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Let £  he t he locu> o( nenus 2 curves t hat have a degree n m a x im a l  cover ing  to 

an e l l ip t ic  curve . There are several general results on th e  spaces £ n in  th e  l i te ra tu re .  

In p a r t ic u la r  Trey and  K a n i  have id e n t i f ie d  £ ri w i th  a “ m o d u la r  d ia go na l  q u o t ie n t  

M ir la re .  I hfs«* genera l results re ly  on the  Jacob ian  v a r ie ty  o f  a genus 2 cu rve  and 

are the re fo re  not c o n s t ru c t iv e .

In th C  d i v e r t  at ion . e x p l ic i t  equa t ions  for £. . n =  2 .2  and fo r <ome in te re s t ­

ing subva rie t ies  of £ -  attd £ 7. are found by using c o m p u te r  a lgebra  sys tem s. T h is  

y ie lds  m o re  in fo r m a t io n  th a n  th e  a bs trac t app roach . T h e  case n =  2 has a lready  

been s tu d ie d  by .Jacobi and  Legendre, and  rece n t ly  b y  G a u d ry .  Schost. G eyer  and 

o thers . A m o n g  o th e r  th in g s ,  we f in d  the  fo l lo w in g  new resu lt  fo r  n =  2: A n  e x p l ic i t

1-d im e n s io n a l  fa m i ly  o f  genus 2 curves each h av ing  e x a c t ly  2 is o m o rp h ic  e l l ip t ic  sub- 

covers of degree 2. This fa m i ly  is p a ram e te r ized  b i r a t io n a l ly  by th e  j - in v a r ia n ts  o f  

these e l l ip t ic  subcovers.

v i i
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[•or n =  d we show th a t  th e  n u m b e r  o f  e l l ip t ic  subfie lds is gene r ica l ly  '2. T h e re  

are spo rad ic  cases w i th  -1 o r  8 e l l ip t ic  subfie lds. For a cu rve  C <E C \ i ts  a u to m o rp h is m  

g ro u p  A u t ( C )  is one o f  the  fo l lo w in g .  %,• T t . D.j. D t\. M oreover ,  the re  are e x a c t ly  6 

curves in  w i th  a u to m o rp h is m  g roup  D \  o r  D ti.

v i i i
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C H A P T E R  1 
[ X T R O D C C T I O X

[.cl C be a genus 2 cu rve  def ined  over an a lg e b ra ic a l ly  closed fie ld  k  o f  

, - in i r i /,■. =  l . f !  A be its fu n c t io n  fie ld . We s tu d y  genus 1 subfie lds o f  A (w h ich  

we ca ll e l l ip t ic  sub fie lds ) .  M o re  precisely, we are in te res ted  in th e  fo l lo w in g  inva r ian t 

i .. u ’ i : =  f .,i A ): The n u m b e r  o f  o rb i ts  o f  ,- lu/l A ) on the  set o f  e l l ip t ic  subfie lds of A 

ot decree n. We deno te  by £ .  the  locus o f  sienus 1 fie lds w i th  > ..I A ) >  I.  We use the  

c lassical in va r ia n ts  .A.. / =  1 . 2 . -Ed to descr ibe  C n as a surface in th e  2 -d im ens iona l 

m o d u l i  space .VC o f non us 2 curves.

In ch ap te r  tw o  we d e te rm in e  the  a u to m o rp h is m  g ro up  A u t [ C )  =  A u t (  A  t. T h is  

unifies and ex tends  m a n y  p a r t ia l  t r e a tm e n ts  in  th e  l i te ra tu re .  T h e  g ro up  A u H  A ) has 

e x a c t ly  one in v o lu t io n  whose f ixed  f ie ld has genus 0. The o th e r  in v o lu t io n s  have fixed 

tie ld of genus 1. we ca ll th e m  e l l ip t ic  in v o lu t io n s .  T hus , e j ( A ) is the  n u m b e r  o f  

cun juuacy  classes o f  e l l ip t ic  in v o lu t io n s .  I t  is shown th a t  f j ( A ’ ) =  1 i f  and  o n ly  i f  C 

is iso m o rp h ic  to  V '  =  .V ’ — .V. o the rw ise  ty,( A  I =  0 o r  2.

In chapters  d-d we assume th a t  c h a r [ k )  — U. In ch a p te r  th ree , we param ete r ize  

and c o m p u te  an e q u a t io n  in  te rm s  o f  th e  classical in va r ia n ts .  T h e  la t te r  was done 

by ( la u d r y  and Sehost by a n o th e r  m e th o d .  We d e te rm in e  the  j - in v a r ia n ts  o f  e l l ip t ic  

subfie lds in te rm s  o f  the  c lassical in va r ia n ts .  In special cases these e l l ip t ic  subfields 

are isogenous of degree 2 o r  2. I hese cases are no ted  in the  rem arks .  We find  a L- 

d im en s ion a l  fa m i ly  o f  genus 2 curves h a v in g  e x a c t ly  tw o  is o m o rp h ic  e l l ip t ic  subfie lds 

o f  degree 2: th is  fa m i ly  is pa ram e te r ized  by  the  j - in v a r ia n t  o f  these subfie lds. T h is  

leads to  a rem arkab le  e m b e d d in g  o f  th e  m o d u l i  space M i  o f  genus one curves in to

L
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In c h a p te r  fou r  we co llect some resu lts  uti t rl( /v ) for a rb i t r a r y  u.  These results 

are u i u ' t l y  'hue tu  Trey am i K a u i .  T h is  leads us to  th e  d e f in i t io n  o f  the  F re y -K a n i  

cover ings  and th e i r  ra m i l ic a t io n s .  Let l ’ i : C — > £ j  be a cove r ing  o f  degree n 

f r o m  a cu rve  C o f  genus 2 to  th e  e l l ip t ic  c u rve  £ j .  D eno te  by  ny : C — r P 1 (resp. 

~ i : F.i — * P ' l  th e  h y p e re l l ip t ic  p ro je c t io n  o f  C (resp. £ j ) .  T h e re  is a degree n 

coverinu: cu : P 1 — • F 1 such th a t  o, c x t- =  f cf. ch ap te r  I t .  T h is  covering

m : r ! ---- • r  1 K ca lled the correspond i mi h ' t  i / - l \ in n  <'(>v< n rx j  ot r. • t : C -----• F.\. We

' le te rm in e  a ll possib le  ram if ic a t io n s  o f  the  F re y -K a n i  coverings o f  degree n.  I f  the  

cover c i  : C — > F.\ is m a x im a l  there  is a u n iqu e  e l l i p t i c  subcover o f  C such th a t  

th e  co r re s p o n d in g  cover : C — r E> is m a x im a l  and  o f  degree n.  T h e  .Jacobian o f  

C is isogetious to  E\  :< E j.

In the  re m a in in g  chapters we s tu d y  cases n =  T o  o r  7. We p a ram e te r ize  and 

d e te rm in e  the  e qu a t io n  for the  locus C \. We show th a t  in C i  we have g ene r ica l ly  ( :1 =  

t here a rc  sp o rad ic  cases when t. j  = 1. S and a I -d im e n s io n a l  fa m i ly  w i th  f j =  1. T he  

a u to m o rp h is m  g ro u p  o f  a cu rve  C in  C:i is one o f  th e  fo l lo w in g  Z j .  f  j .  D .t . D„.  In 

the re  are e x a c t ly  (j curves C w i th  a u to m o rp h is m  g ro up  D.\ and ti w i th  a u to m o rp h is m  

g ro up  [ ) „ .  I h e ir  abso lu te  in \a r ia n ts  are c o m p u te d  e x p l i c i t l y  and d isp layed  in ch ap te r

o. We d e te rm in e  the  y - in va r ia t i ts  o f  e l l ip t ic  subfie lds. W h e n  one o f  th e  e l l ip t ic  

sub fie lds  is t o ta l l y  ra m if ie d  we d e te rm in e  th e  re la t io n  be tw een  th e  j - in v a r ia n ts  o f  the 

e l l i p t i c  subfie lds. Cases when n =  -5 o r  7 are d iscussed b r ie f ly  in  c h a p te r  6 . Since 

th e  c o m p u ta t io n s  are m uch  ha rde r  and  resu lts  ve ry  large fo r d is p la y  we trea t  o n ly  

cases w hen  th e  F re y -K a n i  cover ing  has a b ranch  p o in t  o f  ra m i f ic a t io n  in d e x  4. T h e  

j - in v a r ia n ts  of the  e l l ip t ic  sub fie ld  are c o m p u te d  in b o th  cases.

C urves  of genus 2 w i th  e l l ip t ic  subcovers go back to  Legendre  and Jacob i.  

Legendre , in his T h t o r i t  d t *  Junct ions  e l l ip t iques. gave th e  hrs t e x a m p le  o f  a genus 2 

cu rv e  w i t h  degree 2 e l l ip t ic  subcovers. In  a rev iew  o f  Legendre 's  w o rk .  .Jacobi ( 1SJ2I 

gives a c o m p le te  d e s c r ip t io n  fo r n =  2. T h e  case n =  3 was s tu d ie d  d u r in g  th e  19th
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3

i v n t u r v  (run! H r r m i t e .  ( lo u r s a t .  B u rk h a rd t .  B r io s rh i .  and  Bo lza . For a h is to r \ '  and 

b ackg round  o f  the  IVitli c e n tu ry  w ork  sec K raze r  [ 11] (pg . -179). A ls o  K u h n  (1988) 

gives a b r ie f  d e s c r ip t io n  o f  th e  case n =  3. Cases w hen  n >  3 are m ore  d i f f i c u l t  to 

hand le . Frey and  K a n i  n o te  th e  d i f f i c u l t y  to  get e x p l ic i t  e xa m p le s ,  see Frey [5] and 

Frey. K a n i  [6 ],

1.1 Cla-saical Inva r ian ts

Recall th a t  every  hom ogeneous p o ly n o m ia l  o f  tw o  va r iab les  f i . X . Z ) over an 

a lg e b ra ica l ly  closed fie ld  k  decomposes as

f ( X . Z )  =  V o .  - Z . i i )

I he p ro je c t iv e  p o in ts  ( d . . o ,  ) in  P 1 depend o n ly  on /  and  are ca lled  roo ts  o f  / .  Let

/ |  .V. Z  i =  U „.Y" ~ n - X ' Z  - « , . Y ‘ Z J - U . X ' Z Z - u . X - Z '  -  m . X Z / '  -  u{)Z "

be ,t nonzero sex t ic .  C lass ica l in v a r ia n ts  o f  / ( .Y. Z ) are the  fo l lo w in g  homogeneous 

p o ly n o m ia ls  in k [ a u.......... a ti] o f  degree 27  for i =  1.2. 3. 0 .

J 2 : =  “  240-Xq'X#; +  4 0 'I | 'X *  — ■+* 6 f l i

./ ,  -v- KS'ij'ic, la V x *  ^  16 -U aq ;;- 4* .36a i ■:* X' — lJ 'X i 'n a }  — l i - x V x - i r  4- 300<i f  14- i , ,

U M K i.y ir i j  4 - 3 2  1-xo'x,;a“  — 3 0 4 'io 'X  i ' i  j  i#; — IS Q 'io 'i. j •! i'i> ; — ISO a i «i v x j ' i * ;  -I'M  i - r i v i - .

-  "t-UJ'K; x r, t i If, —
V. =  -  -  1 0 0 0  -  I 6 U 0 ; -  r ’ -  2 2  tO  : f  i?  i r i > .  *  2 U 6 6 4 -X .3  :  , ' i . v ^  -  I 9 8 ' i a ' i . ,  -x • ' I  *

-  010'!,; i t  ■: - — lSOOU'i.y!  ̂ x‘ 'X.‘  *  76<i; i i j  , — 198-: i <i ■ -X j'i^ -I- 26a j a vx Vxr 4- 3'HJ'i f'iV X (i x.(

-  6 l6 « : j  ; r  ' i i ' i , ;  - r  2 S 'X i'i4 'X V X ' — 6 4 0 a  j x ^ 'x ^ x ^  4- f t ;  x »ar - f  t i l t i c x i ' j  j x o a *  “  1 8 6 0 0 a ^ a ^ '16 ^ 2

*  ')9 9 4 U a ‘  i r  : *  t j  :J 3 U 'io 'i;  x ^ a j  4- Sa^'XyXjJ — J - la ja 'I 'X r  *  6 0 a ja 3 a t  “  +■ "2 a i 'x 1 'x ^

*  6 0 : , j ' i ,  13 — 1 9 2 a  j a o a ^  — -it- 4- i r O a f - x ^ ' i j  4- — y o O a ^ a f x ^  4-  2'250tXQ'i r a-*

— OOOaQ'Xr'i^ — L0 0 4 -la Q !i^ 'x3  4- i6 '2 a g a » ja 1  — 2 4 a ia j  — 3 6 a ja r  — .’3 6 a 4- 7 6 < ii'a  — l i y 8 8 0 a , y i ^

-  120'X, i .  *  -184a 4* 402ao 'X4«2 'X -i'X * 4- .3U tiU 'Xq'24 'i*;'i>a '; — 4 6 8 a o a . ta ‘fa 2 -u ;  — l 8 6 0 a i ' i 4 ' i o ' i r 'H

*  >4 72 . : t ■: 2-I- , 1 **, ~  876-:,yx\ 1 *  192 :1 : - -x] :_i — 2-38':; 1 w .( a- -r- 1060-: t x̂

— 18 18 ,*. : r h y i t y i r  — l8 6 U a T 'X -s 'X j'i ' 'i» ;  — 876 -iyxo 'X K  i y i r  — 3a«

( I . I )

Thus . - / to is th e  re s u lta n t  w i t h  respect to  .Y o f  /  and  w h ic h  is u s u a l ly  ca lled  the  

d is c r im in a n t  o f  / .  I t  vanishes i f  and  o n ly  i f  the  b in a ry  se x t ic  has a m u l t ip le  roo t.

/ =  1 .2 .3 .5 .  are in v a r ia n t  u n d e r  the  n a tu ra l  a c t ion  o f  S L 2( k ) on  sex t ics . D iv id in g
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such an in v a r ia n t  by ano the r  o f  the  same degree gives a ra t io n a l  fu n c t io n ,  in v a r ia n t  

und e r  ( JL> {k )  ac t ion .

Each genus 2 cu rve  C is iso m o rp h ic  to

Z 4V *  =  f i X . Z )

win t v  j  i A  . 7. m - a b in a ry  sextic  w i th  ./tu =  0. It. ' fu n c t io n  tie ld  is o f  the  fo rm  k{ X .  V I 

where

=  / i . V . l ) .

I f  /  is an m in v a r ia n t  as defined above, then  /  takes the  same values on all

s '  ■ \  . /  •:«'!»!.: I .•* c . '"'I) / ‘ L : - e! i de i l l ied  . \ \  e .d'O de tlo te  It by / !  / \  I. It

•/ -E k . u 0  u,,. is a homogeneous > L> \k >  in v a r ia n t  the  the  c o n d i t io n  J \ l \  ) -  0 is

well defined.

P a r t ic u la r  G L > { k ) in va r ia n ts  are

/! : =  M  :=  -  h i t s  —------- . : =  -1M) —

It is a classical result o f  C lebsch and Bo lza  ex tended  by [gusa to  pos it ive  

c h a r a c t e r i s t i c  t h a t  tw o  sextics /  and f  are co n jug a te  unde r  ( k L > ( k ) i f  and o n ly  i f  

; h e r e  is r  =  (j such th a t

•Atd /  > =  r " ‘ . / >j v J ̂ ) - f u r  i =  1. 2 . a. o 

It . / j =  I), then  th is  holds it and o n ly  i f

i j  f  t =  f o r  f.i =  1.2.:5
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C H A P T E R  2
n i b :  a i  r o M o R p H i s . M  g r o i t  o f  a  c e n t s  t w o  f i e l d

Ii i i his chapteT. we de'te'rmine tin* a u to m o rp h is m  g ro u p  o f  a arums 2 curve*. see 

i hoorcm  l.-l. I his was also tre'ateel by (!e‘Ve*r T x i  ( w i th  proofs o n lv  skelche'cl) am i 

B ra m l t  am i S t ich teu io th  [2 j l i u  cha rac te r is t ic  0 o n ly ) ,  am i B ra n d t  in a m ore  general 

se t-up . (see B ra n d t  [d j. u n p u b l is h e d  thesis).

2.1 A u to m o rp h is m  C roups  o f  ( ionus  2 Fie lds

Let k  be an a lg e b ra ic a l ly  closed Held o f  ch a ra c te r is t ic  not equa l to  2. Let ki  X  I 

o<- ; iie held ot rat iona l fu n c t io n s  in .V. We id e n t i f y  the  places o f  k I .V i w i th  the  po in ts  

ol r  1 = / • • . { > ; [  in th e  n a tu ra l  way I the  place .V =  o gets id e n t i f ie d  w i th  the  po in t  

o -£ P 1 i. Let l \  a q u a d ra t ic  ex tens ion  fie ld o f  k\ X ) ra m if ie d  e x a c t ly  at six place's

o >  n , ; o f  k I .V I. T h e  co rresp on d in g  places o f  l \  are ca l led  the  Weierstrass po in ts

!\ . Let P  : =  { o [ ..........o , , } .  Then  / \ =  ki X .  V I. where'

v * - = n  ’ -v  -  , 2 - i )
• * €  r

Let G  =  A t i t (  l \ / k ) .  I t  is well know n th a t  k \ X )  is th e  o n ly  genius 0 subfie ld  o f  

de'gree 2 o f  l \ :  thus G  fixes A-(.V). T hus . G t) : =  G a l l  K / k i  X  \) =  T 0 ). w i th  =  I. is 

cen tra l  in ( i .  We* ca ll Iht  r t d u c fd  au to m orph is m  group  o f  I \  the  g roup  G  G / G y  

1 hen. i i i-  n a tu ra l ly  is o m o rp h ic  to  the' subgroup  o f  A u t ( k [ X  i, k  | iru luced  by G.  We 

have-

T : =  P G L > { k ) - ^ - r A u t { k {  X  ) / k )  12 .2 1

a h \ *  f  a X  — c

e d  V b X ^ d
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I he a r t  ion of T on the  places o f  Am X  I corresponds u nd e r  the  above id e n t i f i ­

ca t ion  to  the  usual a c t ion  on P l by f ra c t io n a l  l ine a r  t ra n s fo rm a t io n s :  t I f  /

( c' 0 \
is p r im e  to  c h a r ( k )  then each e lem en t o f  o rd e r  I o f  V is co n jug a te  to  f ^ m  . where  

f. is ;t p r im i t i v e  / - th  root o f  u n i ty .  Each such e lem en t has '2 f ixed  p o in ts  on P 1 and 

o th e r  o rb i ts  are o f  leng th  /. I f /  =  c h u n k )  th en . E has e x a c t ly  one class o f  e lements  

ot o rd e r  I. represented by ^  J ^ .  Each such e lem en t has e x a c t ly  one f ixed p o in t  on

~  i

f u r t h e r .  G  pe rm u tes  .......... o»,. fh is  y ie lds  an e m b e d d in g  G  r

L e m m a  2 .1 .  l o t  * 7 G  mul  g its iniugt in ( i .

h i  kuppost  g is an invo lu t ion ,  l i n n  ~ Int.* ort l t  r  J  i j  and on ly  i j  i t  f i s t s  no 

11 f n / -Ore.'s points.

h It  (/ Inis un i t  r  t h tn  *■ has ort l t  r  v.

I ‘ roof, in  Suppose i] is an in v o lu t io n .  B y  th e  above we m a y  assume gl  A  i =  — A .  We 

t i i i ty  lu r th e r  assume th a t  I •= P  by rep lac ing  .V by  c.Y for a s u itab le  c *£ k " .

N ow  assume g fixes no po in ts  in P . T h u s .  P  =  { 1. — I . b. — h. a.  — a }.  where  

n. h ~  P 1 {(). 1}. Hence

Y J =  I .Y -  -  1 )i A J - h - )

So u c  tiave. - 1 V e =  V Hence t V  i =  n  V . and  - has o rd e r  2.

Suppose ij fixes 2 po in ts  o f  P.  I hen. P  =  {0 . r c .  L. — 1. a. — u }. where a ~

P 1 {IJ. r e . — 1}. Hence

V -  =  A ' i . Y 2 -  1 m .Y* -  - r i

So * i V |J =  - V  - and * t  V 1 =  \, — I V . Hence. - has o rd e r  4.

b i  Each e lem ent o f  P G L > [ k )  o f  o rd e r  4 acts on P 1 w i th  tw o  f ixed  po in ts  and

all o th e r  o rb i ts  o f  leng th  4. So i f  g  has o rd e r  4. th e n  i t  fixes 2 p o in ts  in P . Thus  g~ 

has o rd e r  4. f ro m  le m m a  2 .1 a). T h e n .  * has o rd e r  S.
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Because A is the  un iqu e  degree 2 ex tens ion  o f  k( X ) ra m i f ie d  e x a c t ly  a t a , ..........

each a u to m o rp h is m  o f  k( X )  p e rm u t in g  these 6 places e x ten ds  to  an a u to m o rp h is m  

o f  A’ . T hu s .  G  is the  s ta b i l iz e r  in A u t ( k { x ) / k )  o f  th e  set P .  Hence u nder  the  

is o m o rp h is m  ■ '2 .‘J t . G  corresponds to  the  s ta b i l iz e r  T r  in V o f  th e  (i-set P .  In the  

fo l lo w in g  list lo r  each I ' r  we d isp la y  some in fo rm a t io n  on th e  c o r re s p o n d in g  genus 2 

held, in p a r t i c u la r  its  a u to m o rp h is m  g roup  G.

h ir s t ,  we fix some n o ta t io n .  B y  D \  we w i l l  deno te  the  d ih e d ra l  g ro u p  o f  o rde r  

2 .Y. I ’, is th e  K le in  -1-g ro u p  a nd  Qg is the  q u a te rn io n  g ro u p  o f  o rd e r  S. Let -  : G  G  

be the  canon ica l  m ap .

