then G Doy, X C, or
2 st)™ = Lars™ = vl trt ™t = 1)

r,s,t[r" =1,5°

(r,s,t|r" =1,5° st)™ =1,srs =1l trt ! =1')
where (I,n) =1 and =1 (mod n) or

Gi=(rs,t|r" =168 = 1,2 =1, (st)™ = Lsrs ' =rl,trt"' =1%)

2 =1,(st)" = 1,8rs" "
L(st)™ = 1
%, (sty"
Vst =1,8% 1,(st)™ =
Go =(r,s,t|r" = 1,8? =r%,(st)™

where (I,n) = 1 and 2 =1 (mod n), (k,

L8, b " = 1,67 =l trt = r¥)

=rhtrt™t =¥
Ltrt™! =1rk)

Lttt =rk)

L8t = 1,8%

L5t " = 1,87

n)=1and k?=1 (mod n).
(3) G Ay andp #2,3 then G~ A; x C,, or
Glo = (rs,t|r" =1, (st)" = 1,878
Gl =(rstlr=1=1,
where (I,n) = 1 and * =1 (mod n) or

Shaska ( Oakland University Rochester, MI, 48:

Lottt =)

L8 =

F(st) =¥ ers = rytrtt = 1)
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(rost|r =12 =135 =r% (st)’ =r¥,srs ' =rtrt ' =1), or

rtrt ! = k)

Gio =(rs, thl.ﬂ: =1, (st)* = 1L,srs7!
Giz=(rs tr" =15

where (k,n) =1 and k* =1 {mad n).

=1,(st)* = Lsrs ' = trt ™t =1¥)

(4) FG=>S; andp#2,3 then G S, x C,, or
Gio =(rs,t|r"
G = (r,8,t| "
Gao =(r,s,t|7" =
Gay = (r,s,t|m" S (st)*

where (I,n) = 1 and 1> =1 (mod n).

St =1)
gt =1)

t=rltrtt =)

(5) If G= As andp#2,5 then G= A5 x Cy or
(rys,t]r" = 1,8 =¥ 83 = r¥ (st)° = 1%, ors

(6) [G=U then G2U x C, or

=ttt =1)

(rys1, 82, sl = 8] = 8f = .= 8] = Lsis; = 885,88, =1, 1<, j <t)

where (I,n) =1 and I = 1 (mod n).
(7) If G= K, then G =< r,3,,.

sisporvt = rsrs =1l s
and =1 (mod ), (k,m) 1 and

== =vm =18
<i,j <t > where (I,n) =
1 (mod m) or

t=rl1<ij<t)

Gas = (1,81, 8tlr™ = of = .. = 87 = 1, 88, = 8,80, 575

where (I,nm) = 1 and ¥ = 1( mod nm).
(8) If G = PSLy(q) then G = PSLy(q) x Cy or SL2(3).

(9) If G = PGL(2,q) then G = PGL(2,q) % C.
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Equations for superelliptic curves

