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Abstract. Let C be a genus 2 curve defined over k, char(k) = 0. If C
has a (3, 3)-split Jacobian then we show that the automorphism group
Aut(C) is isomorphic to one of the following: Zsz, Vi, Ds, or Di2. There
are exactly six C-isomorphism classes of genus two curves C with Aut(C)
isomorphic to Dg (resp., Di2) and with (3,3)-split Jacobian. We show
that exactly four (resp., three) of these classes with group Dsg (resp., D12)
have representatives defined over Q. We discuss some of these curves in
detail and find their rational points.

1 Introduction

Let C be a genus 2 curve defined over an algebraically closed field k, of character-
istic zero. We denote by K := k(C) its function field and by Aut(C) := Aut(K/k)
the automorphism group of C. Let ¢b : C — £ be a degree n maximal covering
(i.e. does not factor through an isogeny) to an elliptic curve £ defined over k.
We say that C has a degree n elliptic subcover. Degree n elliptic subcovers occur
in pairs. Let (£,£’) be such a pair. It is well known that there is an isogeny of
degree n? between the Jacobian Je of C and the product £ x &. We say that C
has (n,n)-split Jacobian. The locus of such C (denoted by £,,) is an algebraic
subvariety of the moduli space My of genus two curves. For the equation of Lo
in terms of Tgusa invariants, see [18]. Computation of the equation of L3 was the
main focus of [17]. For n > 3, equations of £, have not yet been computed.

Equivalence classes of degree 2 coverings ¢ : C — £ are in 1-1 correspondence
with conjugacy classes of non-hyperelliptic involutions in Aut(C). In any char-
acteristic different from 2, the automorphism group Aut(C) is isomorphic to one
of the fOHOWngZ ZQ, ZlO; ‘/4, DS, Dlg, ZgXng, GL2(3), or 2+S5; see [18} Here
Vy is the Klein 4-group, Dg (resp., Di2) denotes the dihedral group of order 8
(resp., 12), and Zs, Z1¢ are cyclic groups of order 2 and 10. For a description of
other groups, see [18]. If Aut(C)=Z; then C is isomorphic to Y? = X6 — X.
Thus, if C has extra automorphisms and it is not isomorphic to Y2 = X6 — X
then C € L5. We say that a genus 2 curve C has large automorphism group
if the order of Aut(C) is bigger then 4.

In section 2, we describe the loci for genus 2 curves with Aut(C) isomorphic
to Dg or D5 in terms of Igusa invariants. From these invariants we are able to
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determine the field of definition of a curve C with Aut(C) = Dg or Dis. Further,
we find the equation for this C and j-invariants of degree 2 elliptic subcovers
in terms of 41,149,43 (cf. section 2). This determines the fields of definition for
these elliptic subcovers.

Let C be a genus 2 curve with (3, 3)-split Jacobian. In section 3 we give a short
description of the space £3. Results described in section 3 follow from [17], even
though sometimes nontrivially. We find equations of degree 3 elliptic subcovers
in terms of the coefficients of C. In section 4, we show that Aut(C) is one of
the following: Zs, V4, Dg, or Dys. Moreover, we show that there are exactly six
C-isomorphism classes of genus two curves C € L3 with automorphism group Dg
(resp., D1s). We explicitly find the absolute invariants 41, i, 43 which determine
these classes. For each such class we give the equation of a representative genus
2 curve C. We notice that there are four cases (resp., three) such that the triple
of invariants (iy,42,i3) € Q* when Aut(C)= Dg (resp., Aut(C)= D15 ). Using
results from section 2, we determine that there are exactly four (resp., three)
genus 2 curves C € L3 (up to Q-isomorphism) with group Dg (resp., D;2) defined
over Q and list their equations in Table 1. We discuss these curves and their
degree 2 and 3 elliptic subcovers in more detail in section 5. Our focus is on the
cases which have elliptic subcovers defined over Q. In some of these cases we
are able to use these elliptic subcovers to find the rational points of the genus 2
curve. This technique has been used before by Flynn and Wetherell [5] for the
degree 2 elliptic subcovers.

Curves of genus 2 with degree 2 elliptic subcovers (or with elliptic involu-
tions) were first studied by Legendre and Jacobi. The genus 2 curve with the
largest known number of rational points has automorphism group isomorphic to
Dqo; thus it has degree 2 elliptic subcovers. It was found by Keller and Kulesz
and it is known to have at least 588 rational points; see [10]. Using degree 2 el-
liptic subcovers Howe, Leprevost, and Poonen [8] were able to construct a family
of genus 2 curves whose Jacobians each have large rational torsion subgroups.
Similar techniques probably could be applied using degree 3 elliptic subcovers.
Curves of genus 2 with degree 3 elliptic subcovers have already occurred in the
work of Clebsch, Hermite, Goursat, Burkhardt, Brioschi, and Bolza in the con-
text of elliptic integrals. For a history of this topic see Krazer [11] (p. 479). For
more recent work see Kuhn [12] and [17]. More generally, degree n elliptic sub-
fields of genus 2 fields have been studied by Frey [6], Frey and Kani [7], Kuhn
[12], and this author [16].