R i ru a rk  2. 2. I f  a f in i te  su bg roup  H  o f  L w i th  I j l l \ .  c h u r i  k ) ) =  I .  fixes a po in t  o f  P 1

i heli I I  l.> i \ f i l l  .

I ' r o o f .  I f  I I  fixes a po in t  then / /  is co n juga te  to  .1 : =  { ^  ̂  : i  t  k ' . a  €  k ) .

I hiis we m a y  assume th a t  H  <  A.  Let B  : =  { : a €  k } .  Then H  D B  =  I.

1 herefbre / /  em beds in to  A /  B = k ‘ . Hence H  is cyc l ic .  i_

h't m u rk  I lie decree 2 ce n tra l  ex tens ions of > | .

Since I I : i A , .  ( c =  I I see S t ic h te n o th  [ 2 i ) the re  are e x a c t ly  -1 non -equ iva len t 

ce n tra l  ex tens ions  o f  degree 2 o f  A.,. We c o n s tru c t  th e m  as fo l low s . Le t IT  be the  

g ro u p  o f  -1 x -1 m a tr ice s  over F3 genera ted  by

5  ( A  ( T  0
0 [ ) -  \ o  1:

where  T . l '  •= GL<[- i>  and GL>{'-^. =  such th a t  > 'J =  1 . 7 "  =  I . f *  =  1.

I h e n .  11’ is a c e n t r a l  ex tens ion  o f  S’ , w i th  kernel a K le in  4 -g ro up  1 4 =  { L. t q .  c2. t q } .

where

[  0 \  / - /  0
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Let M' : =  I I '  for i =  1 .2 .3 .  T h e n  U ’, . U V  U V  and the  s p l i t  ex tens ion  

co m p r ise  a ll  th e  degree 2 cen tra l  ex tens ions  o f  V , =  P G L > ( ’-i). UA has no e lem ents  o f  

o rd e r  S and 11 j has o n ly  one in v o lu t io n  w h ic h  is the  c e n tra l  in v o lu t io n .

1. I V  acts t r an s i t i v e l y  on V

l .a )  I V  =  S3 in  its  reg ida r rep resen ta t ion  on 6 p o in ts .  Let r  be an e lem en t o f  

o rd e r  -I in G.  Let r  ~ G  be the  inverse im age  o f  o rd e r  6 o f  r .  Each in v o lu t io n  j  o f  G  

f ixe -  no p o in t -  ot P  hence' l i f ts  to  an in v o lu t io n  j  o f  G.  T hu s .  G  =  V )  » ( j ) =  D».

We m ay assume th a t  the  tixed po in ts  o f  r  are 0 and t c .  I hen r{ X ) =  c.V 

tor r  -E k " . We m ay fu r th e r  assume th a t  I €  P  by rep la c ing  X  by c.V for a su itab le  

e -E I l ieu . P  =  { 1. Cj. f j .  A. , \£ ,. A i ' : } where  V  is a p r im i t i v e  t h i r d  roo t o f  u n i ty

and A -E ? ‘ { 0 . 1. >c. Tj }• Thus

=  1 .V 1 — I M .V ! — A 11 

l ot A =  rr 1 th is  e qu a t io n  becomes \  '  =  .Vfl ~  1 and I V  — M i-  be low  L.e).

l . b i  I V  = > ' 1.

I f  c h a r \ k )  == 2 . 3 then  the  s ta b i l iz e r  in  S.\ o f  each p o in t  o f  P 1 is cyc l ic  (see 

re m a rk  2.2 1. hence has o rde r  1. 3. o r  2. T h e n  the  o r b i t  le n g th  is 6 . S. o r  12. T hus . 

V  ha.- e x a c t ly  one o rb i t  o f  leng th  ti because i f  an e lem en t o f  f  o f  o rd e r  -1 acts on b 

p o in t - ,  then  it l ixes 2. Hence acts t r a n s i t i v e ly  on th is  o rb i t  because po in t

- ta b i i i z e r  Z  1 ha- Z , S3 =  { 1}.

Let i j ~  y  , be an e lem ent o f  o rd e r  4. T h e n ,  g has o rd e r  S. So G  is not 

is o m o rp h ic  to  Z> ■< S', o r  I IT (see re m a rk  2.3). S ince S3 <  S’., is t ra n s i t iv e ,  i t  fo l lows 

fro m  l .a  1 th a t  G  has an in v o lu t io n  not equal to  ro. Thus, i t  is not is o m o rp h ic  to  11’ ,. 

I h t ' i i  G  =  IE ,.

A 11 e lem en t g  EE Up o f  o rder 4 fixes tw o  p o in ts  in  V .  So we m ay  assume the

tw o  t ixed  p o in ts  are 0 and  oc. We m a y  fu r t h e r  assume th a t  I 6  P  by  rep la c ing  X  by
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c.V for a su i ta b le  c €  A*. T h e n .  V  =  {0 . : x .  1. —1. / .  —/ }  and

V 2 =  A' 3 -  A'

i f  char \  k  i =  '■] t l ien  the  s ta b i l iz e r  in 5.t o f  each p o in t  o f  P 1 is e i th e r  c yc l ic ,  o r  

is the  n o rm a l iz e r  o f  a 4-cycle. I he rest is as above.

l .c )  I p =  T h e n .  G  =  where r  is o f  o rd e r  b and j  o f  o rd e r  2 . We

know  l hat r  has one or tw o  tixed po in t  < and all o th e r  o rb i ts  on P 1 have leng th  6 .

Hence, r  itci .■> a.i a o-i yc le  on P  and c =  r ! is an in v o lu t io n  w h ich  fixes no po in ts  in

P.  hurt her. j  fixes 2 o r  no po in ts  in P.  M ore  precisely, j  fixes 2 p o in ts  i f  and  o n ly  i f

: j  fixes no [ jo in ts  on P.  la k e  j  to  t ix  2 po in ts  on P  .

F rom  le m m a  2 . 1. rr—1 ( ( ~ ) ) =  { L . r 0. r i . C j }  = :  I ’ , a n o rm a l  l -K le in  subg roup

in G.  We denote  the  l i f t  o f  o rde r  2 o f  r~ by r .  Since =  c0. then  c f =  T he n ,

r ;  i S l '  • [ r ) .

Since j  tixes 2 p o in ts  in P.  b o th  l i f ts  o f  j  in G  have o rd e r  -!: let j  be one ot

th e m . 1 hen a . n  i‘  =  { 1}. because Z,; =  < C|. i "  has o n ly  one e lem en t o f  o rd e r  2

and no e lem ent o f  o rd e r  1.

I f  =  r i .  then  (j : i )2 =  ry. B u t j ; t maps to  j ~  in  G  w h ich  fixes no p o in ts  in 

P . com ra d ic to ry  to  le m m a  2.1 a). T hu s ,  T h e n .  \ \ ’. j )  =  D t . F in a l ly ,  ( r )  < ] G

and < <’ =  Z  ■: • : / ) , .  where P ,  I acts on Z  t by inve rs ion .

Since r  a c ts  as a t i-cyc le  on P  then  n  . V ! =  v ; .V  w here  is a p r im i t i v e  ( j- th  

root ot u n i ty .  We m ay fu r th e r  assume th a t  1 6  P  by rep lac ing  .V by c.V for a su itab le  

c e  k " . [ 'hen P  =  { ! . £ *  ss }  and

V 2 =  .VH -  L

l .d  I Fp =  .S2 . In th is  case c h a r \ k )  — 5 and 5^ =  P G L > { 5 )  is g iven  in  i ts  n a tu ra l

e m b e d d in g  in P( . ! L > [k ) .  So P  P b F ^ ) .

Since every  e lem en t o f  o rde r  4 in  Tp l i f ts  to  e lem ents  o f  o rd e r  S (see lem m a

2 . 11 then  G  is not the  s p l i t  ex tens ion . In  the  t r a n s i t iv e  p e rm u ta t io n  rep re sen ta t ion  o f
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on fi po in ts  the  t ran spo s it ion s  f ix  none o f  the  6 p o in ts .  So th ey  l i f t  to  in v o lu t io n s  in 

( ! .  le m m a  '2 . 1. Thus. G  =  2~.sd ( the  u n iq u e  n on -sp l i t  ex tens ion  where  t ran spo s it ion s

l i l t  to  i n v o lu t i o n " '. 1 lm> we mav i s s i m e  i hat P  =  { iJ. 1. 2 . •!. t. x :  }■. I hen.

> : =  .V “ -  .V

2. 1 p a r t > i n t m n > i t i v ( l i j  on P

2 . a i I p =  2A. Let <j he the  in v o lu t io n  in ( ! .  I f  <) fixes no p o in ts  in  P.  then  *

in i '  o rd e r  2 i -ee  l e m m a 2 . h  Thus. ( ! =  I ’,. We m ay assume th a t  1 ~ P  by rep lac ing

A i A ior a M utab le  r  £ k ' . I hen. P  =  { I . a. b. — 1. — a. — h \  and

) =  i .Y2 -  1 m .Y 2 -  <r i( X~  -  l r  t

s u p p o 'e  tha t i j fixes 2 [ jo in ts  in P.  As in the  p ro o f  o f  le m m a  2.1. we m ay 

. t " i i m e  that P  =  11), x .  1. — 1. a. — a \ and ~ t A  t =  — A . I hen ex is ts  r  £  I r -  f  t .r t =  

-  -. " in  h t hat r  ~  <i w h ich  is cont ra d ie to ry  to  ( /  =  2  .. 1 hits. ( /  =  I t .

• i 1 "  2  I - , .  1 hen < i  =  Z<ii|. In thi." case r h u v \ k \  ~  j .  1 he e lem ent <y £  I p

ot o ld e r  * fixes one point in P  and y i X  t =  £->.Y. We m ay assume th a t  the  fixed

poin t in P  i '  (J and fu r th e r  1 £  P  by rep lac ing  X  by c.V fo r  a su i ta b le  c £  k " . Then.

P  =  {U. “ " ‘ 1

v - =  AM> -  X

c| I V  — 1 i . I f  y  €  G  fixes no p o in ts  o f  P.  then  * is an in v o lu t io n  and ( 7 =  D.t . 

I f  (J fixes 2 [ jo in ts  in P.  then  as in 2. a t .  V  =  { 0 . s c . 1. — l . u .  —a }  and  * f . Y )  =  — X .  

1 hen. there  is r  £  G.  n . r i  =  - V  such th a t  r  is an in v o lu t io n  in G  w h ic h  fixes no

[ jo in t "  in P. I hen again G  =  D \ .

Let *■ £  f r  be an in v o lu t io n  w h ic h  fixes no p o in ts  in P.  Take th e  fixed [ jo in ts

of th is  in v o lu t io n  to  be 0 and :c .  T h e n  * i .Y t =  c.Y for c €  k ‘ . As above, we

m ay  assume 1 €  V .  T hen  P  =  { L. — i .  a. 6. — a.  — 6 }. T he re  is e x a c t ly  one e lem ent 

r  £ T.r =  I j w h ich  fixes tw o  po in ts  in P .  n am e ly  f t  X ! -  -A- T h e n ,  b =  A and

V 2 =  ! .Y2 — 1 H .Y 4 — A.Y* — 1). i c h t r f :  A =  « 2 J— -
a~
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R e m a r k  J . f  The tw o  o rb i ts  o f  S3 leng th  3 g ive  a 6-set V  t_ P 1 f ixed  by S3. T h e  fu l l  

s ta b i l iz e r  o f  th is  V  is D^.  So S3 does no t o ccu r  in  th e  in t ra n s i t i v e  case.

C o m b in in g  a ll  cases toge the r  we have th e  fo l lo w in g  th eo re m .

T h e o r e m  2 .5 .  Let ( I  be the a u to m o rp h is m  group o f  a genus J  f u n c t i o n  f i e ld  o r e r k ,  

i r ln n  k  =  k.  and c h u n k ! =  2 . Then.  C  i.> i s o m o r p h i c  to one of the f o l lo w in g :  X>. 

" i d .  \ |. I f .  I) , ,. Z  1 ■; / J ,. I I  |.  o r  the group 2 ~ S-, o j  o rd e r  J.j 0 . The center  o f  G  is 

oj  ort l t  r  J. gent rated bg the hypere l l ip t i c  i nvo lu t i on ,  unless Ci is i s om orp h ic  to I o r

Hi-
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C H A P T E R  3
C E N T S  2 F IE L D S  W I T H  D E G R E E  2 E L L I P T I C  S L 'B F IE L D S

■LI I t i t r o t l iu  t ion

In t l i is ch ap te r  we s tu d y  genus 2 fu n c t io n  fields w i th  e l l ip t ic  subfie lds o f  degree

2 . 1 he locus C i  o f  these fie lds is a 2-d im en s io na l su bva r ie ty  o f  the  m o d u l i  space M 2 

o f genus 2 fields. We use a b i ra t io n a l  p a ra m e te r iz a t io n  o f  C > by  a ff ine  2-space to  s tu d y  

the  re la t io n  between the  j - in v a r ia n ts  o f  the  degree 2 e l l ip t ic  subfie lds. T h is  ex tends 

'.voik ot ( le v e r .  ( la u d ry .  Schost. S t ic h te n o th  and o thers . We f ind  a 1-d im en s io na l 

!a m iU  oi genus 2 curves h a v in g  e xa c t ly  tw o  iso m o rp h ic  e l l ip t ic  subfie lds o f  degree 

2 : t h i s  ta m i ly  is p aram e te r ized  by the j - in v a r ia n t  o f  these subfie lds. T h is  leads to  a 

rem arkab le  e m b e d d in g  o f  the  m o d u l i  space M  1 o f  genus one curves in to  .VC.

Let C be a genus 2 cu rve  defined over k.  k  =  k.  r h a r i k )  =  0 and K  its

fu n c t io n  Held. .Jacobi j  iT j  gives a general fo rm  o f  genus 2 curves w i t h  degree 2 e l l ip t ic  

subcovers:

T ‘ -  A "  -  .s ,.V ’ -r s>.VJ -  1

and a d e s c r ip t io n  o f  C> in te rm s  o f  the cross ra t ios  o f  the  roo ts  O i  o f  the

sextic :

O3 — Gj Or 4 — 0 [ O5 — Gi On —
O3 — Gj O4 — G 2 ^5 — Q-> — O-j

I hus. C-  is p a ram e te r ized  by the pa ir  1 £  AT We note  th a t  th is  p a ra m ­

e te r iz a t io n  o f  C> factors th ro u g h  a ram if ied  Ga lo is  cover ing

k 2 — > k 2 

->■ ( «. f )

12
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where  it =  arul r  =  v* -r .s'*. T h is  induces a b i ra t io n a l  p a ra m e te r iz a t io n  o f  C 2 

by tin* pa irs  ( u . c ). A l l  o u r  c o m p u ta t io n s  use these c o o rd in a te s  ( u . c ) .  We use th is  

to  c o m p u te  an e q u a t io n  for C 2 in  te rm s  o f  th e  classical in v a r ia n ts .  In section  4 and 

5 we g ive  a genera l re la t io n  between the  j - in v a r ia n ts  o f  degree 2 e l l ip t ic  subKelds ot 

K . T h is  im p rove s  r l 7 ' .  where  each is o m o rp h is m  ty p e  o f  Cl is t rea te d  separate ly . We 

d e te rm in e  c o n d it io n s  when degree 2 e l l ip t ic  subKelds o f  h  are 2 o r  3-isogenous.

■4.2 Clonus 2 Curves w i th  E l l i p t i c  In v o lu t io n s

I he n o ta t io n  is as in  p rev ious chap te r .

D e f i n i t i o n  3 .1 .  A n  e l l i p t i c  i n v o l u t i o n  o f  I \  is an in v o lu t io n  in (', w h ich  is d if fe ren t 

i ro m  i t  tie h v p e re l l ip t  ie in v o lu t io n ! .  I bus the  e l l ip t ic  in v o lu t io n s  o f t /  are in l - l  

■ o iTe-.putidenee w i t h  the  e l l ip t ic  - uhti idds o f  l \  o f  degree 2 I by the  R ie m a n n -H u rw i t z

to n n u ia  e

I f  : [  is an e l l ip t ic  in v o lu t io n  and th e  h v p e re l l ip t ic  one. then  r_> : =  r 0 r |  is 

ano the r  e l l i p t ic  in v o lu t io n .  So the  e l l ip t ic  in v o lu t io n s  com e n a tu ra l ly  in pairs. T h is  

pairs also the  e l l ip t ic  subfie lds o f  l \  o f  degree 2 . Two such subKelds E\  and E> are 

pa ired  i f  and  o n ly  i f  E\  '  k I .V ! =  E< ~ k t . Y j .  E\  and  E-< are (7 -con juga te  unless 

( /  =  [),, o r  ( i  =  I , t This can be checked f ro m  T h e o re m  2.5).

T h e o r e m  3 .2 .  L i t  l \  bi a g u m s  J J i rh i  and  t  „>( /\ I t in  nuinbt  r  o f  A n t i  l \  )-classes o f  

i l l i p h r  .>i tbjn hi .> o j  [ \  o f  dr g i r t  J. Suppor t  t  A A" > >  I .  Tin  n t h t  c lassical  inca r i an t s  

oj l \  sa t is jg  t in  tq ua t ion .

- . i f 11 -  snsj,.,./^ j.j-,u7:isiuuoJr0Jf J; -  isj.ir.suo-AV-eT -  -  tsjZj ' ;
- s u f j -  ’ j . j j  -  -  S7Q9I

- r i . i j j ' J  J,' J,. -  u -V jrtioooooJ.';, t  ts-tJj'J.; +  - lU T- iJ ioJ ;  -i- i v j  J \ J j  -  -  s o J fJ j -  J.j

-■ l7 s r)2 J ; J , J j  -r — OO-IS J ' j J i J i  -  S331 -  iU S A 'A A ,'

- 1  -  l - J . i T ' y j j j ' j j .  -  SSlUJ.’ j j  J.j -  2UyS5JOUUOJf0^ J . ;  -  U tU S J.j -  l -r 072J i qJ ' I J ;  = 0

(■■}. 11

Fur ther .  e2( f \ )  =  2 unless A  =  ki  X .  V ) wi th

Y 2 =  .V5 -  X
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i n which cast  f - j (A ’ ) =  1.

'■mice f _.f l \  \ is rhc  n u m b e r  o f  conjus iacy classes o f  e l l ip t ic  in v o lu t io n s  in G  the  

c la im  abou t < j l  l \  ) fo l lows f ro m  th eo re m  ‘2.5.

L e m m a  3 .3 .  Suppor t  cy is an t l l i p t i c  i n v o lu t i o n  o f  l \  . L t l  :■> =  c i . where ro ns the 

l ippt n  l l i p t i c  invo lu t i on .  Let  E, hi t in  f i xed f i e ld  o f  r, f o r  i =  1.2. Then l \  =  k\ X .  \  I

wh i n

) - =  A "  -  .>i .V 1 - . - . V -  -  1 13 .2 i

and  27 — I 'V 'e ' . 1 -  sps] +  I.-/ -j- l.-cj == 0 . F a r t h e r  and E> a r t  the subfields k\  A J. V )

and  k\ A  *. V A  ).

Proof .  Recall th a t  c0( A’ ) =  A’ . ~0 ( V ’ ) =  —Y .  We choose the  c o o rd in a te  .A such 

t hat  r [ i A' i =  -  A. Hv lem m a  2.1 the  in v o lu t io n  : i  fixes no p o in ts  o f  P.  hence 

P  =  { —<>. ± . i .  ± ' . }. w he re  a .  i .  - •= k  { 0 }. Let

k : =  o J. b : =  .P .  c : =  ~P

1 hen f ro m  2.1 we have K  =  k ( .A. V ' w i th

} ‘  =  i A  * — <i n A " — h i( A  * — c i

We m ay tu r t i ie r  replace A  by A A . for a s u i ta b le  A. to  get abc =  1. Then

V - =  . V  -  .s. A' 1 -f- s2X i  -  1

w here  s, =  a -j- b c and  .s> =  ab  -j- ac  - f  be. S ince the roo ts  0 [ .are d is t in c t

then  27 — LS.'t. ' j  — .s*.s* -r l.s* -r- 4.s-] == 0 . T h e  e lem ents  A '*  and  .A V  are f ixed  by  c2.

1 his im p l ie s  the  c la im .