= 5 Tis z
B n<tt " i C 1@
2 RS P e
a n<s enmnnw || g 2 L) L e
Tt Gammom | |3 2™ + ayzm-D) 3+
5 Gn2mnm) | 4 @) = T @ i1
o G | [ R
’ n<gst @nammnn | | g F@)
N s#2 en2man .o | |7 [ p,. (fw ~1)-F(z)
5 n<s o 2nammn, ) | | g 2™ 1) Flz)
0 @33 9 (a2 ~ 1) F(z)
n 4z (2.3n,3,n,m) 10 Gl@) = [Py (@ — Az — 332° + 20,25 — 332° — Aia? + 1)
2 @ananmam) | |1 (* +2iv3e® +1)- G(a)
1 ixo0 ensann | 19| A @~ 14;‘ 6w
1 @maman o | |13 -Gy
15 ix0 n 3 | |1y ,(14,1 (Ii+z|\/§zz+1) aw
© Gaamn | |15 (2t = 1)(a* + Lzt +1) - G(z)
s » | [16 M)
s m | |17 S(z) - M(z)
19 ) 18 T(z) - M(z
| s » | |19 S(z) T(x) - M(z)
2 w | |20] s Riz)- M(z)
2 W | |2 R(z)- S(z)- M(z)
) w | |22 R(z) - T(z) - M(z)
3 o] 28 R(z)- S(z) - T(z).M
2 w |2 A)
» w | |2 (: -Alz)
2 n) 26 (220 — 22825 + 4942 (z(z" +112° ~ 1)) - A(z)
2 45 n) 27 (20 — 22825 + 4941‘“ +2282° +1) - A(z)
29 n) 28 As (z)
2 @nan5m, m) | |29 z(z‘”+llz ~1)4(z)- Alz)
@ (@n,3n,5m,m ) | | 30 (o 15 4404210 + 2282 + 1) - ¥(z) - Ala)
= TR 31 (z® — 22825 +4941"‘+11!!1‘ +1)(z(2" +112° —1) - ¥(z) - Alz)
! 2] U B(z)
a3 v (np) =Lonip' -1 (np*,ny.un) 33 B(z)
3/. Grop = Lmlp =1 | e | |8 o)
@ e I S P Iy L5 (@™ —b)-60)
a (gt myns ) | | 36 o(z)
ar oot mmsn, ) | [ g oI5 7 ~b) - 0)
38 (@, 8,1, ) 38
3 | Psia() @nsonmm) | |39 | PSLa(g) (@7 —2) +1)- Az)
0 (o By | |40 27— 2) - Alx)
a (e, m ) 41 (2* —z)((&* —2)"' +1) - Aa)
(2a.28.m,m) :i PGLi() (@ —ap e -9
PGLa(e) eI ) )
(ip=1).p) =1 (2na, 26.m,....n) 45 (29— 2)((2" — 2)' + 1) - Q(z)
(tg- D=1 | @na,208m 0m)
‘TABLE 4. The equations of the curves related to the cases in Table 2
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Inclusion among the loci
Inclusion of the loci in Mg for genus 3 and 4:

dimension POSET of Hurwitz Loci
of loci &3

s € B operelipic
p—

Shaska ( Oakland University Rochester, MI, 48:
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The majority of curves are superelliptic

In [BSZ15] we focus on g = 4. Red and yellow entries denote the superelliptic curves (hyperelliptic
and non-hyperelliptic respectively). From 41 total cases, only 13 are non-superelliptic.

‘Table 2. Equations of genus 4 superelliptic curves

# | dim [ aut equation

e

(16.7) ¥ =zt Azt 1)
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The easiest case, as always, g = 2. Let p € M». Find an equation for the curve.

Mestre (83) provided an algorithm, which worked for Aut(X») = C,. In [Sha02] equations for cases
[Aut(AX2)| > 2 were determined.

Theorem (Malmendier-Sh, 2016)

For every pointp € My such thatp € My (K), for some number field K, there is a pair of
genus-two curves C* given by

6

+ . 2 _ £ i

Cr: vy _E ag_; X,
i=0

corresponding to p, such that a,.jE € K(d),i=0,...,6 as given explicitly in Equation (45) of
[MS16]. Moreover, K(d) is the minimal field of definition of p.

Here d is given in terms of p. In particular, if |Aut(p)| > 2, then d € K.
Question: Can the above approach be generalized to all superelliptic curves?

There is no theoretical reason why it shouldn’t, at least for hyperelliptic curves. However,
difficulties arise with invariants of binary forms of higher degree.
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Superelliptic curves with extra automorphisms

From the previous tables, when the curve has an extra automorphism, then it has equation
Y7 = xS 1 aexS 1ag x4 2ox52 4 agx® 41
Dihedral invariants, as defined in [GS05] are

S+1—i SH1—i :
uj = ay aj+ ae s1—ij, i=0,...,8

Theorem ([BT14])

Let Xg and uy, ... ,ug be as above. Then,

i) K = Q(uy, ..., us) is a quadratic extension of the field of moduli F of Xy such that
K = F(VAy), where A, = 25t1u§ — 25+3,571,

iii) The equation of X over K is

s—1

Y = AT Axs 5 A 2 As i1 = 2 sl
i=1

os+1 42 _ u;” +1

where 25T1A2 — 25t1y A+ St = 0.

v
Hence, a minimal field of definition is at most a degree 2 extension of the field of moduli.
From hyperelliptic to superelliptic curves September 16, 2017 15/27




Field of moduli versus field of definition

Theorem (Hidalgo-Sh)

Let X be a superelliptic curve of genus g > 2 with superelliptic group H = Cy. If the reduced
group of automorphisms Aut(X) = Aut(X)/H is different from trivial or cyclic, then X is definable
over its field of moduli.