□
We need to  d e te rm in e  to  w ha t  e x te n t  the  n o rm a l iz a t io n  in  the  above p ro o f  

d e te rm in e s  th e  c o o rd in a te  X .  T h e  c o n d i t io n  C i( .A )  =  —.A d e te rm ine s  the  co o rd in a te
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.V up to  a co o rd in a te  change by some '  <5 T c e n tra l iz in g  C[. Such -■ satisfies y ( . V)  =  

: i ; \  ,n- - i A > =  y .  in ■€ />• { 0 }. The a d d i t io n a l  c o n d i t io n  abc — I forces I =

i. hence m " =  1. So X  is d e te rm in e d  up  to  a c o o rd in a te  change by 

the  -u b u ro u p  I I  =  D,, ot [' generated by tq : X  —r ^ X .  r< : X  -y. " 'he re  £,; is a 

p r im i t i v e  b - th  roo t o f  u n i ty .  Let £3 : =  £ ]. T he  c o o rd in a te  change by  ~i replaces S[ 

b\ y.:.^  and .-j by t he co o rd in a te  change by r> sw itches  s ( and Invar ian ts

■ it t lii< / / - a c t io n  are:

< 'la>>ical in va r ia n ts  o f  the  Held l \  g iven by l e m m a -5.5 are:

.1: =  2 It) -  I l ia

./, -  *  b r  -  1 fi'JO -  50 111

./,, =  —2000 la — ‘Hie — 121a" — 2 1 a '  — I t iO a r  — 119880

-/ iu =  *)l( 27 -  18a — a ' a -  4c )*

[•or -11 =  (J th e  abso lu te  inva r ia n ts  are

4 ‘ ( a J — 126a a- L2c - f  4 0 5 1
' 1 : =

2-( 15 a- u i -

C U i

45 11' — 7 2 9 / r  — 1141a — 46ac — I 104c -  4645)
/ > :=  ---------------------------------   ---------------------------------  (4.1)

2 J( 15 -  a )

4 ’ I a J — ISa — 1c — 27)*

2 l;1l 1 5 -r a r’

We can e l im in a te  a and c and get th e  fo l lo w in g  e q u a t io n  o f  C>.

-2 7 / ' ;  +  9 / j  +  161244 146jV 1 -  12441600/3/:] a- 2 /.] 4- 107495424/3/ f / i  4- 54/?/.j

-5 2 2 5  1720/1/1 / j  -  4727S10S0/^ 1/3 -  ^294400/}/ f / j  -  9150597412000/-;;; -  lS / * / j

-2 10744712102912/: -  111 151255604200/Vi -  2064912140>000/]/j -  55240704/:,/;

-r-' l i"i2 — 4/',*/'4 — 451776/3/; -  27/] -  2866544640000/]/[ / j  4- 161245146/3/ ]  +  9 / ] / ]

-264180754022400000/3 =  0
(5.5)
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T h is  e qu a t io n  was found  by  G a u d rv  and Schost in  [17]. where  th e y  d o n ' t  cancel 

tin* co m m o n  d iv is o r  34867S4401. T o  get r id  o f  the  c o n d i t io n  J-> ^  0 we m u l t i p l y  by 

to  get the  "p ro je c t iv e "  e qu a t io n  (3.1) o f  T h is  ho lds indeed fo r  a l l  K  6  £>. as 

can be checked by s u b s t i tu t in g  f ro m  (3 .3 ) . T h is  com p le tes  the  p ro o f  o f  th eo re m  3.2.

I he fo l lo w in g  p ro p o s i t io n  d e te rm ine s  th e  g ro up  G  in  te rm s  o f  a and v.

P r o p o s i t i o n  3 .4 .  L i t  C bt a y t n u s  2 c u r r t  *uch that  G  : =  A u t i C )  has an t l l i p t t c  

i n vo lu t i on  and J ,  ==0. T h in .

a) G  =  Z  ) a D.\ i f  and only  i j  ( a . v j  =  ( 0 . 0 )  o r  ( u . r  I - (225 .6730 ).  

hi  ( i 2= 11 | i f  and on ly  i j  ti =  25 and r  =  —250.

v '  f i =  It,, tj and only  t j  l r  — a~ — I l()u — 1123 =  0. Jor  a ~  0. 70 — 30 v ’ 5 .25 . 
M o n  o n  r . t in chi*s ical  i n v a r i a n t * sa t is fy t in t yaut ton* .

-  12./,‘ .A; -  52J - J j  ~  N O -f- 0 6 0 . / . -  TtiOO./.f =  0 

NO)./hj./j - f  3450000./lu./ j !./> -  43200./lu./.,./.? -  2332*00000./^  -  J \ J ' \  (3.6)

- 7 6  S./,'./7 +  4 +  4096./; =  0

di  ( l = [ ) i i f  and only  i f  v 2 — 1u ! =  0. f o r  u == 1 .0 .0 .2 5 .2 2 5 .  Cases u =  
0 .225  and a =  25 a n  n d i i n d  to vas t *  a ) . a n d  b) n s p i c t i v t l y .  M o r i o n  r. t i n  classical  
i n v a r i a n t * * a t /M y  i 3 . l )  and  t in Jo l lo ic iny  t i /ua t ion .

I 706. I f  I ;  -  2561)./; -  27./ ,. / j  -  n U f l „  -  1 IS.xO./ , . / , . / „  +  2SS()()./,f =  0 (3.7)

Proo j .  a i I f  G  =  7, i " iD ,  then  C is is o m o rp h ic  to  V ~ =  .V" — 1 (see th eo re m  4.3). 
Thus.

. _  3J( i r  -  126 u 4- L2c +  105) _  *1

M “  2J. 1 5 -  (t)J _  20

3'h a 1 -  729i r  -  4 131 u -  36 « r  -  1404c -  3645) 729
,, =  --------------------------------------------------------------------------- f = --------- (3.S)

2:,( 15 — u ) ! 200

3 ‘ i a- Is a — -1c — 27) ~ 729

’ ‘ ~  2 lJ ( 15 +  « ) ‘ ~  25600000

Ih e  o n ly  so lu t ions  o f  the  sys tem  are ( u . r )  =  ( 0 . 0 )  and ( u . r )  =  (225 .6750 ).  T h e y

co rrespond  to  the  same genus 2 cu rve , n a m e ly  V '  =  .V*5 — I.

b) I f  G =  U ’, then  C is is o m o rp h ic  to

V 2 =  .V5 -  X
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i ' t v  th eo re m  1.2). T h e n .  C is is o m o rp h ic  to

V -  =  .Vs +  T V '  -  o.Y- -  I

i l i v  the  l ine a r  f ra c t io n a l  t r a n s fo rm a t io n  X  — ). Then, .?! =  .■>> -  — 5 and

u =  ’2'). r  =  I hose are the  un ique  values fo r  u a iu l  c s ince the  sys tem

2 'i  ir -  1201/ -r- 12c — 105) 26
1 2"t 15 -r Uj2 5

. _  2 *( i t 3 +  729 u2 +  4 131u -  86tic -  1404c -  3645) _  1512

23( 15 +  t/)'1 25

:i * ( i r  -f- LSm -  4c -  27)- 2-12

' 1 "  2 11 (15 -f- « )5 ~  200000

11 a > a i in iqm * solut ion I u. c ) =  (25. —250).

Converse ly , every  mums 2 cu rve  w i th  ( u . c )  =  (2-5. —250) is is o m o rp h ic  to

V -  = X *  +  5 .Y 1 -  5 A '2 -  I

-o 11 =  1 \ ( .

c i I f  ( i  =  [),• t lien C is iso m o rp h ic  to

V* =  t . Y ! -  D i . Y 1 -  A)

for A =  0. 1. and A2 -  A — 1 =  0 (see theorem 1.2). Then the system.

•iT i,- _ 1201/ -  12c -r 105) A(A* r 7 A r l )
=  1296-

2-q 15 — u)-  ( A - - 8 8 A + 1 ) 2

8 J( i t 1 -  729 it2 +  4 I31u  -  86tzr -  1-lO-lc -  26-15) A( A4 -  22A3 -  66A2 -  22A +  L)
/> =  ------------------------------ -r—--------- =-------------------------------=  -1 1 66 4 -

23( l 5 + « ) 3 (A2 — 28A -f- I ) 3

_  r i i r  V  I8u -  -lc -  27)2 729 A2(A -  L)t;

2 I3( 15 -f- a)'1 L6 (AJ -  88A +  I ) 5
( 8 . 1 0 )

has so lu t ions .

, A2 -  08A -r I .  A '  v  264A 1 ■+■ 2726A2 4- 264A -f- I
u — ')  . c =  o 4 ---------------------------------------------------------

(A -  I )2 (A — 1 )4

E l im in a t in g  A f ro m  th e  above expressions we have

1125 — I lOu — n ‘  — 4c  =  0 (2.11)
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From  i l u 1 .i!>u\v e qu a t io n  the  values u =  D.70 — -iOv -1 m ake  . / [U — 0. so we exc lude

th e m . N o te  th a t ,  for i u .  c !  - (25. —250) th is  is case b ) .  so u - 25 is also exc luded , 
t h e n  r  =  — UOtz +  1125) and  i i . i> . i ->  are

[ iz -  9 ) ( u -  105)
i , =  9

= IMj-

( 1 5  4- iz)"

( « -  9 ) (  u 2 -  l ( j2fz  -  5 5 5 5 )

' 15 — a i -

I IL —  9  I *

>5.12)

i L 5 — a j •

• : . : ' -i< ; t i i n v a r i a n t s  - a t i - d Y

- . / , . / . '  -  V 2 . i l / , ,  -  5 2 . / ? . / ?  - r  SO. /? +  9 0 0 . / , . / , . / ;  -  5 0 0 0 . / , f  =  0 

m,  i . / , „ . / ;  -  :j | . 5 i i 0 0 0 . / l u . / p / ,  -  1 5 2 0 0 . / l u . / 1. / , i -  2 4 4 2 S 0 0 ( ) 0 0 . / f u -  . / ; . / V  ( 5 . 1 5 )

-  In . / , 1. / , ' -  lO U O ./j1 =  0

U  ■ 1 '  ■’ /  I  f  !  I l l ' l l  t  i >  i ' u m o r p h i i  t o

r - '  =  . . v J -  i m . V  -  a .v j -  i i

lo r  A — —J ! see theo rem  1.5). Thim the  sys tem

5-'i i r  -  120a -  12c -  105) 9 ( AJ +  52A -e 7t>) (A -  2 )J

' ! ~  2J( 15 -  n)-! ~  T (A- - 2 A  -  K i i -

5 i < / / 5 -  72!)«* -  H 51 'i  -  50 u r  -  1 104c -  50-15) 27 t A* -  5NA -  104K A -  2) *
- ~ 2 1' 15 -  u i 1

5b  n- -  [mi -  lc  -  2 7 1J 215 i A -  2)*’ ! A -  2 )J

' '  ~  2 1 h 15 -  n r  ~  s i 02 (A- -  2A -  10)'’

lias the  fo l lo w ir i ' i  so lu t ions .

_  i A — 14)- _  ,1 a -  1 4 ) ’

i A - 2  )- ' ' ~  ~ ~  ! A -  2 ) 5

F l im in a t in a ;  A from  the  above e qu a t io ns  we uet

r- — -It /1 =  0

I f  i i  =  0 .2 5 .2 2 5  th is  case reduces to  one o f  the  p rev ious  cases. For u  =  1.9 we have 
. / io =  0 so we have to  exc lude  these values also. T h e  c lassical in v a r ia n ts  m ust also 
sa t is fy  th e  e qu a t io n

1700 ./p / j  +  2560./? -  27./.,./? -  SI./?./* -  14880./../,./« -  28800./,? =  0 (5.15)

i AJ -  2A -  l0)->

( 5 . 1 4 )

□
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Proposition 3.5. The m apping

A  : ( iz. c) — ♦ ( i i . i >.

g i r t *  a b i r u t i o n a l  p a ra m t  t t  r i za t ion  o f  C >. Tht f i b t r *  o f  A o f  c a rd in a l i t y  >  1 cor re­

spond to those curves C wi th  | .4 td (C ) j  >  -1.

[ ‘ roof.  We deno te  A i u . c  i =  Ci !t.t ) =  ( i [ . i j . i j )  and A i u ' . c ' )  =  C(u-..-) =  { i \ .  i'y  i \ ) .  

1 in* s o lu t ion  set ot l i i c  sys tem

is i i f . r  ) =  i u'.  r ' )  o r 11-" — l i t ! II 4 r  — n~ +- 1 IOh — 1 125) = 0 .  r im s ,  i f  I a. r  I =  ( 1i . r 11 

then  i r~ -  \a 11| lc  -  a-  — 1 lUu -  112 5 1 = 0. So A i i t i C )  is is o m o rp h ic  to  one o f  It  

7. ■: f t  | . / )  | o r  1 l i e n ‘fore. . l td  IC >! >  1. i f  I c~ — l i t 1)( lc  — a 1 4- 1 LOu — 1125) ^  0 

t l i i ’ ii u . r i  =  i u'. r  i and  A  is in je c t ive .

3.3 i - in va r ian ts  o f  E l l ip t i c  Subcovers

Let i, m id  t< denote  r[ie  j - in va r ian ts  o f  tin* e l l ip t ic  curves E x and E< f rom  

le m m a  3.3. 1 item j \  and  j<  are.

13.16)

(3.17)

Lem m a 3.6. I l i t  i n v a r i a n t * j \  and j  j an i l  a r t  roo t*  o f  t in qua dra t ic

2 5 6 -------------;--------   —
‘ a- — ISit — lc  — 27)

.  . 12u * — 54 i r  — 9 uc — i "  -i- 27c )
j  - r  65536

I i f  +  9n — 3c)
- 0  ( 3 . IS)

i a 2 +  LSu -  4c  -  2 7 )2
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Proof .  F ru in  equa t ions  (3.17) and r  =  - f  u =  we e l im in a te  s i and  s> and
get

." -  i N - ;.■ - '_!7 y , f — 2 ’ tji ' la ' -  d-1>r — 9 t/r  — i "  — 27cH u~ — I8u — I r  — 2 7 ) j i

-rt)55df)( lt~ 4- 9a  — ' . i t ' ) ) - 0

ii ( I a * — l * a  -  I r  — 1 ~ ) 2J J  -r  2 5 ( i ( 2 a 1 — ’A i t '  4 - 9 a r  — r" - -  2 7 r ) ( u *  — 18a — - I r  -  2 7 ) j >

-rbdd3(i( aJ -I- 9a — 2 r ) ) =  0
(3.19)

I bus j \  and j> are roots o f  the  same quadrat ic : equ a t io n .  S ince I u ‘ - f -L 8 u —4 r — 27) : 

./,,, =  I) we ran  d iv id e  by i t  and w r i te  the  e q u a t io n  as

2 a ’ — d | ( / -  — ' J / /1- — i -- — 2 7 r  I i n~ — Da  — d r  .
— bdddb—     =  0

' i i -  — l>a  — I r  — 27 ' i u-  — [ >u  — I r  — '27)-

| 3 . 2 U )

I f  a -- U. then  -- IJ ur .-.j =  0 and r  = .s,! o r  r  =  .-..J. T he  j - in v a r ia n ts  o f  E\  

and /•.j  are

n =  — 2 d fi------------- . i . =  9912-
I r  -  27 "  I r  — 27

.tia i tne \ - a i i ' i \  equa t ion  [) n =  IJ then we d iv id e  by u and net equa t ion

3.3.1 Iso m o rph ic  F.Hiptic Snblie lds

th e  e l l ip t ic  curves F\  and F> are iso m o rp h ic  when e q u a t io n  <3.18) has a 

d o u b l e  r o u t .  The d is c r im in a n t  o f  the  q u a d ra t ic  is zero for

' r "  — la ' n r  — 9a — 2 7 1 = 0

Rt m a r k  o'. 7. f r o m  le m m a  3.3. r *  =  -I u'1 i f  and  o n ly  i f  . - lu f(C ) =  D.\. So for C such 

th a t  . l a / i C l  =  D \ .  F.[ is iso m o rp h ic  to  £b. It is easily  checked th a t  and — cu-i 

are co n jug a te  when G =  D \ .  So th e y  Hx iso m o rp h ic  snb l ie lds.

Ii  r  =  !)( a — 3 i  then  the  locus o f  these curves is g iven  bv.

-It j  -  9< i *  7372S tf /3 -  Id0994944i4  =  0
13.21)

28911 — 729ti  4- d 4 i i t 2 — P  — 0
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For i u . r )  =  ( j - — 7 - '  cu rve  has A u t l C )  =  D.\ and fo r  ( u . c )  =  (137 .1206 )  i t  has 

. \ u t \ C \  =  D,i. A l l  o th e r  curves w i t h  c =  9 (u  — 3) be long to  th e  genera l case, so 

A u t { C )  =  l  .|. T h e  j - in v a r ia n ts  o f  e l l ip t ic  curves are j { =  j>  =  256(9  — u).  T hu s ,  these 

iicnus 2 curves are p a ra m e te r ize d  by th e  j - in v a r ia n t  o f  the  e l l i p t i c  subcover.

Hi m u r k  I bis em beds the  m o d u l i  space \ in to  ,\A > in  a fu n c to r ia i  way.

3.-1 Isouenous Degree 2 F l l i p t i c  Snb lie lds

In th is  section  we s tu d y  pairs o f  degree 2 e l l ip t ic  snb l ie lds  o f  l \  w h ich  are 2

or 3-isouenuus. We deno te  by <t>ri( j - . y )  the  n - t l i  m o d u la r  p o ly n o m ia l  (see B lake  et

■ ii. ; ' lo r  the  lo rm a l  de t in it  ions. I wo e l l ip t ic  curves w i th  j - in v a r ia n ts  j \  and  j j  are

//- i>ogenoii> i f  and  o n ly  i f  =  0.

3.1.1 3-lsotienv.

I he m o d u la r  3 -p o ly n o m ia l is g iven  below  

<t> ) =  . r ‘ — r  ! t / ! — ; / '  - f  2232.ny(.r -i-  /y) — I069956.r;y( x  -i- iy) -f- 3 6 8 6 4 0 0 0 (.r ! +  / / ’ ) +  

25^791 s()Mi.;-J ,y- -  s ')00222976000.r(y ix  -r /y I -r t -529S 1832000C300(x 1 +  iy-’ ) -  

77()s !5!)t;0336000000.ny -  I85542587 l872000000000 (.r - f / y l

(3.22)

Suppose E\  and  E< are 3-isogenous. Then f ro m  e q u a t io n  (3 .18) and =  0

we e l im in a te  j x and j<-  Then.

1 I f  — n~ — 11 On — 1125 i ■ i j  i { u. r  \ • </j( it. c ) =  0 (3.23)

where  r/t and <j> are

<j\ — —2700S«” -r 256« ‘ — 2432ti1c -+- c* 7296(/! c* — 6692c^u — 1755067500u 

-r 2 4 l9 3 0 8 r :J -  34553439a4 - f  L27753092eir +  16274844cu i -  1720730u*c*
(3.24)

-  194 H 2 0 u 0 - f  381631500c +  10 18668LoO«- — 116158860u 4- 52621974c

-  387712a ‘ c -  4S3963660eu -  33416676r2u 4- 922640625

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



VJ =  291450448m6 -  c V  -  998848m6c -  4456m7c +  4749840mV  4- I 7042mV

-  4 c"’ 80468m* 4- 256 m9 4- 6848224 iz7 -  10555040 c V  -  5 5 8 7 2 e V  4- 2647Si--'«

-  779().s740m V  -  9516699r 1 -  407244984m V 3 -  4 19584744c 3m -  826440740c ’

-  27502904296m1 -  2N80N775652rMJ -  25429955456cm * 4- 54555540 16hV  ' ” ° J

-  1127v 2 12s 16c — >25504m 042 uj -  L0.’s7:j7oi):j:J44« 4 — L2L2:iQ9504UrJ

-  1127*242* IO i-m +  5504554560e3M 4- 544 1019904a5 -  2454612480m' 'c

I lms. the re  Ls a isogeny o f  degree 4 between E\  and  E> i f  and  o n ly  i f  u and e

sa tis fy  e q u a t io n  I 4.2:}). T h e  v a n ish in g  o f  the  f irs t  fac to r  is e q u iva len t  to  G  =  D „ .  So.

if . W i / i lT  = / ) , ;  th i ' i i  E\  and E> are isogenous o f  degree 4. I h i s  was also noted by

( i a u d r y  a n d  S e h o s t  : 1 7 ’ .

4.  i . 2  2 - I s u u ' e n v

Below we g ive the  m o d u la r  2 -p o ly n o m ia l .

= . i ' ' -  -L-'ij ' ~  i j 1 — l48S .ry ( .r  - r  y I 4- 40774475.ry — 162000( x 2 — y 3) -r
(4.26)

^7 IMJOUOOOl .r -r y i  -  157164000000000

' ' ‘ :;>:j« > •  !  , at.d /■'. are i -o u e i io i i '  o f  denree 2. S11b-t  it nt i t i i i  j [ and _/j in <!>.> we get

J 11 u. r  i • f , {  u. r ) =  0 14.27)

when* J\  and f< are

/ ,  =  -  161' 1 -  81216c3 -  892296c -  2460475 4- 4412mc3 +  707010cm 4- 4805480m -  

1.8400cm3 — 1296162m*— 1744m3c — 140076m3 4- 801m14- 256m’

/ .  =  4096m7 - f  256016m6 -  45824mV  4- 4746016m5 -  2126746cm1 4- 24158144m1

-  25451712m ! c -  119745540m3 -4 5291146c3m3 -  48166488cm3 -  2490500450m3
(4.29)

-  1797 12mc ' -  4 5 *4 L *0 *mi-  4- 11 14270480cm +  9400217500m -  4046608c3

-  1791154000c- 8404765625- 1024c1 4- 164840mV  -  122250584c3 -f 256m3c 3

4.4.4 O th e r  Isoaenies between  E l l i p t i c  Subfie lds

II G  =  D.\. then  ^  and  z i  are in  th e  same co n jug acy  class. T h e re  are again tw o  

co n jug acy  classes o f  e l l i p t ic  in v o lu t io n s  in  G.  T h u s ,  the re  are tw o  degree 2 e l l ip t ic  

snb l ie lds  i up to  is o m o rp h is m  j o f  l \  . O ne o f  th e m  is d e te rm in e d  by  d ou b le  roo t j  o f
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the  e qu a t io n  i .'5. l ^ i .  fur r '  — lu  5 =  U. N e x t ,  we d e te rm in e  th e  j - in v a r ia n t  j ’ o f  the 

o th e r  degree 2 e l l ip t ic  subhe ld  and  see how i t  is re la ted  to  j .

I f  r 1 — - la ! =  0 th en  0  =  \  \  and V  =  { ± 1 .  ± \ / « .  ± v ' 6 } .  T h e n ,  s, =  a +  d -j- 1 =  

. ' j .  In v o lu t io n s  o f  C are r t : X  —> —.V. r ■> : X  —s -jr. ~i : ~ * ~ y ’ - S ince r ( and

_ t tix no p o in ts  o f  V  the  th ey  l i f t  to  in v o lu t io n s  in  G. T h e y  each d e te rm in e  a pa ir  

ot N o i i io ip h i i  e l l ip t ic  - 'ubtie lds. The j - in v a r ia n t  o f  e l l ip t ic  sub tie ld  f ixed by  7[ is the 

doub le  r o o t  o t  e p i ia t io n  ( T l > | .  nam e ly

c !
J =  - 2 5 6 — —  

c -r 1

Io  f ind the  j - in v a r ia n t  o f  the  e l l ip t ic  snb l ie lds f ixed  by r 5 we look  at th e  degree 

2 ( ovuriin> ' : ? 1 — ? l . -uch th a t  ot — 1 i =  I), ot a l  =  ot — -  I =  1. ot — a ) =  o( £) - — I . 

<md .a I) i =  ot :c  i =  1 his cover ing  is. ot .V i =  1. I he b ranch  po in ts  o f

a r e  ./ =  r  F rom  le m m a  the  e l l ip t ic  subfie lds F.[ and F.\ have 2-to rs ion

p o in t -  {(). I . - l . i / , } .  I 'he j - in v a r ia n ts  o f  E[  and E are

1 h e n  <t>u j . /  i =  0. so E\  arul E[  are isogenous o f  degree 2. T h u s .  7t and ~5 

d e te rm in e  deuree 2 e l l ip t ic  snb l ie lds  w h ich  are 2-isogenous (see also Clever [ I S j ).
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CHAPTER J 
(TRYES OF GEM'S TWO WITH SPLIT JACOBIANS

Let < ' i i r  <i cu rve  <jf genus 2 and (.'i : ( '  — > t . \  a m ap  o f  degree n.  f rom  ( '  

’ >> .o; • •!!11*t s«• /•',. L u l l :  curves defined over a titT*I h  o f  ch a ra c te r is t ic  0. l id s

m ap  induce -  a degree n m ap Oi : P l — ? P 1 w h ich  we ca ll a F re y -K a n i  cover ing . We 

del e rm in e  all possible ram if ica t io ns  for Oi. If cp : C  — ♦ E t is m a x im a l  then  there  

e x i- ts  a m a x im a l  m ap  to  : C  — > £\>. o f  degree n.  to  some e l l ip t ic  cu rve  E> such th a t  

then -  i-  a.n isogenv o f  degree i r  f rom  the  .Jacobian . I r  to  E\  x E>. We say th a t  . I r  is 

> c . a i-decum posab le .

< 'm : \c -  i>f genu- 2 w i th  n on -s im p ie  Jacob ians  are o f  m uch  in te res t.  I h e i r  

■ b i 'u i i ia n -  have la rue to rs ion  subgroups, e.g. Howe. L e p re v o s t . and Poonen have* 

tu i im l  a ta m i iy  ot genus 2 curve  w i th  I2S ra t io n a l  po in ts  in  i ts  Jacob ian  (see [})]). For 

o th e r  a pp l 'ua t ions o f  gentts 2 curves w i th  ) n. n ( -decom posab le  .Jacobians (see Frey 

"> In t h i - cha[) te r.  we discuss genus 2 curves C  whose fu n c t io n  fie lds have m a x im a l  

e l l ip t  ic - u id ie ld - .  Let r  : ( ' — h  lie a m a x im a l  cover ic f .  section i  I o f  odd degree 

a. 1 lie m o d u l i  space p a ram e te r iz in g  these covers is a surface, m ore  precise ly the  

p ro d u c t  o f  m o d u la r  curves X ( n )  x  . Y ( n ) / A  (see K a n i  [10]). W h e n  c  : C  —♦ E  is 

degenera te  ic f .  section  2 ). th is  m o d u l i  space is a cu rve . In  sections 2 and '■) we define 

a F re y -K a n i  cover ing  and d e te rm in e  a l l  t h e i r  possib le ra m if ic a t io n s .

1.1 F re v -K a n i  Covers

Let (.' anrl E  be curves o f  genus 2 and I .  respec tive ly . B o th  are sm oo th , 

p ro je c t iv e  curves defined over k. chc t r(k )  =  0. Let c  : C  — *■ E  be a cover ing  

o f  degree n.  F rom  the  R ie m a n n -H u rw i t z  fo rm u la .  (e t . ( P )  — 1) = 2  where

2-1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



•25

< . i P i i.-i : he r a m i f ic a t io n  index  o f  points P ~ unde r  f.\ Thus, we have tw o  

po in ts  o f  r a m i f ic a t io n  ind ex  2 o r  one p o in t  o f  r a m i f ic a t io n  in d e x  5. T h e  tw o  p o in ts  

of ra m i f ic a t io n  in d e x  2 can be in the  same f ib e r  o r  in  d i f fe re n t  f ibers. T he re fo re ,  we 

have th e  fo l lo w in g  cases o f  th e  cover ing  c :

C a s e  I .  T h e re  are P y. P. 6  C .  such th a t  t , i  Py\  =  <,.( P>) =  2. c ( P i ) c-! P>).

and 7 P  -E ( ’ ' { P i . P>} .  t , ( P ) =  1.

C a s e  I I .  There arc' l \ .  P, ~ C .  such th a t  t ,_ ( P t ) =  t , . ( P j )  = 2. r ( P i )  =

O  P j . .  and 7 P  ~ r  \  { P , . P , } .  t , | P i  =  1.

C a s e  I I I .  There is f \  •= ( '  such th a t  t,. I Pi j =  and  i P  €  ( '  { P i } .

. , i P> =  1

In case I i rc'sp. 11. I l l )  the  cover v  has 2 I rc'sp. 1 i b ranch  p o in ts  in F..

Denote  the h y p e re l l ip t ic  in v o lu t io n  o f  C  by ic. We choose O  in  E such th a t  tc

res tr ic te i i  to  /■. is th e  h y p e re l l ip t ic  in v o lu t io n  on F. (see [(j] o r  [12]). We den o te  the  

re s t r ic t io n  of i r  on F  by r .  r i P i  =  —P. Thus, c  o i r  =  r o  i . \  E l2 j denotes th e  g roup  

of 2 - to fs iou  [ jo in ts  of th e  e l l ip t ic  cu rve  E. w h ich  are the  p o in ts  ti.xed by r .  1 he [ j roo f  

ot the fo l lo w in g  tw o  lem m as  is s t ra ig h t fo rw a rd  and w i l l  be o m i t te d .

L e m m a  4 .1 .  at  I f  Q  €  E.  t h u i  V P  <= c, - 1 f C ) .  tel P )  €  c,_1( - 0 ) .  

hi  F o r  n i l  P  ~ C ,  t . j P )  =  t ( <c( P ) ).

[ ’ ’ nnj. ,i> I , ike  (J S F  and t.n P i  =  0 .  T i l t ' l l ,  r  :  i . ' lQ )  =  r \ 0 ) .  Thus. I c o  c c ) (P l  -

- Q -

!) i Since' i :  c tc =  r  o c .  then  e - P )  =  ( P )  fo r  a l l  P  (E C .  T h u s  e,r ( P )  •

r , i in  P  11 =  f , ,| P  ) - t ,.( ch P )). So e,. ( ic( P )  I =  t  v ( P ) .

Let If lie th e  set o f  po in ts  in ( ’ f ixed  by tc. E ve ry  cu rve  o f  nentts 2 is g iven, 

up to  is o m o rp h is m , by a b in a ry  sex t ic .  so the re  are t> p o in ts  f ixed  by  th e  h y p e re l l ip t ic
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in v o lu t io n  i r .  n a m e ly  the  Weierstrass p o in ts  o f  C . T h e  fo l lo w in g  le m m a  d e te rm ine s  

th i '  d is t r ib u t io n  o f  the  Weierstrass p o in ts  in f ibers o f  2 - to rs io n  po in ts .

Lem m a 4.2. /. r ( H ' l  C E[2\

J. I f  ii t> an odd number  then 

i i  / . ' i l l " )  =  £ '[2 j

i i )  I f  0  ~ E['2\ t h i n  r - I f i  =  1 m od  t2 i

■). I f  i i  an i n  i i  mi inbi  r  t in n f o r  a l l  Q ~  £ [2i. c ~ 11 0 ) M 11’ ) =  0 m od  (2)

Proof .  For every  P  such tha t i c | / J ) - P  we have ( c o  t c ) ( P )  =  t ’( P ) .  So ( r  o <_’ )( P )  =  

t ' t  P ) .  th e re fo re  (.•( P )  t= £"[2].

Io  p rove  par t  2. i) we take  Q  6  £ [2 j .  F rom  prev ious  lem m a, a- pe rm u tes  

every tw o  p o in ts  in  the  l ibe r o f  Q.  Because n is o dd .  it has to  be a p o in t  f ixed  by i r  

in i., _ l ( Q I. So 0  €  c t  IF ) .

1 here are ti Weierstrass [ jo in ts  in ( ' .  In each l ib e r  o f  po in ts  in £ [2 ]  the re  is 

at least one [ jo in t tixed by tc. B u t n is odd . so in one l ib e r  i r  fixes 4 po in ts . T hus . 

=  1 i.-- 1 1 0  l ~ IF  I =  1 m od (21.

A ssum e  now th a t  n is even. T h e  h y j je re H i[ j t ic  in v o lu t io n  a- pe rm u tes  every  

tw o  [ jo in ts  in  t in '  f ibe r  ot Q.  for Q  £ |2 | .  So i f  ic fixes any p o in t ,  i t  has to  f ix  a even 

n u m b e r  ot t hem. I hu>. we have an even n u m b e r  o f  W eirs trass po in ts  in each f ibe r  o f  

[ j o i n ts  f ro m  £ \ 2 ,.

J- 1l__J

Let ~ c  : C  — > P 1 and ~e  : E  — * P l be the  n a tu ra l  degree 2 p ro je c t io n s .  T he  

h y p e re l l ip t ic  in v o lu t io n  perm u tes  the  p o in ts  in  the  fibers o f  rrt - and ~£ . T h e  ra m if ie d  

[ jo in ts  o f  X , - .  - £  are respective ly  p o in ts  in I F  and E[2]  and  th e i r  r a m i f ic a t io n  ind ex  

F  2. There is o  : P 1 — > P l such th a t  the  d ia g ra m  c o m m u te s  (see Frey [6] o r  K u h n

'v s

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



27

C  P 1
v  i  |  o

E  P l

I lit* ro v c r iu u  o  : P 1 — > P 1 w i l l  be ca lled th e  co rresp on d in g  F r e y - K a n i  

c o v e r i n g  o f  r  : ( '  — « E.  It has f irs t appeared in hil and foj. The te rm .  F re y -K a n i  

cover ing , has f irs t  been used by Fr ied  in  [7j.

-1.2 R a m i f ic a t io n  o f  F re v -K a n i  C overings

In th is  section we w i l l  d e te rm in e  the  r a m i f ic a t io n  o f  F re y -K a n i  coverings 

o  : P 1 — • P 1. h irs t  we f ix  some n o ta t io n .  For a g iven b ranch  po in t  we w i l l  de­

note  the  r a m i i ic a t io i i  o f  p o in ts  in its l ibe r  as fo l lows. A n y  p o in t  E  o f  ra m i f ic a t io n  

im le x  ni  is denoted  by i in |. I f  the re  are k  such p o in ts  then  we w r i te  ( t n ) k . We o m i t  

w r i t in g  sym bo ls  for u n ra m i f ie d  po in ts ,  in o th e r  words ( L)v w i l l  no t be w r i t t e n .  R am - 

in ca t io n  d a ta  between tw o  b ranch  [ jo in ts  w i l l  be separated by com m as . We denote

1>\ r/. i /-. 211 =  { i / i  f/.|} and • I 11' i =  { .......... i r , , } .

1.2.1 1 he Case W h e n  n is O dd

I he fo l lo w in g  th eo re m  classifies the  r a m i f ic a t io n  types  fo r  th e  F re y -K a n i  cov­

e rings o  : P 1 — * P 1 w hen  the  degree n is odd .

T h e o r e m  4 .3 .  L t t  v  : C  — ? E  be a c o i r  r in g  o f  odd degree n and o  : P 1 — * P 1 

/ji t in Ert  y - h a n i  cover ing  induced by c \  Tht .s i n d u c t .s a p a r t i t i o n i n g  o f  the set o f  

f> U i it rst rass po ints  o f  C  in to  two sets I F * 1* =  E \  and  i r 1* ’ =  E) .

i nch  o j  ca rd in a l i t y  J  such tha t  | o ( U ’ ( l ) )l =  1 nnd \o{ I f  (‘ M| =  3. Then the ram i f i ca t i on  

.-t r ac t  a n  oj  o  is as Jol lows.

C a s e  I :  the gent  etc cas t /

( u — 1 t  — ! n — i n — : , \
! 2 1 s . 12) j .12) - . 12 1 i . 12 11j  

O r  the f o l l o w in g  degenerate cases:

C a s e  I I :  J i n  - f c y c l t  case and  the d ihedra l  caseJ
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( 12 i m , 2 i m , 2 1 ^ . I t l ' O l V )

HI

i i i l  ( l2 l 'JT1. l 2 i1T1. l - l ) ' (2 la7i .(2 )2T1)

C a s e  I I I :  >!n i-> i/ch cu.^t •

2  ~ . ' J  > ~ . i ~ ' : C ; < ’J  , ~  )

-■ i ■ ( 12 1 ^ . • 2) ~ . i : I i 11 2 i ^ . i 2) ^r -  j

Proof .  f r o m  le m m a  1.2 we can assume th a t  o i tr, i =  </, fo r t €  { 1 . 2 . 2 }  a n i l  o l up i =

1 ; - =  '* c. i =  Next we e im-mler t i le  th ree  eases for th e  ra m i f ic a t io n  o f  v  :

— • I: m m  - e e  w h a t  r a m i i i e a t  i u i i >  t h e y  i n d u c e  o n  o  : P l ------• P l .

s i ; j ipo^e tha t P  -  i_-~11 /•. ’J o  11 and t _ i P  i =  1. [ hen < t P  i cm P ) \ =

■ - P  I • ' : < ~ ■( P  i I =  2. -30 < .| Tf-I P  ! I =  2.

C a s e  I :  1'here are Px and P> in  C  such th a t  i I  P i ) =  t I P> j - 2 and

■ /'[ 1 -  P : i. l i y  lem m a  1.1. t ... I i c i P t 11 =  2. So i n  l \  I =  P\  o r  i n  P\ I =  P>.

V ip p x 'e  ? ha! Pi • =  P \ . m) P, d 11’ . II Pi  i =  ic, for / •= { l . ' J . d } .  say 

~ ■ l \  -  p. 'I rnu ■ . i p  i . =  r i p, i =  1. w h ich  im p l ie s  th a t  »0 i up / =  2. A l l

ot t ier po in t - in t he l ibe r  ol ; t.-i P, i = :  p, have ra m i f ic a t io n  in d e x  2 unde r  o .  So o  has

even decree, w h ic h  is a c o n tra d ic t io n .  I f  ~ r \ P \ )  =  tc, fo r  i €  { 4 . 5 . 6 } .  say tod  P i )  -  

up. th en  in the  f ib e r  o f  i/, are: up o f  ra m i f ic a t io n  ind ex  2. up a nd  up u n ra m if ie d ,  and 

all o th e r  p o in ts  have ra m if ic a t io n  index  2. So = d o - 1 U / ,n  = 2 — 1 — 1 — 2k.  is even. 

1 I n i '  ~ It  . 1 hen l ' x. P : ~  /•. 2 s. o the rw ise  th ey  w ou ld  be in the same

libe r.

T h u s  P j =  tc( P i ) 6  C ' \  c, _ l ( E [ 2 l ) and c l  P i ) =  —c (  P>). Let t ^ o  cm Pi ) =  ~ e q

'-•( P>) =  <75 and  rrc ( P t ) =  - c { P i )  =  S.  So cT..| P x) -e_E ( c (  P , )) =  c - .  ( P { ) -e0 (rrc ( P t )).

T hu s .  e0 ( " c ( P i ) )  =  CobS) =  2. A l l  o th e r  p o in ts  in  o — 1 (<75) are u n ra in i f ie d .
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For P -E 11'. t -  A P )  - 2. T h u s  t.s ( ~ c [ P ) )  =  L  A l l  t t ' i  tc(i are u n ra m if ie d

and o th e r  p o in ts  in o ~ l ( £T2 j)  are o f  r a m i f ic a t io n  index  2. B y  th e  R ie m a n n  - H u rw i t z  

to rn m la .  o  is u n ra m i f ie d  e v e ryw h e re  else.

r im s ,  the re  are po in ts  o f  ra m i f ic a t io n  index  2 in  the  f ibers o ~ x(q \ ). o — 1 ( ) .

o _1u /:i). :i~m [ jo in ts  o f  ra m i f ic a t io n  ind ex  2 in  o - 1 (t/.|). and  one p o in t  o f  ind ex  2 in

- 1

C a s e  I I :  In th is  case, the re  a rt ' d is t in c t  P x and P> in  ( '  such th a t  <,. ( P i ) =

> . ' P: 1 =  2 and i ' {  P[ i =  c (  P, ).  T h e n  P> =  tci P i ) or i r( P. ) =  P .  fo r  t =  1.2.

Let l \  and  P> be in  th e  f ib e r  w h ich  has th ree  W e iers trass  po in ts ,

i l  Suppose th a t  tc p e rm u tes  P t and P>. So P\ and  P> are not W eierstrass 

[ jo in t s. I hen t ( P t ) =  > , I P , ) • < - E (/.•( P l j | =  4. d hits t .  . ( P \ ) ■ t,.{ ■( P\ j ) =  1.

Since ( - I P| ) -  1 then  r ,( ~r -{P\  i -  1. So the re  is a p o in t  o f  ind ex  4 in tin* f ibe r  o f  

</1- I be c<•"t i)( t h i ’ p o in ts  are o f  r a m i f ic a t io n  index  2. as in p rev ious  case, o th e r  then  

the  / i ' i  ir,, w h ich  are u n ra m if ie d .

i i )  Suppose th a t  i r  fixes P[ and P>. T hu s  P[ and Px are W eiers trass po in ts .

I hen i .. I P. I • < -,. l j.'I P . ) ) =  r .  .( P , ) •<;,,( ~r-{ P , )) — d. So c { ~(A P , )) =  2. T hu s .  ~ H  P , )

have ra m i f ic a t io n  index  2. T h e  o th e r  p o in ts  behave as in  th e  p rev ious  case. So we

have in each f iber o f  o  one u n ra m if ie d  po in t an i l  e v e ry th in g  else has ra m i f ic a t io n  

index  2.

Suppose th a t  P t a nd  P j are in  one o f  the  fibers w h ic h  have o n ly  one Weierstrass

[ jo in t .

i i i ) I hen i r  lias to  p e rm u te  th e m ,  so th e y  are not W e iers trass  po in ts .  As in case

II t . (To  i Pi  0  =  \. So th e re  is a po in t  o f  in d e x  4 in  one o f  c - l ( r / i ) .  c ~ l I c/j ).c- _ l l r / j ) 

and e v e ry th in g  else is o f  r a m i f ic a t io n  index  2. T he  W eiers trass  p o in ts  are as in case

i u u n ra m if ie d .

C a s e  I I I :  Let P be th e  ra m i f ie d  p o in t  o f  ind ex  3. B y  le m m a  I .  e,. rc( P )  =  ■). 