Next we display all genus g < 10 superelliptic curves which are defined over its field of moduli.

TABLE 2. Genus 4 curves No. 1, 3 and 5 are the only ones whose
field of moduli is not necessarily a field of definition

N |G [G n [ m ] sig. & | Equation y" = f(z)
TABLE 1. Genus 3 curves No. 1 and 2 are the only one whose field Ty n a3 n
of moduli is not necessarily a field of definition 1 G 2|12 7]z (¢ + S0 +1)
2 Vi 2|2 429+ YL e 41
N [G |G n|m|sig. |4 Equation y" = [(z) 3 | Cn |G 2|2 3| a(a® +aa® +agz + a1z’ +1)
& q Y 3 512 | 29 3 s
s o 5 4 Cs 2|3 2/ 2%+ a1z’ + a2’ +1
1 ({1} C 2|1 |2 5 z(z’-z“:la‘r‘ﬁ»l) 5 Cs 31 3| 2(2* + a1z + aza® + agz® +1)
2 |G |V 99 |98 3|28 L ay2? +aprt faszf 41 6 CyxCs |32 2| 2%+ apat + 022 +1
3 |C |G 22 23,42 | 2|2 (28+aa? + apat +1) 7 DsxC3 |33 T[e°+az®+1
4 |G | Cs 32 2,861 | +ae®+1 8 | Dom |VaxCs |32 1| (2 = 1)(z* + a1z +1)
5 |7 vixcilal2 254 1|2t tamr+1 9 VixCs |32 1] 2(2' + mz? +1)
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of superel

curves

TABLE 3. (Cont.)

[(1¢ TG [n Im s 14 | Baustions” = @)

A RS EREaE T5 [ Bauation v = 7@

1 Va 2 |2 Genus 7

2 |, |axc |2 |3 T

2 lom |GxC |23 |5 H T e 7 :2 w1

4 Con 2 |12,15,22 [0 |2+ 2 g, [CoxCi|2 |4 204 3 + T L

5 Cn 1|2 0 [a2+1 3 Cs? 3 |a |3 2 | & +aze® +arz’ +1

6 [ 2 |1 9 | a( 4 Cs 2 (3 [2%3,6 |4 [29+¥E ez +1

7 e 2 |2 4 | 5 Cua 2 |5 25,510 [2 | @ +az® +aw+1

8 2 |2 3 | [l (@ +aa? +1) 6 Can 2 |15(21530 |0 ‘ +1

9 o 23 (@8 + a1 +1)(a + azz® + 1) T Cs 3|2 35,6 |3 | 2% +a3s®+ar’ +arz’ +1

10 2 |6 212+ ayz®+ 1 8 Ciz 3 |4 82,412 [1 |25 taetsl

u 2 |4 @ - 16" +aet+1) 9 Coi 3 (s 3824 [0

2 2 |12 = 5t 10 Cin 152 |2,153 |0

13 2 |5 2(z' + ax n o o0 |1 |ais 1

14 2 |2 (z* = 1)(= 2 2 2

15 2 |3 @ -G 12 Ci 2 |2 |274 6

16 2 |2 a(z? — 1)(z~vn.zzvu(1 +agz? +1) 13 Cy 3 |1 |3 6 -

17 2 14 | Do |VaxCy |2 [2 |27 4 |12 7‘(1- + a2’ +1)

18 2 15 DsxCy |2 |4 |24,4 2 | (& +aizt +L)(z +aza! +1)

19 2 16 DioxCa |2 |8 |258 1|« +mz

20 2 7, 5 2 (162,416 [0 |&'—
18 | DgxCs |3 |3 2,346 |1 |(aP— 1)(Iﬁ+mzﬁ +1)

T Va 2 19 DigxCs |3 |9 |26,9 0|2 -1

2 | Cas 2 20 DiaxCz |2 |7 |25,14 1 | a(="+az™ +1)

a1 om 3 21 Gr 2 |2 |20, 3

4 Cuo 4 22 Gr 2 |4 |24 1

. cn 5 23 e 2 |2 2,2 |3

M b 7 24 Gy 2 |1a|242 |0

H Cas 1 25 DaxCs |3 |7 (2,621 |0

0 Co 2 26 Gy 8 |2 |216 0

10 G 2 27 | Ad | K 2 |0 [2%36 |1

1 Ce 2 Genus 8

ii gi 3 T Vi 2 [2 |27 B

14 Co 3 2 g CaxCy |2 |3 |263 5

15 G A 3 | | eaxas |2 |6 |2 2

16 Cs 5 4 Cas 2 |17 213 |0

17 Duxc: |2 5 Cy 172 |2,17,34 |0

18 5 2 [ 2 2 |1 |28 15 | 2(z'0 + 3L, saiz® +1)

19 5 2 T Ci 2 |2 |2547 7 | a(z® +Z§ 14z +1)

» DioxCy | s Cs 2 |4 |28 3 | 2(2!6 +arzt +aped + gzl +1)
9 DgxCy |2 |3 253 3 | T, (=% +azd + 1)

z Z;" e |2 : 0|, [ DixCal2 |9 |29 1 et tae 1

21 DoxCs |3 e 11 Gy 2 |2 |254 4 | (@ - DITL et + az? +1)

25 | Pam | Dy n e 12 Gy 2 |6 25,46 |1 | (-1 +azt+1)

2% Gy 2 et et et £ 13 G 2 |18[2418 [0 |21

27 Gs 2 z 14 Ds 2 |2 [2%4 4 | @[T (o' + aiz® +1)

28 VaxCs |3 “ 71)(1 +aiz? +1) 15 Dig 2 |4 |248 2 | a(z" +ayzt + 1)(2® + agazt + 1)

2 Di2axCs | 3 (=l ~1) 16 D 2 |8 |2516 1 | 2(2' +ai2® +1)

el Gs 4 af ) 17 @y 2 |3 |22,3,42 |2 | (28— 1)(af +ayz + 1)(2 + agzd + 1)

o [l M “ g 18 as 2 [16(2432 |0 |x@"0-1)

pes G |2 et —1) 19 Gy 2 |2 |25,48 3 |x n‘,‘ (@ +aiz® +1)

3 G 2 26" — 1) Care® £ 1) 20 [ 2 |4 2428 |1 |a@— 1)@ tastsl)

T[S [ Cis n = 2 |4 | K 2 [0 (2354 |1 — D

36 Gio 2 | 1)(z® + 142% + 1) 22 | Sa G 2 |0 (348 0 | a@T—DE? 38" — 332" +1)
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TaBLE 3. (Cont.)

[Fe]¢ _[C [n [m [sis___[# [ Equationy" = @)
Cemss §

1 2 |2 |22 9 [a®+ 3] jae® +1

2, 2| me |5 |miEree,

3 O 2 |5 [2052 |8 |2®402% +an® tagat® 41

4 42 24t |3 |2 taet taxet +asal 1

5 2 |19[219,3 |0 |®

6 3 2 2,86 |4 |20+aa? +as’ +ase® +as® +1

7 3|5 (3515 |1 [20taad+1

s 3 103100 |0 [z041

9 a7 a2 o |&Ten

10 72 |22 |1 | atrasel

1 74|47 Jo |ats1

12 0[3 |10 [0 @41

13 192 2219 [0 |af41

14 2 |1 |22 17 | 2 + £ e +1)

15 22| 2e |5 e+ B we )