B u t  there  is o n ly  one such p o in t  in  C. so P  c  IF .  T h e n  e - £0L. ( P )  =  ev ( P )  •
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r .  i (.• ( / J * i =  b. So t -  . ( P I • t,. ( -  •! P  11 =  (j. B u t  t - . i P  I =  2. because P  €  M \  

I bus. i ,i - r i P  i ) =  3.

i j Q is in  the  f ibe r  th a t  conta ins  th ree  W eiers trass p o in ts .  T h e n  we have a p o in t  

o f  ra m i f ic a t io n  ind ex  th ree  in c — 1 ( ) .  tw o  o th e r  W eiers trass p o in ts  are u n ra m if ie d .  

and a li  the  o th e r  po in ts  are o f  ra m i f ic a t io n  ind ex  2.

ii i Q is in one o f  th e  fibers th a t  con ta ins  o n ly  one W eiers trass p o in t .  T hen  in 

wiie wt c -1 i <l<l there  is a p u in t  o f  ind ex  3 and e v e ry th in g  else is o f  

i in lex 'J.

□
1.2.2 th e  Case W h e n  n is Even

Let us assume now tha t <h tj | i.-i =  n is an even n u m b e r .  I he fo l lo w in g  theorem  

e la s ' i l ie -  the  Iw e v -K an i  coverintts in th is  case.

T h e o r e m  4 .4 .  I j  u /.■> an < rt n numbe r  then the gener i c  case f o r  c  : C  — r E  induce 

t in JoUoi rmg t h r u  cris is Jo r  o  : P 1 — • P l ;

1. i - '  - ( 2) s . ( 2

r r .  i
o -  t 1 2 1 — .

I I I .  ( i 2 T-: . I 2 ) . (2) i . 12 1 r . 12) j

f' . ih’Ii hJ t in abort  cris is /nis the Jo l lo i r tng  degenerat ions ( t i ro  o f  the branch points

c o l l a p s e  t o  o n e  I

I .  /.

2. ^  2 i ~  . 12 i . i -i 112) . 12 1 e J

J. ( i  2! ( 2 ) ^ .  ( 2 ) ^ .  (-1 ) ( 2 ) 2f L^

^ 13 112) ^ . 12) . (2) . (2) i  j

I I .  / .  ( r 2 ) aTi . ( 2 ) ar i . ( 2 )T . ( -2 )T )
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/  , n — A n — 2 r» a \
■i. ( i  1 ) ( 2 ) ~ .  (2 ) ~ .  i 2 i “ . ( 2 i "  J

( s 2 > ~  . i  | M 2! ~ . i 2 i . 12 i -

•J. ( ( 2 ) ~ i . i 2 ) :i ^ . i 2 ):if i . l 2 )T )

&  ( i 3 ) ( 2 ) ^ . | 2 ) ^ . ( - n ( 2 ) T . i 2 ) f )  

7. ( ’ - 1 ~ . 13 H 2 i . 12 C . 12 1 ~ ^

I I I .  /. (■ 2 '  ~ . i 2 '  ■ 2 ' ' .  ■ l . r j i - )

2 > - . i  ! i ) 2 1 • . 12 ' ^ . i 2 1 ^ ^

1. ( ( 2 ) T . ( 2 ) i . ( 2 ) T . ( 4 ) ( 2 ) ^ )

( i 3 l ( 2 ) af i . i 2 )T. (2 )7 .  ( 2 ) ? )

I ’ rttuf. We know  th a t  the  n u m b e r  o f  W eierstrass po in ts  in the  fibe'rs o f  2 -to rs ion  po in ts  

is l) m od  i 2 1. C o m b in in g  th is  w i th  the’ R iem ann  - H u rw i t z  fo rm u la  we get the  thre’e 

rases o f  t he general case.

Io  d e te rm in e  the  degenerate  cases we cons ider case’s when  the re  is one branch 

po in t  for i.’ : ( ' — » E.

I )  h i r s t ,  assume’ th a t  the  b ranch point has tw o  p o in ts  P t and  P> o f  index  

2 i Case’ I h .  1 hen i n [ \ \  =  P. fo r / =  1.2 or eel Pi f =  P>. T h e  f irs t  case im p l ies  

th a t  P i . P> ~  11 . Then t fP(ic{ P i ) )  =  t 0( t c ( P i ) )  =  2. So we have case 1. 1. W hen  

>r\ P i ) =  P> then  e0(u ’( P i ) )  =  4. T hus , we have a po in t  o f  in d e x  4 in o ~ l iq )  for

<1 ~  {e / i <71} .  T he re fo re  cases 2 and 3. I f  the re  is P  ~ C  such th a t  e._(P) =  3.

them P  -  U and t 0uc l P ) i  =  3. So we have case 4.

I I )  As in case I. i f  P x ancl P2 are W eierstrass po in ts  th en  th e y  can be in  the  

noer ot the  p o in t  w h ich  lias 4 o r  2 Weierstrass po in ts .  So we get tw o  cases, n am e ly  

i and 2 . .'suppose now th a t  P t and P2 are not W eierstrass p o in ts ,  thus  tc( P i ) =  P2 

and t ,.| (ci Pi 11 =  4. T h is  p o in t  o f  index  4 can be in  the  same f ib e r  w i th  4. 2 or none
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W eiers trass po in ts .  So we get cases 4. -I. and  5 respective ly . A  p o in t  o f  ind ex  4 is a 

W eiers trass p o in t  w h ic h  can be in  the  f iber w h ic h  has 4 o r  2 W eiers trass  po in ts . So

cases ti and ; .

I l l )  I f  Pi  and  Pi  are Weierstrass po in ts  th en  th ey  can be o n ly  in the  f iber 

w i th  (> W eiers trass [ jo in t  so case I. I f  they  are not then  we have a po in t  o f  index  I 

w h ich  can be in  the  f ib e r  w i th  a ll  Weierstrass p o in ts  o r  w i th  none. T he re fo re , cases 

2 and 4. I he [ jo in t  o f  in d e x  4 is a Weierstrass p o in t  so i t  can be in  th e  f ib e r  where 

all the  W eiers trass p o in ts  are. so case 4. T h is  com p le tes  the  p roo f.

i  (

1.4 M a x im a l  Coverings  c  : ( ’ — r [■’.

L e t  /. i : ( '  — • /•.[ be a covering  o f  degree n f ro m  a cu rve  o f  genus 2 to  an 

e l l ip t ic  curve . The cover ing  c i : C  — * E i is ca lled  a m a x i m a l  c o v e r i n g  i f  i t  does 

not ia c tu r  n u n t r iv ia ly .  A  m ap  o f  a lgebra ic  curves /  : .V —► V  induces maps between 

t h e i r  Jacob ians / "  : J y — , / v and /'. : J y —• . I y . W h e n  /  is m a x im a l  th en  / '  is 

in ject i \  t - am i n  t .  i is connected . see d lL  i p. lo M  fo r  de ta i ls .

Let c-i : C  — * E\  be a cover ing  as above w h ic h  is m a x im a l .  Tlion : E\  —> 

is in je c t iv e  and th e  kernel o f  : J c  —• E i  is an e l l ip t ic  c u rv e  w h ich  we denote  

by  E : I see [fj] o r  [12]). For a f ixed Weierstrass p o in t  P € C .  we can em bed  ( ’ to  its 

Jacob ian  v ia

i p  : C  — y .Jc 

.r —> [(a-) — ( P )j

Let <j : h .  — J c  be the  n a tu ra l  e m b e d d in g  o f  E> in  J c . then  the re  exists 

<j. : J c  —* E i .  Def ine  co =  g.  o i p  : C  —> E i .  So we have th e  fo l lo w in g  exact sequence

0 -  E i  —  J„ ^  E i  -  0

T h e  du  al sequence is also exac t i,see .b j j

0 E i  ^  J c  E i  ->■ 0
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I f  (I f  i ) is an o dd  n u m b e r  th en  the  m a x im a l  co ve r in g  F j  is un ique

(u p  to  is o m o rp h is m  o f  e l l ip t ic  cu rve s ) ,  see K u h n  [1*2]. I f  th e  cover cq : C  — r E \  is 

g iven , and  the re fo re  0 \ .  we w an t to  d e te rm in e  l '> : C  — • E> and  o>. The s tu d y  o f  

t lie re la t io n  between the  ra m i f ic a t io n  s t ru c tu re s  o f  o i and  o< p rov ides  in fo rm a t io n  in 

th is  d ire c t io n .  I he fo l lo w in g  le m m a  (see [6 ]. p. 160) answers th is  q ue s t ion  fo r  the  set

ol W eiers trass po in ts  11’ = { P j  Pt i } o f  ( '  w hen  th e  degree o f  the  cover is odd.

Let i.- : ( '  — • E t . i =  1.2. be m a x im a l  ol o dd  degree n.  Let O , €  / '.,[2 j be the  

[ jo in ts  w h ich  has th ree  W eierstrass p o in ts  in i ts  f iber. T h e n  we have the  fo l lo w in g :

L e m m a  4 .5  ( F r e y - K a n i ) .  Tht map  cq : C ’ —<• E> is a m a x i m a l  roc t  n n y  o f  d t y r r t  

n.  I  In .-.r /s c • ~ 11 i ~ 11 and  ( . T b C L l f  11 f o r m  a d is jo in t  an ion o j  11 .

W hen i i  is even the  ra m i f ic a t io n  o f  v .  is m ore  precise.

L e m m a  4 .6 .  Lt t /.• : C  — * E  is m a x i m a l  o f  t r t n  d n j r t t  i t. and Q  ►£ L ,2 j .  I l u n  

i . '~ U Q )  has e i the r  none o r  two We iers t rass  points.

Proof ,  [ f  the re  are no W eierstrass p o in ts  in l - - i (C?) th e re  is n o th in g  to  p rove. Suppose 

the re  is one. f rom  le m m a  2.2 we know  the re  are at least 2. say l \ . P> ■ W e em bed 

< ’ —  d  v ia  x  — • i ./• i -  l P , ){ and E  -----  J E v ia  x  — * !(./•( — 1(^,1].

C  A  .Jc
e  |  |  w.

E  J E

1 hen ;.'.i i x i — ' l \  i i =  i f.n x \ j — i 0  );.

Also . c . c m - [n]  is the  m u l t ip l i c a t io n  by  n in  E.  Since 2|n then  F [2 ! is 

a su bg roup  o f  F [n ] .  So c-‘ (£ ' [2 ] )  =  k e r [  we ca ll  th is  g ro u p  H .  Suppose

Pi  €  T h e n  w.( ip .  ( P t ) )  =  O e . so ( P 1. F 3) €  H .  w here  th e  u no rd e red  p a ir

( Pt . P , ) denotes the  p o in t  [ ( P,) — ( P j )] o f  o rd e r  2 in  .J c ■ B y  a d d i t io n  o f  p o in ts  o f  o rd e r

2 in .Jr .  ( P j . P j )  6  H .  So H  =  {O7 . ( P i . P>). ( P\ .  Pi).  ( P>. P3 )} c a n ' t  have a ny  o th e r
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point.-. the re fo re  i ha.- th ree  Weierstrass po in ts ,  w h ic h  c o n t ra d ic ts  theo rem  4.4.

1 hu-. there- are o n ly  tw o  W eierstrass po in ts  in

□
1 he above le m m a  says th a t  i f  c  is m a x im a l  o f  even degree then  the  corre- 

'p w u i ln i i  1:>" K .m i e ow r in s i  ra n  h a w  o n ly  typ e  I  ra m i f ic a t io n .  see th eo re m  4.3.
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C H A P T E R  5
C E N T S  2 F IE L D S  W I T H  D E G R E E  3 E L L I P T I C  S T B F I E L D S

u . l  In t r o d u c t io n

In t h i-  chap te r  we > tudv  semis tw o  curves defined over a f ie ld An k  — k .  o f  

c ;111rin ; i ■ r i >11> U. whose fu n c t io n  fie lds have a degree 3 e l l ip t ic  sub f ie ld .  Such curves 

were i a l ied d u r in g  the f i f th  c e n tu ry  f ro m  H e rm ite .  G o u rsa t .  B u r k h a rd t .  B r iosch i.  

end B o l /a .  'ee  K raze r  _H)i t p. 17!)).

W e  ' h o w  t h a t  e v e ry  Mich c u r v e  i> in t h e  f o r m

\  ~  a X '  ~  l>X — In  1A — I r  X~ — 2b X  — I ) =  /•'( X  \( !(  X  i

t o r  i i . h -z k .

Let C> denote  the  locus o f  germs 2 f ie lds w i th  >  I. So £ :i is p a ra m e te r ­

ized hv the  pairs u i . b )  ~ k 2. We define  in v a r ia n ts  o f  tw o  rub ies  F  and  ( I  as

. l l ' i F J F  l l ' \ F X i \
r , t  i . ( ,  i =  - -  . r>{ i . ( ,  I =

R{ F .  ( !  i ‘  D \ F ) - D i G )

w l i e r e  I k  F J F  i '  rhe resu ltan t o f  the  tw o  ru b ie s .  D {  F )  and D ( C ! )  are the  respective  

d is c r im in a n ts ,  and l l ( F . C l )  the  b in a ry  in v a r ia n t  o f  tw o  cubics. T h e  in v a r ia n ts  r ^ . r *  

g i v e  a  b ira t iu n a l  p a ra m e te r iz a t io n  o f  £  j. I his p a ra m e te r iz a t io n  ot £ { fac to rs  th ro u g h  

ra m if ie d  Ga lo is  coverings o f  degree 3 (resp. 2)

k ‘  —  k 2 —  k 2

I </. b)  — > i u.  c ) — r  ( T [ . r -<)

where  a b  =  u and 63 =  r .  T h e  e q u a t io n  o f  C :i is c o m p u te d  in  te rm s  o f  th e  abso lu te  

in v a r ia n ts  and is d isp layed  in  the  a p p e n d ix .

3o
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In -ac t io n  f<j' i r  we show th a t  i f  C € C \  then  A u t i C )  is is o m o rp h ic  to  2A. l . t . 

D)  o r  I'),,. M oreove r ,  th e re  are e x a c t ly  s ix nenus 2 curves w i t h  a u to m o rp h is m  g roup

/ ' ;■■!  / ' .

In -eet uai " we i let e rm in e  t lie j - in v a r ia n ts  o f  t he e l l ip t ic  snb l ie lds  in te rm s  o f

the  p a ram ete rs  u and  r .  1 he in v o lu t io n  n -  ( l a l \ k \  u. r  ) / k\ r { . r> j j p e rm u te s  these

■ *!i i I >t i<• - u l> f ie lds . [ f  one o f  tin* e l l ip t ic  -ub t ie lds . -ay bf> is o f  degenerate  typ e ,  then

y/i /•_ i -  122 '

J ' ~  ” 2 ' ' /•:.

~.2 ( le t i i ts  1 wo f ie ld s  W i th  D eg re e - l  K i l ip t ie  Snbtie lds

l.et I\ he ,i uenus 2 fu n c t io n  tiehl and ./>. . / t . . / 1() i ts  classical in va r ian ts  

in v a r ia n t -  a.- in ch a p te r  2. We use ano the r  inva r ia n t  . / ^  as in a p p e n d ix  I A .2 1. Then

.' «■ in', e t i ie  io l lo w im r  t heoretn w h ich  w i l l  be proved in -a c t io n  5.

r i i e o r e t i i  5 .L .  l . t  t I \  ht u ipnu.> J j i t  h i  un i t  t a l \  i t h t  n t u n h t r  o f  A u t \  l \  I - c l u s s t s  o f

• ’ , - ,,r f \  , , t  ,tt i/.’v t t. s i m i i t i ' t  • ' h  • j  1. I  i n  n t h t  rhi .^ . ' / t ' t i l  m r a r i u n t s

• i t  i \  ' l i t :  ,7 >|  '  l i m i t  m u

i ->•/ ho — ( i - A ' j  ~  ( ‘- 1  [ t> ~  < ~  ( i - / | o - t - (  a =  d ! ' ->. 1!

i r h t  r t  (................ f s a r t  t h s p l a i / t i l  i n  t h t  ap p t  n t h x  i A . l l .  / /  a t l t h l  l o n a l l p  .1 > 0  a n r /

■I i.s =  U. / / "  n t ,( / \  i <  2.

l i t  m u r k  i J. 1 he ca-e- » , j \ . — i. o ccur  for a f in i te  ' nou-xoru  i n u m b e r  of cases and

t p l \  ) =  1 occurs  tor a 1-d im en s io na l  fa m i ly  ot mentis 2 curves. see sec t ion  a.

Lem m a 5.3. L t t  l \  he a Of nus J f i r  h i  ant i  F. an t l h p t i r  su b j i t l t l  o f d t t j r r r  i.

i )  Then l \  =  /,:(.V. )  ) such tha t

Y -  =  i l . V 3 -  b - X z -  -2bX  — 1 h .V ’ — <; A '  -  h X  -  1 i 5 . 2  .

J o r  u . b  A k  * u c h  t h a t

(4a '! -i- 27 — LS«6 — a z b : — 4 6 J)i6 'J — 2 7 i  =  0 i5 .3 )
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Tht roo t*  o f  the f i r s t  i r t s p .  second) cubic co r respond to U (1’ < A . £ T . i resp.  W ^ ' U [ \ . E ) l  

in t in  r o o r d i n n t f s  X .  V . isee theorem .{.:}). 

i i  j /: =  An I  . \ i i rht rt

r  =
X 1 X  a X -  X  b X  +  L

ab2 -  t ' "
(5.4)

wht n  P  =  la ! — '27 — !S<t6 — <r6J - f  46 ! X  0.

i n  1 l ) t  Jan

ti : =  tib. r  : =  lT

l.t t l \ '  be a yt nus J  Jicid and E '  _ l \ '  a dtejree I  t l l i p t i r  subf i t ld .  Let  a ' .b '  be

i’ -E k i n th  o'  =  ‘ a and 1/ =  i , fb. I f  b =  0 then such £ t x ists i f  ant i  on ly  i f  r  =  r '  and

n =  id.

i r )  The classical  i n c a r i a n t *  o f  K  sa t is fy  equat ion  ( o . l ) .

th e  W eiers trass  p o in ts  o f  l \  and =  { t r j . tm . ir.-j}. Let k [ l  ) =  A:( .V ) D E .  where

I '  =  o i .V i ~  A i .V l .  T he  W eiers trass p o in ts  l ie ove r  4 place's I  = </,. / =  L . . . . 4 .

m v  1.4. We can choose the  la b e l ing  so th a t  tc. lie's ove r  e/,. fo r i =  1 .2 .4 .  Then 

tc |. tty l ie  over <71. T h e  ex tens ion  k{  X  ) / k (  £ ’ ) is ra m i f ie d  over 4 places, th ree  o f  

w h ic h  are t/,. 1 =  1 .2 .4 .  W’e choose th e  c o o rd in a te  V  such th a t  the  fo u r th  place is 

f  =  0 and 7.1 =  : x .  We fix the  co o rd in a te  X .  up to  m u l t ip l i c a t io n  by  a t h i r d  roo t o f  

u n i ty ,  by tin* c o n d it io n s  th a t  0 ! resp. >; 1 is the  p o in t  o f  r a m i f ic a t io n  in d e x  2 iresp. 

u n ra m i f ie d !  over 0 and tt’ i t t y t t y  =  — I. In th e  fo l lo w in g  f igu re  b u l le ts  (resp. c irc les)

represent p o in ts  o f  ra m i f ic a t io n  in d e x  1 (resp. 2 ).

t in  associate d parameters  as abort  a nd  id : — tdb ' . r  =  t 1 / )'*. Then, th t  re is a k -  

i s on in rph i s in  l \  ~  l \ '  mnpp in t j  L. — Ed i j  and on ly  i j  exists a t h i rd  root  o j  u n i ty

Proof .  Let k{ X ) be the  degree 2 sub f ie ld  o f  genus 0 o f  K .  Le t X  =  i i ’ i  tty be
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• ( f t

•  I f  i t l L ' i  •  ti.'-j •  uy • rc

: i n  o n  G l> * i i 'h oO

i t I
'/ i f/ j  (/ i  re

F igu re  5.1: R a m if ic a t io n  o f

[.ot a — (C[ — i r-  — if,, and b : =  t tq tr -  — i r t ir,; — if-if,-,. I bus. I = o( . V ) =  

/ Y \ . f ■ '-vlioro / is a nonzero cons tan t .  W'o can m ake  / =  I hv  rep lac ing  C  by

i ~ l l . Now tin* c o o rd in a te  I is u n iqu e ly  d e te rm in e d .  Then.