16 2 3 |26 |5 |

17 2 |6 202 |2

18 3|1 |3 5

19 3 s |me |2

20 a1 | 5

21 a2 e |2

2 7|1 |m 2 | 2% taimtaa?+1

2 ERERE 5 (@ +aia? + 1))

2 | 2 |5 205 |2 |[@0tas® + )@ +aed 1)

25 | Do 2 (0|20 |1 |20 rmalot

2% 42 2@ |2 | @ s+ )E et +)

o7 4 a2 |1 | raetn

28 2 |4 |24 |2 D+ izt + 1)@ +agzt +1)

2 2 |20|242 |0

30 a8 28 |o

31 2 |3 |2 3 (7: ot +D)

32 2 o 218 |1 541

33 i s 24021

3 2 ¥ |4

35 2 |5 2,25 |1

36 a2 |24 |1

a7 2 |2 2,82 |4 @ -]

38 2 6 [2412|1 |G -1

39 2 |18)2,43 |0 |@®-1)

0 303 23691 |2 - )6t +ac+1)

a1 3o 262 [0 |a@-1)

a2 Gs a2 248 |1 |2 -6 tac )

3 Gs 4|6 282 [0 |zG-1)

m DoxCr |7 |8 (214,21 |0 |2(E-1)

5 Gs 02 [2,200 |0 |a@-1)

16 Go 2 |5 |26 |2 |26~ )6 +0ic + 1) o’ +1)

7 A K 2 [0 [256¢ |1 [+l iAE

8 5 |G [0 (2412 [0 [ Flai Tl

9 Ga 2 [0 |46 |0 |G +1aet @ a3t 33t 4 1)

50 | 4 2 2,56 [0 | o™ 22807 £ 4942 + 2082 + 1
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[N @ c n | m |sig
1 a 2 [z ]2
2 |, |CaxCa |3 |2 |23 |5
3 ™ |2 3 |3 |as 3 |22 +aiz® +apad +aza® + 1
4 CaxCi |3 |4 |8%42 2 —?+mz1+uzz +1
5 CaxCs |6 |2 [256° |2 |af+az®tanatel
6 Cs 2 |3 |29,3,6 |6 12" XD et 1
7 [« 2|7 | 257,14 |2 !t +aiz +aga't +1
8 Caz 2 [21]2,421 |0 12-‘ +1
9 Cas 3 | 118112 0 111 +1
Cio 5 |2 2 |a¥+azal +az? 41
Cis 5 | 1| % +az+1
Cao 5|6 0
Cao 6 |5 0
Caa 13 0
Ca 21| 2 0
Ca 2 |1 19 +310 aet £ 1)
C4 2 |2 El z% + 1)
Cs 2 |4 4 +aga® + azz'? +mzm+l)
Cuo 2 |5 3 | ala® +ais’ +awt? + 0’ + 1)
Cy 3|1 9 |al0e5)
Cs 3 |2 4 |29+ ae® +amet +aaf st 41
Cy 5 |1 4 et ai+1
Co 6 |1 3 | o' +aiz+amess® +1
DypxCg |2 [11]2%511 I [z +az"+1
D, axCy |3 |2 [23,38 3 | IT2, (=" +aiz? +1)
2 pexCs |8 |3 2288 |2 | (P +aw® +1)(ef +aze? +1)
Di2xCs|3 |6 2536 |1 |(@?+aaf+1
DexCq |6 |3 [22,36 |1 |a8+az?+1
Gy 2 |2 [27,4 5 | (22— DI, @ +aa?+1)
Gs 2 |22(2,422 |0 |2a2-1
DsxCs |3 |4 |2,3,4861 |(?-1)(=®+azt+1)
DaxCs |3 |12]2,612 [0 |a2-1
Gy 6 [2 |2%6,12 |1 |(2®— 1)(:1 +aiz? +1)
G5 6|6 |2,612 [0 [af—
Ds 2 |2 7,4 5 | =]l iz + 1)
DioxCa2 |5 2010 |2 |2(®+aiz® + 1) +am® +1)
Dag 2 |10]2% 20 1 | 2(a® + 120 +1)
DioxCs |8 |5 223,15 |1 | alal® +amd +1)
Das 6 [2 226,12 |1 |a@ +as?+1)
VaxCy |3 |2 |2,8,6% [2 | (22 1)@t +a12® + 1)(t +aza® + 1)
DgxCy |3 |3 |3%6% 1| (z®—1)@=° +aiz® +1)
Gs 2 |4 |2%,4,8 |2 |z2(z' - 1)(® + a1z’ +1)(2® +a2z? +1)
Cs 2 |20 |2,440 |0 |2(®-1)
VaxCs |3 |2 |23262 |2 |a(@® - 1)(at+aw? +1)(zt +a2e? +1)
DapxCs |3 [10]2,630 |0 |=(@®—1)
DigxCy |5 |5 210,25 |0 |a(a®-1)
Gs 6 |4 (212,24 |0 |z(z'-1)
VaxCy | 11|2 [2,222 0 |=z(z?-1)
Co 2 |2 [2143 4 | a(at - DT, (= +aa? +1)
Ga 2 |5 |24%10 |1 | a0~ 10 +azb+1)
A 3 [0 (2.3 T | Az
2 |0 |2,346 |1 |a@ -1@E'+2v=322+1)fi(@)
51 Gis 6 |0 (2,324 |0 :(:’ -1)
SiaxCs |3 |0 3,46 |0 |=2-233:" 332141
AsxCa 13 10 12315 10 [af@0+11e°—1)
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It’s all about the best curves