.v -
1 =  o(  A 1 =  v T 7 — v  . , . v  . , F5.5 IA  1 4- a A  - - f  6 A  -r 1

1 he d e r iv a t iv e  o f  o i X  | is

,V( .V ! -  b X  -  - l c )
u■J I .V i =

I .V 1 h- a X -  -  b .V -u r  F

ot .V ) - o (  Z4
l a k i im  the  resu ltan t  o f  t lit* n u m e ra to r  o f  o 'I .V) and ■ v ~'z —  we get

1Z ' - t -  6 "Z* - i -  2 6 Z r  1 = (Z — tt’i )(Z — tc j || Z — 1C3 ) 15.6)

T hus . /\ ' has e q u a t io n

1 * =  i A  1 — u A '  -f b X  - M  ) I 4.Y 1 - f  b~X~  -t- 2 b X  -f- 1) (5.7)

Because u q  ay  are a ll  d is t in c t ,  the  d is c r im in a n t  o f  the  sex t ic  is not 0. So

(4«3 4- 27 -  lSa6 -  a 2b1 +  463)“ f 1663 -  432) =£ 0 (5.8)

i i )  Let R  =  4u3 -j- 27 — 18a6 — a*62 +  4b l . th en  f ro m  p a r t  i)  R  ^  0. We have

.u d r  — 6<r 4- 96 , 12a -  b1 4
I / -  qx )l I  -  q2 )\L 4- 2 ----------- - ------------L * -   - ---- ( -  —
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w h i c h  w o  c o m p u t e  b y  t a k i n g  t h e  r e s u l t a n t  w i t h  r e s p e c t  t o  Z  o f  ( 5 . 6 )  a n d

r ( Z 3 +  « / Z J +  6 z  +  i )  -  z 2 =  o

I K  t l i e o r e i n  1.3.  [ ’ =  k i  I  . I i w h e r e

i i b 2 — t ia 2 — 9 6  , I2<( — b2 1

=  Ti---------- ' " - S - ' - r

i i i )  T h e  " i f  p a r t  is c l e a r .  F o r  t h e  " o n l y  i f "  p a r t  w e  m a y  a s s u m e  l \  =  K '  a n d  

A  =  I ' h i ' n  t h e  c l a i m  f o l l o w s  f r o m  t h e  u n i q u e n e s s  o f  t h e  c o o r d i n a t e s  f  a n d  . V .  u p  

i o  m u l t i p l i c a t i o n  b y  a  t h i r d  r o o t  o f  u n i t y .

i v )  W e  d e n o t e  b y  . />. J .t . a n d  . / [u t h e  c l a s s i c a l  i n v a r i a n t s  o f  t h e  s e x t i c  i n  5 . 2  

d e l i n i n g  A  . 1 h e n  w e  h a v e :

J : — - 2 ( 3 c 2 — h r  1 2 u c  a. 2 5 2 i i  — o l e  — 105)

■ / 1 — —('Atii ’ f  — 2 l a  1 — 1 4 5 8 0 c  — 3 6  c  ' — 9 i r e 2 t  I 1SSt i  ’ - r  9 4 5 c 2 — 3 4 2 4 n r
c

-  1 3 8 i i c '  — u ' r  - f  2 9 7 u ' /•)

•/.; =  — -i — 1 3 5 3 9 9 6 < r r 2 — ! 4 0 4 t i ' c 2 — [ n 7 5 6 i /  ' c 2 -i- 3 6 6 9 7 S 6 i i c 2 — 1 0 3 2 c 1
r -

-  3 1 5 2 5 2 c  h i  -  7 5 0 2  l c  h r  -  1 1 h i "  -  l O t i ' Y  -  t i 2 2 3 2 3 r 5 -  2 8 2 1 2 3 0 c 2 - f  3 1 8 6 c ’’

-  2 0  h i i c l -r- 2 t i ' t * 1 - f  5 6 - l c ’ u  4- L8 c ' i f  — 8 t t ’ e 3 — 7 2 c h 4- 4 2 8 0  u V J 4- 4 9 5 u l e i

-  1 0 3 8 c ' i f  +  l O G t i V  +  I 6 0 7 0 h i 1 e -  1 0 4 0 0  h ( 3 c +  I 4 7 6 ( i  ’ c  4 - 2 n V  -  3 3 4 8 0 c ' i i )

1 2 7 c 3 4- h f  -  c 3 , f  - f  1 , -1 -  l Y - V i 3
J u> =  — 16( e — 2 / ) ----------------------------------- ----------------------------------

( 5 . L0)

O n e  c h e c k s  t h a t  J : . . / , .  J ,; . a n d  J nj  s a t i s f y  e q u a t i o n  ( 5 . 1 ) .  W e  w i l l  e x p l a i n  i n  t h e  n e x t  

s e c t i o n  h o w  w e  o b t a i n e d  t h e  e q u a t i o n  ( 5 . 1 ).

f.et

F (  X )  : =  X ^ a X ' - b X  -  1 

G(  X )  : =  l . V 3 4- b2X ‘  -  2 b X  4-  1
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Denote  bv I t  =  la 3 4- 27 — iSab  — a 2b2 4- -lb3 the  resu ltan t o f  F  and  G.  T h e n  vve have

the  fo l low ing :

L e m m a  5 .4 .  L t t  a . b  6  k  sa t is fy  equat ion  (5 .3 ) . Then equat ion  (5 .2 )  def ines a genus  

2 f i t  Id h  =  k( X .  V ). I t  has e l l ip t i c  subfields o f  degree L  F t =  k ( i \ . \ i ). i  =  1.2. 

win n  I an i l  I . are as fo l lo ws:

I I =
v -

/ • u V ,
1. =  V

.V 1 -  b X  -  2 

/- ' ( .V i-

r ,

[ ( X  - s f i i X  - t )  

G ( X )

(3.V -  a I

3i 4.V-4

>bX  -  3 »J 

b-( 11 A i

i f  b { b i — \ba - f  0)  == 0

I f  h =  0

i f  i /T  -  |/;u -  ')! = 0

win n

V 27 -  b3Y

( L X r

r .  =  <

3 _  3a -  6-

b b3 — l ab +  0

lab -  8 -  6 ).V -  (6- -  4a6 ).YJ -i- b X  ~  1) i f  b(b3 -  Iba + !) l =  0

' . Y ! -  l a X 2 -  1 . ,

'  L l . V - l r "

X l - 2 - — : h \ '  - 'I.Y' + (r.Y +/M i f  (t:l -46 a  +!)) =  0
b (< (A )

(5.12)

[ }mnj .  [ f  </./) sa t is fy  e q u a t io n  (5.3) then  th e  sextic

. V ’ -  a X 2 -  6.Y -  l i t  1 A" ' -  / r . Y J -  2b X  -  1

has d ix  r im in a n t

D  =  (4 a 3 +  27 -  !Sa6 -  a 2b2 +  463)“ (63 -  27) #  0

So there  ex is ts  a genus 2 fu n c t io n  f ie ld  [ \  g iven  by  e q u a t io n  (5.2)
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I.et I '[ =  and V'[ =  V  A ■ T h e n  ( \  and  l ’i sa tis fy  the  equ a t io n

I ,- =  R i f  -h -J(«6- -  6<r +  96) Tf +  L2« -  b2 i \  -4

1 he d i.~er im inan t w i th  respect to  I  i o f  th e  r ig h t  hand  side cub ic  is 6 ! — '27 =  0. see

I hus. Ai I | . l | i  is an e l l ip t ic  sub fie ld  o f  k  .

I.et hi b ‘ - I bn  — 9) =  0. T h e n  ('< and  \ ’> sa t is fy  th e  e qua t ion

I =  i i l  — Cjf 7 — C[f i — C|j

here e .tre a> to lhtws: 

i ' =  /;■,//• -  !/;(i — t) »*

e: =  6h —27/;" — a h '  — b l  u h 6 3 — 16a +  9)"
( 5 . id )  

i ■ i =  l i ' i h '  — lh<i — 9 l i 6 ‘ — Is u / / ’ — 1896* - f  b lu " / ; 3 — 972u6" -i- 7296 - f  729a")

e,, -  — > 2/; ’’ -  '>6e -  27 ' !

I !:e •!:-<t i t r 11 .it 'lie cubic i<

- 6 lJ(63 -  2 7 i ' i ( 6 i -  4a6 — 9 l /? r= 0

m v  i b.d i. [ bus. k \ ( '< .  I j ) is an e l l ip t ic  sub f ie ld  o f  k  .

I.et ‘i =  il. : he!t 'he  ' [ i ' c r i i i i i u a i i t  of the  'e x t i c  w h ic h  delines k  is - 2 7 i  In ' — 

2 7 ' = I). I hen I : and \ : -a t i 'T y  the  equ a t io n

1 /  =  27 r , ! +  ISa C ;  +  d c r f .  -  1

T h e  d is c r im in a n t  is - la3 +  27 =  0. So. k(L'>.  1-7) is an e l l i p t i c  subfte ld  o f  A .

Let b2 — \ab  4- 9 =  0 and T h e n .  C'<. Vi sa t is fy  th e  equ a t io n

I =  6 ' r ;  -  6 b 6 ! -  l > , r *  - i S l  -  9 / r  i ( b  - 6

1 he d is c r im in a n t  o f  the  r ig h t  hand  side cu b ic  is 6 (6 ! — 27) =  0. So. k { i  >. \ >) is an

e l l i p t i c  sub f ie ld  o f  A’ . T h is  com p le tes  th e  p roo f.

□
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0.4 F u n c t i o n  F ie l d  o f  C

I h r  a l x o l u t e  i n v a r i a n t s  / , . / j .  an d  in t e r m s  o f  //.<• a r c

- ( 1  188/z1 — 8424 /z r  4- //'*/• — 24/z i

14580c — 66//  c +  I48zzc‘  4- 2 9 7 / z - f  - f  945c*  — 46c

— I Go s- 252/ /  - f  4 / / J — 54 c  — 12/zc 4- 4 c J i '

i l ( i 2  m m -  -  21484 c // -  26676 / 14850c u

650268//  c — 5940//  r 4446110c 1450// c

/ ,  =  -  244

— i 46080 / /  1 c — 7 0 2 0 / / ’ / ’ — 407648 / / *  c J 

} i r  — 2 7 H 4/z! — u ' r  — 18/zr  4- 4 c J 4- 2 7 r  I 1 

/■ ! 1 - 4 0 5  4- 252/ /  4- 4 / / -  — 5 4 c  — L2/zr 4- 4 c J )r>

i 5.14)

I.et u . r  be i n d e p e n d e n t  t r a u s r r n d r n t a l s  o v e r  /.' a m i  / ! .  / j . / .  -  A t //. c I bo g iv en  by

equa t ions  i 5.1 1>. I ' tu t  her element." i ^ . r ,  -i  Ai u . r )  are deline/1 below.

f r o m  tin* resu ltan ts  o f  e qu a t io ns  in 5.14 we d e te rm in e  th a t  [Ariel : A( / i  . m)] =  

16. [ k { r )  : k i i t . i - i  |] =  40. and [A (c)  : A.‘( / j . / j )j =  26. We also can show  th a t  // <= 

Am / 1. i t . /'-,. r ). the  expression is la rge  and we d isp lay  i t  on the  a p p e n d ix ,  see l A . h .  

1 hits, i A-1 u . r )  : Am / 1. i >. /■> )J <  2. see f igu re  5.2.

A(/z. c)

AM/ , . / , . / ; ! )  — A r  i )

A m  / 1 .  / j  ) Am / ^. / j ) Am i  >. i > )

F ig u r e  5.2

C o m p u t i n g  t h e  e q u a t i o n  i 5 . l )  d i r e c t l y  f r o m  t h e  5.14 exceeds  a v a i l a b l e  c o m ­

p u t e r  p o w e r .  W e  use a d d i t i o n a l  i n v a r i a n t s  /‘ i . / S  t o  o v e r c o m e  th i s  p r o b l e m .
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5.3.1 In v a r ia n ts  o f  T w o  C nh ics

We define  the  fo l lo w in g  inva r ia n ts  o f  tw o  c u b ic  p o ly n o m ia ls ,  hur /• i .Y i =  

n , X '  — — (/ [ . V r u u anti f d . Y i  =  6 j Y  ! - f  b>.’V ’  -4- 6 t .V -r bu define

/ / (  /•.(_») : =  i£;S6u — —u_>b\ —a\b-2 — a^b^

We iUniote by R\ F . G \  the  resu ltan t o f  F  and G  and  by  D( F ) th e  d is c r im in a n t  o f  F.  

A l s o .

r. .. i f f . g I ! . // i
r i * [ ’ . ( i ! =  --------:--------. " ’ i / ' .  ( i 1 =

I H F . G )  '  l h F ) D [ G \

Hr ::: ii rk i . >. Xot e t hat IX I ( t i =  L)i /' ! • L)\ ( < I ■ f i " t /  . ( i ).

IWr

/•’ ( .V ) =  -V:1 4- « .v -  +  b X  +  1 

f d . V i  =  l . Y ! 4- 6 " .V J 4- ' I b X  -  1

f r o m  l e m m a  ’>.3 we have

. . .  _ r( e — 9 -  2u  r !
r  11 / ' .  ( r i =  2 1

r  11 F . f A  =  —12!)6

l r -  -  I ' b i c  — 27 r  — i r r  4- 4 f cs 

e( r  — 9 — 2 u ) 1
to . Id )

I r  — 27)( 4 r -  — 18i/e +  27 r  — t r r  4- \ t F  i 

IF m u rk  j . t j .  N o te  th a t  f q . r j  are defined for any  u . r  by fo .3 ) .

T a k in g  the  resu ltan ts  f rom  the  above equa t ions  we get the  fo l lo w in g  equa tions  

for u and r  over k i ;q . r ,  i:

tioo3()/‘ i c ]  iF -r (424G7328r1 4- 2L233664r jr [  4- 480r>r'[ 4- 2r,’ 4- 4 l4 7 2 r j r 1!

-r lo4.v2.N''/: j r [  — 2 9 4 9 l2 r j / ' i  j« — 382205952r! 4- 238878720r'Jrl — 2 ( io4 2 08 r]r1 10. LG)

4-13934592 r ] r f  4- 2S5696r.?r? 4- 2 4 0 0 r . r f  4- 7r? =  0

l(j3-s4c"7;_' ~  1 22 L lS 4 r9 ;i — r'} — L l520r j/ - [  — 4423lj.>rj — L 9 2 rn q ! r

- 5 9 7 1 9 6 8 r ] r 1 -  st64r>r? -  1 2 4 4 1 6 ^ ^  -  2r? =  0 l ° ' 1^
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In e q u a tio n  t o .161 express rq and  r_> in  te rm s  o f  n and c. R oo ts  o f  th is  e q u a tio n  

are ft and t ’ ( t t ) w here .

( r  — 4 u )(4 2 4 u ' -4 l bu~c  — 478uc — At t f2 4- 244e -4 7 2 c ')  ,
L’ \fl) = --------------------------r.-------------------------;---------   (a.L.s)

( r  — 2 7 )(4 ;c J -4 27e — L.Siie — u - r  - f  4 i—)

S im ila r ly  fo r c we get

l( c — 4 a ) (
e ir )  = ------- -------------------------------------------- -

4 (i * 4- 2 1 r  -  1 x (/1’ — t t - f  — 4 r -
f o.19)

D etine  a r in g  h o m o m o rp h is m

v  : k \u .  r ]  —  k( it. f )

it —  / ' i  it

r  —» t 'l r  )

1 hen. we c o m p u te  u 2 — I .  r im s , u e x te n d s  to  an in v o lu to ry  a u to m o rp h is m  o f  Art ft. e i 

w h i c h  we aga in  deno te  by u.  S ince.

~ : A-1 i t . r  i —  A-1 i t .  c i

i t —  tt

c ->  u{ v )

is not in v o lu to ry . then  [£•(«. r )  : A*(rt . r - j)] =  2 and G t t l ^ =  <//).

L e m m a  5 .7 . Th t Ji t  Id* k ( i  ( . / . . . ; :J) a n d  k\ ;q . f , j  a n  Hit * a n t t .  M o r t o n  r :

_  0 i  1 M 2  1 r { r j  -  1 424Q.s;q/j -r 54084 IQ rq rl - 4  L!)2r|l r J -4 r j  - 4  78644 2 /q rl -4 94:}71S4rj)

1 I tq { — 1 I5 2 r1  -4 96r>;q  - f  r f ) *t ■

 I -4796202 lO rM  -  407 (i$64488r:ri -4 44560 f \ f 2
■ i f i -4 r f V 1s/q! -  1152/q — 96r.>/q -4 f f  j-:

-  122405904 64 r j r ' ]  +  42614907904 r q r l  -4 144955146244] -4 2 S s r |r ,  -4 221 18404 ’ 4 1 

-4 r? -  2124466404^1 -4 L52SS24S084]4] -  2459296r,1r ] l

42
i ,  =  -5 2 1  *4X526404 —

r - (  -  1 I 5 2 r *  — 9 6 ;q ;q  — r p  '

(5.20)
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Proof .  I t  can be checked eas ily  th a t u  fixes So i i . /■>.*'! €  k { r \ . r > ) .  S ince

[ k ( u . r )  : A: ( r  t . /“■>) j =  2 and  [ k ( u . r )  : k ( i i .  /_>. hi)] <  2. th en  k { i i . i i - i p  =  A: ( r  i . r  >).

To fin d  we e lim in a te  u and e fro m  th e  sys tem  o f  e q u a tio n s  (5 .14) and (5 .15). 

In  th e  sa in t' w ay we find  i .  and  O ne cart check th e  co rrec tness by s u b s t itu t in g  in  

’ e m u  o f 7 and M i! ' com p le tes  r |1(> p ro o f

l i t  m a r k  1. V To find  e q u a tio n  (5.1 I we e lim in a te  /q and r> fro m  th e  th re e  equa tions  

o f th e  above lem m a. T h is  e q u a tio n  has degree 8 . 14. and  20 in  . /b .O  respective ly .

5 . 1  P r o o f  o l  t h e o r e m  5.1

1 he I lla p

t) : { u . r  I —• I / 1. / >. / •) i

g e tie rica lK  ha> degree 2. by p rev iuus  sec tion . D enote  th e  m in o rs  o f  the  .Jacubian 

m a tr ix  o f 0 by  , \ / [ (  u. c) .  M>( u. v ). M :i( u. r  ). T h e  system

4 / i  i i t .  r  i =  ()

< 4 / : i II. r  i = 0  I 5 .2 ! 1

. 4 / i (  u.  1 - 1 = 0

h a s  s o l u t i o n s

8 t- ' — 27c* — 5 4 u c J — a 1r~ 4- 108uJ r  -r l i t  ! r  — I0 8 w j  =  0 (5.22)

a n d  7 t u r f  h e r  - e l u t i o n s  w h i c h  w e  d i s p l a y  i n  t h e  f o l l o w i n g  t a b l e  t o g e t h e r  w i t h  t h e  

c o i T e - p o n d i n tt v a l u e s  > / 1. / j . ■■ * i a n d  p r o p e r t i e s  o f  t h e  c o r r e s p o n d i n g  g e n u s  2 f i e l d  / \  .

A ssum e th a t e q u a tio n  (5.221 ho lds fo r som e i u. r  i -  k~. Then th e  co rresp on d ­

in g  q u a n tit ie s  / =  1 .2. 4. 5 fro m  (5 .10) sa tis fy  th e  e q u a tio n

F(Jt.J. i . .J,-i .J io )  =  0 (5.24!
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1 u .  r  j
1 • ■ . Aut([\) t j (  A ')

1 ~i-2)

]
j ./id =  0 . no associated
j

Sonus 2 Hold K
1

1 777 •• 1

1 Miiy lito o j'j vn-m
20 * JUO * KJOOtJU

•_>

•27 -  ~ .  25 -  

, t 27 -  - f  \  -T .  25 -

i

rjy  u  tuoiy ":i 1111 
! ■ J llt i ' * i:ns i6 :i(jUM 2

1 - 1 5  -r J V  5. y  +  

1 -  15 -  y v '5 .  y  -

f v ^ ) .

77 v  5 1

1
1
| sL -UU.i 7j:i
I jr. ur.uu I X •)

Table 5.1:

w h e r e  / ’ (X. •/to* is lisp layed in the appendix. see ( A . ’■] . T h is

ta in t 'l l  bv ta k irn i tin * re su lta n ts  o f (’((na tions  (5.1 I) ancl (5 .2 2 ). We de fine  ./,.s :=  

I J - . B \ p re \ ion * 'e c t io t i 0 is *>enerically a co \erim » o f  decree  2 . So e x ­

is ts  a Z a ris k i open subset LI o f k~ w ith  th e  fo llo w in g  p ro ])e rtie s : F irs t ly .  I) is defined

e ve rvw h e re  on I I  and is a eoverinsr o f deirree 2 fro m  I I  to  f h l h .  F u rth e r, i f  U -  I I  

then  a ll u ' -  k~ w ith  0 de fined  at u' and fl(u') =  dfu) also lie  in  11. Suppose i 6  A"! 

such th a t ( i ' f n  >  2 and dt t \ J  ac{t ) \ )  does not vanish  a t any p o in t o f 0 ~ l \ i ) .  T hen  

by im p lic i t  fu n c tio n  th eo re m , the re  is an open b a ll B  a ro u n d  each e le m e n t o f 

' in  h th .it  each po in t in  0< B i has > 2 inve rse  im aues unde r 0. B u t B has to  in te rsect 

th e  Z a r is k i open set U .  T h is  is a c o n tra d ic t io n . T h u s , i f  / £  A ! and  jf l_ l ( i ) |  >  2. then  

i h / i J a c t O w  =  0 at some p o in t o f  f )~l ( A  and so vanishes.

I.et c -,(/\T  >  1 and ./> ~  0- -Xu r 1 0. T h e n  / 1. / >. f 3 are  de fined  and by

p re v io u s  pa rag ra ph  J)~[ I i 1. i 2. cs) j <  2. T hu s , by le m m a  5.5 p a rt i i i )  e y  A  ) <  2. T h is

co m p le te s  the  p ro o f o f theo re m  5.1.
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~).5 E xceptiona l Cases fur .7, — U

At pn-MMit we do nor vet have a fu ll d e s c r ip tio n  o f a ll poss ib le  values o f  e-d I \ ) .  