All equations of curves over Q have very large coefficients. This leads to the natural question:
Can we find a twist of the curve with smallest coefficients?
This is done via reduction theory of binary forms.

Example

Let X be a genus 2 curve with equation
=76 (78+ 16 \/5) £+ (72\@+ 617) t (320\/§+ 2148) £
+ (4961 + 456 \/5) £ — (5214 + 672 V5) t + 3167
Then, the algorithm in [MS16] gives
y2 = 359785557[6 + 4935433518?5 + 29692428795?4 + 98737979076t3 + 193917220155[2 + 210507034158t + 100220296853
Can we get a "better” equation? Can we get "the best” equation?
With a reduction algorithm which will explain later we get

v =142t + 2 +3
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Binary forms

There is one important correspondence in all of this:
superelliptic curves y"z9—" = f(x, z) R degree d binary forms f(x, z).
Let k = k be a characteristic 0 field, k[x, z] be the polynomial ring in two variables, and let V
denote the (d + 1)-dimensional subspace of k[x, z] consisting of homogeneous polynomials.
f(x,2) = apx? + ayx9 'z + - + ayz° 2
of degree d. Elements in V, are called binary forms of degree d.

Let GLo(k) act as a group of automorphisms on k|[x, z] as follows:
_f(a b x\ (ax+bz
M= (c d) € GlLo(k), then M (z) = (cx+dz> . (3)

This action of GLy(k) leaves Vy invariant and acts irreducibly on V.

Given f(x, z) a binary form we denote with Orb(f) its GLy(K)-orbit in V.

e Two binary forms f and f’ of the same degree d are called equivalent or GL,(k)-conjugate if
there is an M € GLy(k) such that f/ = M.

Problem: Given a binary form f(x, y) over Ok we determine its integral model with minimal height
H(f).
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Minimal height of forms

Let K be a number field and O its ring of integers.
Let f(x, z) be a binary form and Orb(f) its GL(K)-orbit in V.

Remark
There are only finitely many f' € Orb(f) such that H(f') < H(f).

Define the minimal height of the binary form f(x, z) as follows

) = min{ H(f)|f € Orb(f), H(f') < H(f)}

From Northcot’s theorem there are only finitely many orbitz for a given binary form with height cy.
Define the minimal absolute height of the binary form to be the minimal height throughout all
the orbitz.