1 his w il l  be done  la te r . We co ns ide r th e  case w hen ./> =  0. T h u s .

•* _  — —

■1: =  - | 5 r  — 6 u +  2u V 6 — 27 — lS\/6)(4t.’ — 27 +  ISv/t) — 6u — 2u \/ti) =1)

As to r a =  2 we d e lin e  th e  in v a r ia n ts

' -A, ’A, • - h u .
h i :=  — ----- . a ,  : =  — —  (0.24)

■I 1U a 4

to r ■/1 = I) and -A, =  0. These in v a ria n ts  d e te rm in e  genus tw o  cu rves w ith  

. / j =  0. up to  is o m o rp h is m , see [14! o r [17].

It n — 7 1 5 — v t i l l  — r  r  !) r  tiv  t i l  then

—  t - d r *  -  I5 5 r  -  1*2v Or -  960 -  • M 0 V « ) ( -e ' ‘ -r 1 8 f J - f  

(5.25)

*o — d r — 2ij — I I\, ( i ) 1 

6 \  b "  ' — 297r*  -  s*2v lie* — d !2 r  — If i f jSv f ie  — 55992 — 1468N>/6)

s i2 v  b -r 5 )i — t i r  -i- 26 -i- L 4 v 6 )1
—  (-(•'* -c I sir'5 j- 6v 6 r 5

ci r  -  2 7 1( - d r -  — 15dr -r  12v6e — 960 — llO v d j) '1 

— 297 r* -  s*2v tir~  — d l2 e  -  l6 6 8 \/6 c  -  55992 — l468Sv'6)

I 1 i*-ri w e  h a v e  t h e  t o l l o w i n f f  e q u a t i o n  f o r  n\  a t u l  n- .

I6 6 5 6 u [iij - f 7558272a[aj -i- I2 5 9 7 l2 v 6 a 'ja :j -  I 5552a5« ]

-  1'2 127 I7>7>4 iip t] -r 19 L7655712v 6a j a-] -r L72X«[« ) — 656217551654480a|rt]

-i-2()7571209054080v/6 flin-j — 1844125056a fa > +  745525568 \/6a fa>

— 64« j — 65544974494721175 l2 n i« ] 4- 25*5-'f6045520555-'<s<d2v 6 u iip

-r250855259858992«-yil -  94257227087840a ,n, v 6  -  601244429975805050777«7

—2454295592577645805720-^6 =  0
(5.26)

W e deno te  th e  s in g u la r  p o in ts  o f  the  above cu rve  by P [. P>. P j. P j. T h e y  are 

d isp la ye d  in  ta b le  5 .2. T h e  inverse  im ages o f  P t . P, .  P [ . P t a re  g ive n  re s p e c tiv e ly  bv 

th e  fo llo w in g  e q u a tio n s :
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9 c ‘ +  (-6 9 3  -  27>/6)i-3 +- ( L5L4I +  L749 \/6 )c  +  (-66414  -  33396\/6)c

— I30xv (i — 33xx =  (J 

3c* -  ‘ -153  -  33 v 6  i r  1 -  .,3129 -  1 2 1 9 v6 )c  -  ( -  I Os',4 -  I l5 5 ( iv 6 ) f

—176904v 6  -f 430036 =  0 

-200139502 (05X0r! -  2S96020m-5 -  5 l521075470X 0eV 64- 107704Xv<ku-1

— v6407x>70153045f — 306454S09m-" — 210530251225lO lr 'v  6  — 149070624ae'v'6

-  12007xx 1951057030c -f L1004193620m- -  5403X6065X0X1X04evd 4- 44X5X31 ixO m -vd 

-x5> 9  155*7200011 »x -  953X45134X4n -  33963300634X31272\ 6  -  3X960560376m v 6

31705277212*f ‘ =  0  

200139502 105M)r: -  2>96020nf ; -  5 152 1075470M)r 6  -  I07704>v One 1

— ’' 6  0)7''>701530 I5 r" -  366 15 1x09m-' -  210536251225Hi I f " v  6  — 1 19(17062 In f " v 6

— 12007s'' 1954657636f -  11004193620m- -  5403X0065X0x1X0 IcvO -  44x5X311XOm-v 6

->5x9 155x72606114X -  953X45l34X4o -  33963300634831272v0 -  3X900500376o v  6

-31705277212Xr1 =  0 
15.27 i

■ v i i . = x 15215160161 1912!) -  621062090592 156v 6 .

l! /; :=  -r -  22  _  i v tji r — 27 i rht-n

<;i = --------------------------------------------— 153 f-r 12v ( if — 960 — 440v 6 )
>( —3 f — 26 -r 14v ( i) !

i — r 1— I x r ! — 6 v O r! 4- 2 9 7 c  — >2v O f  — 3 12r — lOOXy ( i f  — 35992 — 1 KiXXv (i)

>. 5 — 2 \ 6 1 — .
a < =------------------------------------------------=----------------------- =— . - 3 f  — 2 0  — 1 U  6 ) '

1111 - -  27 1n  - 3 f -  — i 53r  — 12v *if — 960 -  140v 611

, — r1 -  I >r ' — 6 \  Of ' — 297f ‘  -  >2\ 6 c  — 3 I2 f  — Itifixv lie — 35992 — i KiXX v O'
(5.28)

I iu-n we havi' the  fo llow ing  equation  for ay and « j.

230X33239X3X992«i a l 4- 942372270X7X40a .«, v 6  -  1242747X7X4ff1ic  

-4917635712v ( i« i«'2 4" 1 7 2 S a — 15552a Ja] — 65021753I6544x0a^ai

— 2675712090340x0v Oa7a5 — 46656a ,‘rt4 — 64ar — 601244429975x05030777a'
_ _ 5.20.

-2454295392577643x0572a-; v 6  -  1x44 l25056afa-> — 74352556Xv

-6334497449472117312rtta j -  25X5X60435265558832v 6 a [ a.2 - f  7558272a{a3

— 1259712 VOa'fa:} =  0
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We denote the s ingu la r points o f tin* above curve by 0 \ . Q  , . 0  < . 0 They art* 

d isp layed in tab le  5.2. The inverse images o f Q i .  Q>. Q :i. Q \  are g iven respective ly by 

the fo llow ing  equations.

9 r 1 -  (-0 9 4  -  27v O ic 1 -  U5141 -  17 I9 v '( j)c 2 4- ( — (i(i 1I I -r 44490v'Gjc

+ - 1 4 0 X ^ 4 - 4 4 8 8  =  0

4 c ‘ 4 . ( -  154 -  4 4 v6 )c 3  4- (:J129 +- I2 1 9 v '« )f - -  ( -  10X54 -  1155Gv'Gir

- 1 7(1904 v fi 4- 45004b =  0

-59 .nn974X4794.T2 -  24449NG5554X48v/0 -  t428XXnvG -  10N-I792u -  7457705005c 3

— 4  1 5 0 0 c  \ l i  +  4 0 2 x 4 4 7 9 2 0 c  V O  4 -  5 4  V 6 d c -  4 -  I 4 5 n e  3  —  2 0 9 0 0 4 0 c t \ / 0  —  4 7 4 9 7 0 0 c 1

- 4  1405445lS44cJ -  lX l0 2 9 8 l7 0 2 0 r2v /6 -  429 I d c V o  -  N046ue2 4- 248464c5

- 4 4 5 0 c "  -  s 9 * 2 ! ) 4 4 * 2 5 4 5 4 * 2 N c - r  4 0 4 5 0 I 4 0 0 x l 9 2 c v b  4 -  1 0 1 9 0 4 m *  4 -  0 0 0 9 0 a c v i )  =  U

— 21 I 19n05554M n v 0 — 59XN974X479442 4- 10x4792a +- I 128NN<ivO -f 7457705005c1

-r 24x4 04 c ' — 402x447920c VO — 54 v 0a c ' — 145a c 1 — 2090040 c 1 v 0 — 4749700 c 1

-  !MU2'>M702Gc-\ b -  1 1 1054 151x4 !c2 -  429 l n c \  0 -  sQ-IOmc2 -  4 1500c \  0

- 4 4 5 0 c "  4 -  X 9 2 9 4 4 2 5 4 5 4 2 8 c 4 -  4 0 4 5 0 1 4 0 0 N 1 9 2 c \ / b  -  1 0 1 9 0 4 d c  -  O O O O O a c v O  =  0

(5.40)

where n is the con juga te  ot n.

[ f  .1, =  =  () and ./,, =  0  then there are I d is tin c t pairs \ u. c| as below.

4 (1 l r 3 -  606c2 +  4055c 4- 42000 )

U ~ S  ( 15 c- — 912 r  4- 10190) t 5 .4 l)

4 c 1 -  406 c 3 +  9445c2 -  76S00c -  80000 =  0

T h e y  d e te rm in e  e x a c tly  one genus 2 held  /\" . see c h a p te r  4 o r T4J. In th is

i u m * i 11 /\ i =  1.

It -I: =  =  U then  i u. c,i are as below .

1 ( 109 c5 -  2944c'1 -  40784c3 4- 419049c2 4- 10575604c 4- 44691480)

"  “  4 (99 l- * -  4247c3 -  9518c- 4- 445478c 4- 7125048)

c- -  46c7 4- 17220c5 4- 228714c1 -  2064816c3 -  52428240c2 -  271546000c 

-  1 0 0 0 0 0 0  -  1X0 c "  =  ()
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"

( a i .  a ,  ) t - 3 a  ;
i

« t  =  ~
7 7 1 6 9  ; 3 0 7 5 9  f Z  . 1 3 7 8 . 3 5 9 )  , 5 6 2 9 9 1 2  f Z  \

3 -r  3 V 6.(/2 ,:u, 91,, -r ,; l l , J l , , v h ) 4 i d

r .
0 5 0 8 .3 5 | ' i # S 7 » 5  / Z  2 9 8 -1  1 - 1 4 8 7 2  /TT \

I ' )"  1 -  8 1 8  v  2 0 0 0 2 0 2 8 6 2 5  6 0 U 0 6 U 8 5 S 7 5  v  ”  '

i \ " 1  =  -
7 7 1 6 9  , 5 0 7 5 9  T t  1 .3 7 8 3 5 9 2  , 5 6 2 9 9 1 2  F 4 l < is s V 0. U j  2 -3 1 -1 9 1 2 5  ' 2 3 1 - 1 9 1 2 5

a t =

**> >1 -1 I

' ' I  " ) l  J J t j 1) S 7 > b U * l7 3  i :  i

-----------------TaT-  v  -  ToTi
1 7 3 5 7 1 5 8 8 . 3 0 0 8 ,  M 3 1 2  2 6 5

102 1
. t . u o J i . 7 ' ) l ‘ jO - ir .tK >  1>0

l * i  1 0 5 1 * 0 1 9 7 9 7  2 0 6 5 l j 9

* 5 t , u  17  i

1 8 9 1 5 5 5 8 5 9 . 3 9 1 '  1021

V  *) -  ) V
2 3 2 8 8 6 1  1 6 U 1  

1 6 3 0 5 1 8 6 1 9 7 9 7 v:,

u .   7 7 1 ♦ (‘ > JU ,  } ) )  . I i n j V T M J  *•  ,

1 "  N S vb.</> — >:iiiui25vt) l i r

u .
oaUS.ia «!b.S7S"> J'JM

J U U U 'iU J S » i2 7 >  ♦»UUU«;US7kS '

i r its7i !•, 
 77-=rv <))

u > I '» I 2 2 6 5 7 !

10 2  I 2 51

’. !  7 I 2 o -1 2 o . ,. 3 1 6  2 0 0 9 2 0 7 0 1 0 0 5 0 0 8 1 3 0
<‘7 !

, 5 o u  1 7  1 , ■
\  ' '  -

5 4 3 5 0 0 2 0 0 5 9 9  

l u 2 l "  ' V  6  ■ l l i : i u

urn'1-
V (j -

102 t
1 7 3 5 7 1 7 8 8 3 0 0 8 ,  3  1 .3 1 2 2 6 -3

1 8 9 1 5 . 5 5 8 5 9 3 9 1  1 0 2 4

, e 2023801 lou-l . 
' ^ I'viu')i8*)ly7y7 1 i:.

o■i I a , = S 1 ~> I J 2 H 7 )  S ~ )b (J * lT 3  '/»    \

102 1 ^  2 firi V 1U JI

/ / )  =
i’>.','»7'.'ij_r1i jH.fjha.">H> , i«(wit>7»>hJO.'JHtwiso //» <>7:;r)7i~88:;uo8( s m  jjbri

Vv) is'H 'i 8 ’ ) i ‘ »r,7) . s r » ! ) 3 y r  t u 2  i

iO-173 <' i -v IMSSfA HUM : ,
>“»; V 1 U 2 1  ^ io:Kjr>isbrj7'>; I  I \ :

■A-' _  1 3 0 1 7  4 9 4 0 4 2 2  1 8 1 1 ):!

J,’,. ~ 120
! 7 . l  2 0 3 3 2 0 0 4 0 - 1 0 3 - 1 1

o-io V  6

N too larite to d isp lav r ,

I a bit* ').2: S in g u la r p o in ts  fo r .E =  0 

l ilt* d is c r im in a n t o f  th e  above p o ly n o m ia l is

D  =  - 2 ' “* • : r ‘ • os ■ 22- ■ 12' • t)4.',})242927o29J

1 hu*. there cue " d is tinc t pairs m . n  which ile te rm iiit*  exac tly  ont* genus 2  

fie ld , see chapter 2 o r [12]. So. e-(( l\ ) = S.

o.6 i- in v a r ia n ts

W e express th e  th e  j- in v a r ia n ts  j ,  o f  th e  e ll ip t ic  sub tie lds E , o f  K .  fro m  le m m a  

o. f. in  te rm s  o f u and r  as fo llow s:
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( n r  +  2 lb t t *  -  V i t i m  -  9 i2 u  +  12c- +  40or)  .  . . .
J\  — l O r ------------------------------------------------------1----------------------------17-,—  (o .3 3 )

(c — 2 1) ’ ( U "  -j- 27c -f  -ItD — LScu — ca-)-

( iJ '  — - 0 ( ) ---------- ;---------    7-
( • ( . } ( • -  +  I I I  '  —  I l l ' l l  —  I ' l l -  )

where r  ~  ( ) .  0 7

Ih mark ■’>.!). [ lit- a u tom orph ism  u € (inlk{ ,t , ) /;.(r , perm utes the e ll ip t ic  subtields. 

One can easily check th a t:

O j i ) =  j 2

t 'U 'j)  =  J\

Define / ’ and A as follows:

T =  ■■■_-  1------ 17122S*2GG4900r};•'.* -f l52SX23S0*rV? +  4994 l57772S r'!ri’
I t j  1 1 121  ( i r ] / - ,  -  1 * 1

-  3 M )2 * : iM r> ;  -  25*04 S r’j r , 1 +  l23 X 6 30 4 rV l* +  90l7:H)973729792r2r } 0 

-9 f ) » i i :n 7 1 2 / - jr l' -  l()23 l2()5527L36256r‘ u 4 -4 *0 /y |r i +  I0 1 3 7 6 r ;r f  +  4790-17767293952™-?

-  72 17757312rj/q  -r 7N27577x9«900rjrjf -  27052109211 *9370r',' -  0 190*3250170r]»•[

*  211) ll()N 73095 [500S r{J *  32 16253105 1272512rJ1 -  r !  -  37572373905 lO 'r i r ;

-  1 IDMtt) I02L f5 2 M )0 r.r1J -  4559564 1 2 4 9 7 9 2 r]r,)

A" = ----------------- l--------i— r i*4934656r?  — ll79G 4X r,V . -  5 3 0 *4 16r .‘ -  442 36 *r? r.
0 * 7  P I  I 7 6 7 3 6 c j 2 r _ ;  1 1 ‘  1 1 *

-  13*2 I r p d  -  I 9 2 r , r ]  -  r_!);!

10.35)

L e m m a  5 .1 0 . [ l i t  j - i n c a n u n t .s o j  th t  t l h p t i c  subf i t ld *  su t i s jy  th t  j o l l o i n n t j  quadra t ic  

< (/nat ions a r t  r  k { i ' i . r > } :

j - - T j  +  .X =  0 (5 .36)

Prooj .  S u b s t itu te  and j>  as in  (5 .33) in  e q u a tio n  (5 .3 6 ).
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j . t i . I  Iso m o rp h ic  E l l ip t ic  S ubtie lds

Suppose th a t E i  =  E j .  T h e n . j \  =  j>  im p lie s  th a t

S r* +  27c-  -  5 4 « r  -  u V  -r 108<Te -r 4 u , e -  108 a3 =  0 (5.37)

o f

3 2 4 r V  -  583-21-4« +  379081*4 -  3 1 4 9 2 8 i* \ -  S l i - V  +  255879r 3 4- 306 We V
-  si; h;! -  9377292 tu*2 -r 8503056c2 — 324 u'V2 -f 2 1 2 5 7 f i - t — 21578--lu!r 2

— 1 15M)u 'c2 -r 1 ( i r “ — 78732 tt'V -f- 8748k V  — Sola'S' — 157 104k h- s- 1 1604k1’ =  0
(5.3s)

rIn* fo rm e r e q u a tio n  is th e  c o t it l i t io n  th a t <ltt (.J<ic(0)) =  0 see (5 .23). F rom

e q u a tio n  5.23 an«l ( '([na tio ns  5.14 we can express a as a ra tio n a l fu n c t io n  in  and

r .  1 h is is d isp layed  in  A p p e n d ix  Q. A lso . [k( r ) : A*l / t )j =  8 and |A*| e I : A lo j j  =  12.

F .lim in a tin g  r  we get a cu rve  in  /[  and i> w h ich  has degree 8 and 12 respec tive ly .

1 in i ' .  h'i n . " i — /.a / 1. / j  i. 1 [cnee, i (i / \  i — i to r <un h  M ich t hat I he <ussocutte(l a .un i

■ ■ '<i11.' 1 \ t■(|U<tt ion i o.23 i .

-i.n.2 1 lie  1 )euenerate  ( a,~.e

We assume now th a t one o f  th e  e x tens ions  f \ / E ,  fro m  le m m a  5.4 is degenerate , 

i.e. has o n ly  one b ranch  p o in t . T h e  fo llo w in g  le m m a  d e te rm in e s  a re la t io n  betw een

/, and j<.

L e m m a  5 .1 1 . Su pp or t  that  K /  £b ha*  on ly  on t  branch po in t .  Then.

"2 9 /,> 2  -  (j 2 ~  4 3 2 1’* =  0

E m o f .  T h e  h ypo thes is  im p lie s  th a t .s =  t in  le m m a  5.4. So 2 fr! — 9<i6 — 27 =  0. i.e. 

2c — l)u — 27 -  0. T h e n .

ti l i tr -  27 b'
h   ------------------------ . i ,  =  04 c
J 729 r  J '

L lim in a t in g  r  we have:

7 2 9 /,./ , -  IJ 2 -  432 )3 =  0
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M a k in g  th e  s u b s t itu t io n  T  =  —2~ j \  we get

r , ^  (7 ’ - r l 6 ) ;J
J i  =  F i i T )  =  ------- ------

■re /  _' / ■ !~ t h e  I-Vicke p o l y n o m i a l  o f  level  2.

It Doth l \  i . ! am i I \  E> are degenera te  then

I o.:J9 I
-  >_h -  h 52 i' =  0

!:!'■!>■ . i ro T ' o t u t  l o i i "  to  t h e  ab ov e  s v s t e m .  1 t i ree  ot w h i c h  nave i s o m o r p h i c

Ji  — j i  =  l " - N. j i =  J i  =  ,7<-97 — S L v — L5)

t her S -o b it to t;- are i i i \e u  by:

-  ' J i  -  1-52 r  = u
loMO)

J -  -  j j  -  I29t>i j \  -  J i  I -  j i J i  -  009872 -  0 

I his co rrec ts  f l l ) j  w he re  it  is c la im e d  the re  is o n ly  one s o lu tio n  j i  =  j> =  1728.

i . .  In te rse c tio n  ol w ith  L. ■.

T h e o r e m  5 .1 2 . I f  t ! -o i l i n n  t in a u to m o rp h is m  g roup of C /.-> on t  of tht  fo l io  ic­

ing:  Z->. V ,|. D t . o r  D ,;. Mor eove r :  there are exact ly tj curves C t  £ t  ici th a u t o m o r ­

ph ism group  D.| a nd  s i x  curves C €  £ 3  t rd / i  a u t o m o r p h is m  g roup  Dr , . They are l isted 

in tables 3 a nd  ./ respectively.

Tremt. W e den o te  by ( I  : =  A u t \ C  >. I f  C has no e ll ip t ic  in v o lu t io n s  then  ( I  =  Z j  o r 

( !  =  2, to- II f f  — Z 1 a. then  V i  =  A’ ’ ’ — A .  see 2.o. rims. ./_> =  =  ./* =  I), and

./10 =  ;H 2o . T h e y  d o n 't  sa tis fy  th e  e q u a tio n  ( 0 .1 i- T h e n , th e  c u rve  V * =  .V6 — .V has
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no e ll ip t ic  subcover o f degree 3. I f  C has an e l l ip t ic  in v o lu t io n . 1 hen fro m  theo rem  

1.3. we have th e  fo llo w in g  cases:

i i ( i  =  Z  • : / ) , .  C i '  iso m o rp h ic  to  V '  -  V h — 1 I hen.