Problem: Given a binary form f(x, y) over Ok we determine its integral model with minimal height
H(f).
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Julia quadratic and Julia invariant

Let f(x, z) € R[x, z] be a degree n binary form given as follows
f(x,2) = apx" + ayx" 'z 4+ .- + apz"

and suppose that ap # 0. Let the real roots of f(x, z) be «;, for 1 < i < r and the pair of complex
roots 3;, B for 1 < j <'s, where r 4 2s = n. We associate to f the two quadratic forms T,(x, z)
and Ss(x, z) respectively given by the formulas

r S
Tr(x,2) = #(x—a;z)?, and Ss(x,2) = 2u(x — Biz)(x — f;2), (4)
=1 j=1
where f;, u; are to be determined.
Proposition
Qf = T; + Ss is a positive definite quadratic form with discriminant © ¢

Df = A(T,) + A(Ss) — 83 £u? ((a,- —a)?+ bj?)
ij

We define the 6 of a binary form as follows

() = B

oll) = = s a-
[Ty 2 TT o

We pick ty,...,t,uq, ..., Us such that 6, obtains a minimum.
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Reduction of higher degree binary forms

Proposition (Julia 1917)
0o : R™tS — R obtains a minimum at a unique point. J

Denote (%,...,&, Oy, ..., Us) this unique point.

The quadratic J; := Q¢(t,..., %, Uy, ..., Us)(X, 2) is called the Julia’s quadratic of f and
0f :=0o(t,...,t, Uq,...,Us)is called the Julia invariant.
Theorem (Julia 1917)

i) 0¢ is an SLy(C) invariant
i) J¢(x, z) € R[x, z] is a positive definite quadratic.

Define the zero map for a binary form as
CiVar — Vo — He

f— Jr — &(J7)

A binary form f € R[x, z] is said to be a reduced binary form if {(f) € F.
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Algorithm: Finding the minimum absolute height

The following algorithm finds the form with minimal absolute height; [SB15]
Input: A degree n binary form f(x, y) € Vp 0,

Output: A binary form F € V), o, which is GLy(K)-equivalent to f and has minimal absolute
height.

STEP 1: Find the reduced form f := red (f) and the Julia quadratic J associated to it using
reduction theory.
STEP 2: Compute the discriminant © of the quadratic form J.

STEP 3: Let L := K(D¢)

STEP 4: Determine all quadratics {J1, ..., Jr} equivalent to J over L and
let My, .. Mr S GLg(L) be the matrices such that J = J "
fori=1,

STEP 5: Compute the set of forms

fr=f~M . f= M

STEP 6: Foreachi=1,...,r, find the minimal of red (f;)
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Computing with superelliptic curves

Info(t 6-t 4-t"2-J1)

Initial equation of the curve
£ - £ - t72 - 1

Clebsch invariants (A, B, C, D] are:
[-28/15, 1288/1875, 40)44/140525, 5722n45/7910155251

Igusa-Clebsch invariants as in Magma (12, I4, 16, I10] are:
(3584, 544768, 573833216, 129922760704]

Igusa invariants [J_2, J_4, J_6, J_10] ares
(224, 2128, 140096, 12390%]

The moduli point for this curve p=(J2, il, iz, i3)
(-1, 171/28, -23787/2744, 29403/275365888)

The Automorphism group is isomorphic to the group with GapId
4, 21

The invariants u and v are:
-1, 0]

The rational model of this curve via Mestre's algorithm is:
Mestre's approach does not find an equation in this case

The minimal field of definition is: X=Q[d]
o

The universal curve over K is:

711430452259971705955247651268959ﬂBﬂ77ﬂq§9825322061725696/201347854 859965397491918746240635750335059128701686859130859375+4°6 + 6664

The moduli point matches tha
(-1, 171/28, -23787/2744, zuoz/uszssasa:
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A database for superelliptic curves

The main website of the project is at algcurves.org. It contains:

—— @ A Sage package for genus 2 curves
: @ A Sage package for genus 3 hyperelliptic curves
@ The genus 2 database with over 1 million curves

o A python dictionary with integral binary sextics with minimum
absolute height H < 10.

@ A python dictionary with decomposable integral binary sextics
f(x2, z2) with minimum absolute H < 101

o A python dictionary with integral binary sextics with moduli height
$H <20

Coming conferences:

@ Algebraic Curves and their Applications, AMS Meeting, Orlando, September, 2017.
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https://sites.google.com/site/algcurves/home
http://www.ams.org/meetings/sectional/2246_special.html
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