./- =  2-10../, =  1620. ./„ =  119880. . /1U =  46656

and th e y  d o n ’ t sa tis fy  e q u a tio n  o f £ ;J.

ii i / /  =  H ’i . C is iso m o rp h ic  to  V J =  A’ ’ — .V. I'he  co rrespond in '! ' abso lu te  

in v a ria n ts  are

J ,  =  -  1 0 . =  - S O . =  320. ./,u =  - 2 5 6

and th e y  d o n ’ t sa tis fy  e q u a tio n  o f

i i i ! I f  ( I =  / / , .  then  C is iso m o rp h ic  to

v J =  i x -  -  D i . v  -  a . v j  -  i»

lo r \ -  r 2  -e r I heoreni 1.3. Igu>a in v a ria n ts  are:

./, =  Hit A- -  2A -  161

./, =  1|AJ — 32A +  7 6 IIA  - 2 ) -
i 5 . 11i

./,, =  S ( : i A 1 -  7 0 A * - r  1 6 0 A J -  I S 3 2 A  -  3 1 0 1  m A -  2 r  

- /to =  6-l(A — 2 )'*( A 4- 2)* 

bub>t it in m g in th e  e q u a tio n  o f £ ,j we have th e  fo llo w in g  values fo r A. 

i AJ -  772A -  1532)( IA J -  12A — 11)(A- +  452A -  124 )(2A +  5)
i 5.12)

i A -  3-1)1 A- -  68A -  12 1H 16AJ +  17A 4- 226) =  0

We have the  fo llo w in g  cases:

a t I f  A =  —-j o r A =  —34 th en

729 12-10029 . 531 14i

“  J T I O ' '2 “  97:136 ~  13181630464

h i I f  A* — 772A — 1532 =  0 th en

4288 243712 64

M ~  I s 4 9 ' * '  ~  79507 ' Z3 _  1323075987
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<■> I f  A" — 772A — L53*2 =  0 o r A =  ij — - j\ /2  then

L17L5021 7020 ^  . 46539411219 ( 246294594 ^

M ~~ 5596820 +  279841 ‘ 2 ~  29607177S00 +  148035889

443312363415249 11407624713*1 -

' '  “  265129671767353600000 “  106051*6*7069414400V "

i l l  It A =  —226 — L 60 v' 2 o r A =  -f -f- t v  2 th en

11715021 7020 . _  46539411219 246294594

: _ 5596*20 ~ 279 *41 V _  29607177*00 ~  1 1 *0 3 5 **9  ̂ "

443312363415249 11407624713*1
/•.  ------------------------------------------  v 2

265129671767353600000 106051*6*7069414400

e [ f  A" -  6 *A -  121 =  0  t h en

1 14

I t T

3456

*575

243

52521*75

f l  It 16AJ -i- 17A — 226 =  0 th en

*019  1240029

M ~  _ ~ 2 0 ~ ' 'J “  200"

531 141

m m uT

< i/.'f f:;j( l \  I | (..)( K )  A l l t (  K )

7 2 9  _  12-10020 . _
- • 11 — .i-. ..- • '  i —

i.n-i-n
9 7 .3 3 6 1 3 1 8 1 6 3 0 4 6 4

D a

I I =
1 2 8 8  . _  2 - 1 3 7 1 2  . _ ;• i< — • 6) —

9 4

1 8 - 1 9 ' 7 'J 5 0 7 1 3 2 3 0 7 5 ^ 8 7
D a

15021 7 0 2 0  

2 7 0 8 - 1 1 V — - i 2 =
0)530311210 
2 0 0 0 7 1 7 7 8 0 0

2 1 0 2 0 3 5 0 3  

1 3 8 0 3 5 8 8 0  “  *

1 3 3 3 1 2 3 0 3 3 1 5 2 3 0  

2 0 5  i  2 0 t ) 7 1 7 0 7 3 5 3 H O O O O U

11 1 0 7 0 2 3 7 1 3 8 1  . )
; v -1 0 0 0 5 1 8 0 8 7 0 0 0 3 1 3 3 0 0

D ,

1 I 7 1 - . O J 1

" 2U
* 0 3 0

2 7 9 8 -1 1

1 8 5 3 9 -1 1 1  2 1 9  

2 9 9 0 7 1 7 7 8 0 0

2 1 9 2 9 -1 7 )9 -1  A 7  

1 -1 8 U 3 7 )8 8 9  V  ”  *

1 - 1 3 3 1 2 3 9 3 - 1 1 5 2 - 1 9  

2 9 - 5 1 2 9 9 7 1 7 6 7 3 5 3 8 0 0 0 0 0

1 1 1 0 7 6 2 4 7 1 3 8 1  / .->
;V  -1 0 6 0 5 1 8 8 8 7 0 6 9 - 1 1 1 -100

D a

■ _  1 4 4  _  3 4 5 6  • _  24 -3

1 4 9  2  8 5 7 5 *  3  5 2 5 2 1 8 7 5
D a

f
:  _  8 0 1 9  . _  1 2 4 0 0 2 9  ;  _  5 3 1 4 4 1
' i  -  “ ^ u T - '2  ------ 57r~ -'3  -  -■200 10000 D a

T a b le  5.3: C urves o f  genus 2 w ith  a u to m o rp h is m  g ro u p  D.t
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Tim s, the re  are e x a c tly  6 genus 2 curves C €  £.s w ith  a u to m o rp h is m  g ro up  D.t 

w h ich  are d isp laye d  in  Table 5.3.

v i I f  (.! =  D (i then  C is is o m o rp h ic  to  a genus 2 cu rve  in  th e  fo rm

V -  =  , . V ! -  1 ) ( .Y ! -  A)

to r A =  l). 1. see t heorem  1.3.

. / ,  =  Hi A - -  3sA -  1 1

■J.\ — 324A( A* +  i A -r- I )

=  162A( A 1 -  5SA3 -  858A* -  58A 4- 1)

=  729A‘ I A -  n -

1 hen th e  e q u a tio n  o f C>, becomes:

I 1A -  ! it A -  iw 15625A1' -  13131 l!)SA" -  7690233A1 4 -<i9707788A;‘

-  7690233AJ -  13131 l!)NA -  15625)( 4AJ 4- IDA -j- - l) (A J -  18A +  1) =  0 

W e have th e  fo llo w in g  cases:

a ! I f  A =  4 o r A =  -  th e n

_  6 !  ll)s s

5 ’ 25 ' 8-1375

b 1 I f  4A* — 10A -r 1 =  0 th en .

576 . 60480 . 243
'1 — T T T - 1- — 7-o-n -63 —

(■5.43)

(5.44)

361 ‘  6859 2476099

c) I f  A ' — 18A -j- 1 =  0 th e n

, . 5103 . 729
11 =  8 1. 1 > — ----------- . / i    --------------

25 12500

I lie  o th e r wdues ot A are the  s o lu tio n s  o i th e  e q u a tio n :

15625A1’ -  1313I498A ’ -  7690233A1 +  697077SSA3 -  7690233A*

-f 13131498A 4- 15625 =  0

The above e q u a tio n  has th e  sam e co e ffic ie n ts  fo r  AJ and  A*- -1. H ence, i f  A is a roo t

th en  A is a lso a ro o t. W’e le t u  :=  A — I .  T h e n , th e  above e q u a tio n  becomes

, 13131498 , 7737108 43444792
U ------------; U * ------------------U   =  0

15625 15625 15625

(5.45)
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S o lv in g  fo r u we have th re e  roo ts

50-1 i  20701097057466 i  1767150 ± —  4377166

1 15625 557923X276191265625 ^  357071249676241 ^ 15625
252 i 10350548528733 2 883575 .2 -  4377166

u > =  3 ' 4-------------------------  .3 •>-----------:----------------------- -3 ’• V 69 — --------------
15625 5579238276191265625 35701 1249676241 15625

-  +  _ J 2 S S 2 * E H _ IV 5 j t  — / / n + S
15625 5579238276191265625 357071249676241

252 10350548528733 j 883575 ^  <—  4377166
u , =  1 ------------------------------------------ .3 ■■------------------------------------.3 v 6 9 -------------------

15625 557923.8276191265625 357071249676241 15625
252 -  i. 103505-1.8528733 , -  1 nn3575 , -  * —

—  /  v 3-3 -  -----------------------------------/  v  3 3 ' -j-------------------------------- /  v -1-3 : v  69
15625 5579238276191265625 357071249676241

(5.46)

w here  3 =  6 5 7 177684364 - f  87656251)0v  69 am i I 1 — — I.

f  i l  I \  l t  i t  h  1 A u t ( K }

11 1 1 =  — . / J
— _  h tv s  j  _ 1

S .|.!7 'i
2 I X,

b tiCMSO . ■) I X,1 - n.s.Tlj * 1 1 i f u i  iu' i

(' / 1 =  S I .  n
■)10.i _ 7 jy ■> ') I X ,“  jr, • 1 ~ l i. iU U

(I 2 2 A ;

( P\ •;
" 2 D ,

/ m  * rn -  m 2 2
1

a ,

Table 5.1: C urves o f genus 2 w ith  a u to m o rp h is m  g ro up  D „

To lin d  A we so lve th e  e qu a tio ns  A2 — u,A +  1 = 0 .  fo r  i  - 1 .2 .3 . Each o f  these 

e qu a tio ns  gives e x a c t ly  one genus 2 cu rve .

d ) I he so lu tio n s  o f A* — iq A  + 1 = 0  s ive  e x a c tlv  one senus tw o  cu rve  w ith  

a b so lu te  in v a ria n ts

/1 =  a j . ; ,  =  a ). /•,=<)■,

w here  d,. 1 =  1 .2 .3  are d isp laye d  in  a p p e n d ix  ( B . l ) .

e l T h e  so lu tio n s  o f  A2 — u 2A + 1 = 0  g ive  e x a c tly  one genus tw o  cu rve  w ith  

abso lu te  in v a r ia n ts

'1 =  P i -  >2 =  p i -  : Pt,
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w here  p.. i =  1. 2 .:} are d isp layed  in  a p p e n d ix  (B .2 ) .

t ) I he s o lu tio n s  o f  A" — U3A + 1 = 0  g ive  e x a c t ly  one genus tw o  cu rve  w ith

aii-'olute invariant*

‘ i =  'h- i 2 =  n>- ci =  ifr

w here  //.. / =  L .2 .:} are d isp layed  in  a p p e n d ix  IB .:} ) .

A l l  th e  cast's are su m m arized  in  ta b le  o. 1. This c o m p le te s  th e  p roo f.

□
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C H A P T E R  li
C E N T S  2 F IE L D S  W IT H  D E G R E E  5 O R  7 E L L IP T IC  S I 'B F IE L D S

In i his c h a p te r we d iscuss b r ie f ly  th e  spaces Cr, and  £ 7. S ince th e  c o in p u t at ioti> 

are i|U ite  long and th e  resu lts  ve ry  large fo r d isp lay , we tre a t o n ly  th e  cases w hen the  

coverum  has a p o in t o f ra m if ic a t io n  ind ex  1.

b . i C urves u f  C cm is  2 w ith  Desiree 5 E l l ip t ic  S u b fie lds . l-cve le  Case.

N o tice  'h a t th e  case I I .  i i  does not o ccu r when n =  ■">. So we w il l  cons ide r 

o n ly  case I I .  i i i ) .  W e w i l l  p rove  th e  fo llo w in g  lem m a:

L e m m a  6 .1 . L i t  c  : ( '  — F.\ bf a c o n  r in g  o f  d ry re t ■') such tha t  tht cor respond ing  

/• c  u- l \ t in  1 con  r  oj  r a m i f i c a t i o n  ft/pt I I .  m i  t h i o n m  /. T .  Tht n tht i j t n u s  two

i ' ii c i  c an  In i j i n n  h g

V * =  ,r( .r — I )| ,r — </)( .r ! — a x '  — r x  -  i r  1

iclu n

{'■Ul1 -  -ft/ -  t r  - f  L)‘  \ it1 — (>u ~  \c r ')){ u1 — \ r \
(I =  ------------------- ---------------------------- . w — -------------------------------------------------

12 11 -  d p t i i i -  — '.On 4 - 5  — s e) x (2n  — 4)

an i l  a an i l  r  sa t is fy

10 1 1 1 -  s->u * — Sen1 4- Lo9h* — L40ii -f ofieti — I6 c ‘  — 52 r  4- 50 =  0

M o r i o n  r. an i i j i i a t io n  o f  £ \  is y  =  r( r  — I ) ( ;  — t ). where

n r  -  l e  11 —s i T  — 2 1 a 1 — ti'.U i1 - r  f j - l c *  — 19 2  it r  — I 9 0 e  — l t j i T c  — I sQu  — LOO)

(2 ii — 5 i( ( ja -  — LOii a. 5  — sc)

Proof .  Take th e  genus 2 c u rve  to  be

V * =  x\ x  — l i l . r  — i/H .r '3 — u x 1 — c — tc)

Let C\ be th e  F re y -K a n i co ve rin g  w ith  d e g ( O i )  =  5 such th a t o  1 ( t c j  =  0 \ (iv-i) =  

Oi i k ' j )  =  t.  0 \ lO) =  0. 0 \ t 1) =  I .  and  O iu / i  =  :x .  Take tx: to  be th e  p o in t o f

59
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(il)

ra m if ic a t io n  in d e x  4 such th a t o i  (o c )  =  x .  T h e n  o i  is g iven  by

_  x ( x 2 -  a x  +  b )2

: - k ' U - J )

S o lv in g  t he co rre sp o n d in g  system  we get th e  above re su lt. _i

6.2 tm w e s  o l '( i fn u >  2 w ith  Degree 7 Klliuti<~ S ub tie lds . 1-cvcle Case.

T h e  case n =  7 is th e  firs t case th a t a ll degene ra tions  o ccu r. H ow ever, i t  is 

ve ry  d if f ic u lt  to  c o m p u te  the  space o f  genus 'J cu rves w ith  degree 7 e ll ip t ic  subcovers. 

We d i-c u s " o n ly  one degenerate' case, n a m e ly  case I I .  i i i ) o f  th eo re m  1.4. We w ill

a ."  U tile t ha! ! lie  l ie l i l i '  t Wo i Ul’Ve I- ui \ en b\

( ' : ) ’ =  x { x  — I )(.r — d |( . r  1 — a x 2 -j- b.r  — c)

and th e  e l l ip t ic  cu rve  in  Legendre fo rm  E\  : i j2 =  c ( r  — 1 )(r  — /) .  M oreover, le t's  

assum e th a t th e  co rresp on d in g  F re y -K a n i co ve rin g  o  : P 1 — P l is o f typ e  I I .  i) of 

th e o re m  1.4. h ik e  th e  coo rd ina tes  such th a t .  o (0 )  =  0. o i l )  =  I.  O ld ) =  /.  and 

t hree d i- t  i 11ct ro o t '  of r ' -  a x 2 — h.r -  < are in  t he lib e r  of in f in ity .  Let t he p o in t o f 

ra m it ie a tio n  in d e x  1 be in l in i ty .  w h ich  is in  th e  sam e lib e r  as roo ts  o f .r3 — a x 2 +  bx — c.

1 hen th e  cover is g iven  by.

x P 2i x )

— a x 1 ~  bx  — e

w here  l \  \ x  > is a cu b ic  p o ly n o m ia l w h ich  represents th e  th re e  p o in ts  o f o rd e r 2 in  the  
lib e r  ot U. S o lv in g  th e  co rresp on d in g  system  we ge t.

a — - j-y ! 7i7"u y  12 It 'd 8 -  LL072d1J/3 +  2468/3d 13 -  872d 18/*  -  1532d17/ -  21568d ‘ V  -  56dIU/

-r 17Sd18/ +  46E d  -  42 /3d ‘  +  L8 l60 /3rf11 -  4356/3d l ° -  624/ V  +  8C d 3 -  7 36 /‘ d7

-  32594 /*d12 4- 624 /d 1'1 -  2576ft/13 +  2725/d16 +- 736 /d13 -  36d19 -  2368/2d7 +  42d18

-  6 1 I2 d 13/* -  29576/3d9 -  7/ ' +  52594/3d8 -  44496/:sd7 -  257 6 f‘ t/3 -  2725/V

-  1542/ b/3 — 56/ 'd  — ^72/ !d‘‘ -  61L2/3d3 -  178 /V J -  I8160d9/ 2 -  42 Id 1-/ I1072d8/-

-  v / 17 -  44496 /-d13 -  2156.S /V1 -  1456 d ‘V  -r 2 9 5 7 6 /v /11)

(6.1)
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6L

b =  —  i -  1 W/21 -  7 7 / °  - f  lOOr/9/ 4 -  3490/"1/  -  9 4 2 S 0 / 2/3 4  l O S O / V 4 -  2 L23'2/3f /13 
i ij. 1
-  1 0 0 s /7/ 2 4  3 o / 7/ +  3 1 6 1 2 /V  +  * 4 / ° /  -  6 L 0 / J/ 4  1 3 1 3 /8/ -  77 /srf +  12U3/

-  1 0 3 3 0 / '/  -  7 2 / ' /  -  9 0 1 0 / ' /  -r 20 /V *  -  1393 l l / 2/  ! 4  2G9SSGt 2d 12 -  9 0 1 0 / / '

-  3 2 2 2 / / "  -  3 1 9 0 / /3 -  L 2 l / y -  10S0/2r/7 -  2 0 / 7 4- 72/ 8 4- 3332rf15/ 2 -  2098XG/3/

-  139344/ ' /  -  31012/ V/7 -  3 2 2 2 / ' /  -  3 3 / ' /  -  7)332/ V  -  1313/ ‘ r /J -  S4/'*rf -  LOOS/3/

-  i , 1 0 / ' /  -  0 I 2 M ) / / 2 -  K)0d ' - t  -r  2 1 2 3 2 / / 2 -r  2 1 9 7 1 2 / U/ 2 -  30n-I7n /2/ 1 s- 3 0 *4 7 * /  A / 1 u

-  2 1 9 7 1 2 /  *’ ( / 1 1 -  3 0 * 0 / ' /  -  3 0 * 0 / 8/ 2 4  L 0 3 3 0 / /7 -  L I / ’1)

= ------- 1 2 * / 1 -  7f /1 -  3 0 1 / / 2 -  1 * 0 0 / /  4- S4t/10/ 4- L2/-\/ -r 364 /2 /  -  L I * /2/  -  / :!
Mx . 1

-  2 0 f / ' -  1 2 0 / /  -  G O * / /  -  14 0 0 / /  4  13 L I / /  -  4 2 / u -  140 i t ' d 2 -  7 , 0 4 / /  4  4 4 0 / / 2 ) 2

(0.2)

! H * i'* \

1 =  ,/. ! > ( ) , / -  3 0 / /  -  9 /2.7 -  x i/ - , . /1 j. 30 /2/  -  /  -  /  - 3 0 / /  -  9 0 / / '  -  s i / /  -  ( ) / /

-  30,/V  ■ - i t ; v /  - / 2 -  lO .s / /  -  2 0 / /  -  0 /2rt -  10/2/  -  7,/-,/* -f. 9 0 / /  -  9 0 / /  4  2 0 / /

-  t >»/11J — /  1 — !0 < / 1 — 7 / i

(0 .3 )

A N u. ‘ .tin i d sa tis fy  th e  e q u a tio n .

/ "  -  I O i / /  ’ -  t ‘‘d\ -  1 2 0 / / ‘ -  3 0 0 / / 3 -  ( !0 0 /2 -  1420/) / 2 -  (2400/- *  1968/) / 1

-  ' 000>/J -  1 100/ , / "  -  , 110 tO/2 -  4 0 0 / ) /  -  12S70/2/  -  14 0 0 /1 -  L1040/2) /  -  120/A/2

-  ■ ! 100/ ; -  000s/ ” i ,/" -  ( 190s/ 3 -  2 tOO/2) /  -  ( 1 120/s -  400/2) /  -  300/3/  -  / '  =  0

(0.4)

A co m p le te  tre a tm e n t o f  spaces C^ and  £7 w il l  be g iven  la te r .
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APPENDIX A 
EQI'ATIOX OF C ,

W r c lisp iay cu e tiic ie n ts  C'u f. ’s o f tlit*  e q u a tio n  lo . l ) .

= - •I**-** « . 8 [•*• i. j  ̂ '> t »o 4 Ori •: T'!' ̂  i 7J ;4

= .■ *■ - n- \ •_ ; 4 -  ’o’.'*v -  .8t..GV33U5V.2 ,o<jtA:,r, t . *

• • ■ 4 , ’ - . . >, "r, *4 >.'**. 2~ A- . * j.lflrt * . *
. * - i . i • . . i „8 • «. * '»>o .»>

-  i • . *  ■ ;• -■ I  -  '  ; !

•* • *>.- r  . ' m .;*' :\\->* \ :* : * ♦  ♦.89046 ’5 t5 i ; 2*14 j ! :*
• . «i --nt# ;4 ;* _ ;? >»:; --n.| | ',22 ' i  •*;

: •. »■* 4’ ; \ • 5 : "2 11*; *■ i >;; »o «: »r."2.H8 ; * : ,4
■ j *.* v ♦ . -;m : :*• ̂  t* i mj’ jo /? ;4 -  i i *89463 i'mi 7' :*
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