Acknowledgements: The author wants to thank Professor Fried for his
continuous support.

2 Genus two curves with extra automorphisms and the
moduli space M.

Let k be an algebraically closed field of characteristic zero and C a genus 2 curve
defined over k. Then C can be described as a double cover of P!(k) ramified
in 6 places wy,...,ws. This sets up a bijection between isomorphism classes
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of genus 2 curves and unordered distinct 6-tuples wy, ..., wg € P'(k) modulo
automorphisms of P!(k). An unordered 6-tuple {w;}$_; can be described by a
binary sextic (i.e. a homogenous equation f(X,Z) of degree 6). Let My denote
the moduli space of genus 2 curves; see [15]. To describe My we need to find
polynomial functions of the coefficients of a binary sextic f(X, Z) invariant under
linear substitutions in X, Z of determinant one. These invariants were worked
out by Clebsch and Bolza in the case of zero characteristic and generalized by
Igusa for any characteristic different from 2; see [1], [9].

Consider a binary sextic, i.e. a homogeneous polynomial f(X,Z) in k[X, Z]
of degree 6:

f(X,Z)=as X+ asX°Z + - +aoZ°.

Igusa J-invariants {Ja;} of f(X,Z) are homogeneous polynomials of degree 2i
in klag,...,aq), for i = 1,2,3,5; see [9], [18] for their definitions. Here Jig is
simply the discriminant of f(X, Z). It vanishes if and only if the binary sextic
has a multiple linear factor. These .Jo; are invariant under the natural action of
SLy(k) on sextics. Dividing such an invariant by another one of the same degree
gives an invariant under G Lo (k) action.

Remark 1. There many sets of SLy(k) invariants of binary sextics. The Jo; in-
variants that we use were first defined by Igusa [9] and work in all characteristics.
One can download a MAPLE package that computes Jo; from author’s web site.
For more information on other sets of invariants the reader can see the Igusa
Invariants package in MAGMA written by E. Howe.

Two genus 2 fields K (resp., curves) in the standard form Y? = f(X,1)
are isomorphic if and only if the corresponding sextics are GLy(k) conjugate.
Thus if T is a GLy(k) invariant (resp., homogeneous SLz(k) invariant), then the
expression I (K) (resp., the condition I(K) = 0) is well defined. Thus the G Ly (k)
invariants are functions on the moduli space My of genus 2 curves. This M is

an affine variety with coordinate ring k[Ma] = klaq, . . ., ag, J1o' |2 which is
the subring of degree 0 elements in k[J, . . ., Jio, J1o']; see Igusa [9]. The absolute
moariants

: Jgo JoJs —3Js . J1o

11 = ].44722, 19 1= —1728T7 13 = 486725 (1)

are even G Lo(k)-invariants. Two genus 2 curves with Jy # 0 are isomorphic if
and only if they have the same absolute invariants. If Jy = 0 then we can define
new invariants as in [17]. For the rest of this paper if we say “there is a genus 2
curve C defined over k” we will mean the k-isomorphism class of C.

One can define GLy(k) invariants with Jio in the denominator which will be
defined everywhere. However, this is not efficient in doing computations since
the degrees of these rational functions in terms of the coefficients of C will be
multiples of 10 and therefore higher then degrees of i1,i2,43. For the purposes
of this paper defining i1,142,73 as above is not a restriction as it will be seen in
the proof of Theorem 1. For the proofs of the following two lemmas, see [18].
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Lemma 1. The automorphism group G of a genus 2 curve C in characteristic
# 2 is isomorphic to Zs, Zi1o, Va, Ds, D12, Z3xDg, GL3(3), or 2 Ss. The case
when G=2%Ss occurs only in characteristic 5. If G=7Z3xDg (resp., GL2(3))
then C has equation Y2 = X6 — 1 (resp., Y? = X(X* —1)). If G=Zyq then C
has equation Y? = X6 — X.

Remark 2. For the analogue of the above lemma for g > 2 in characteristic zero
see [13] where sophisticated methods of computational group theory are used.

For the rest of this paper we assume that char(k) = 0.

Lemma 2. i) The locus Lo of genus 2 curves C which have a degree 2 elliptic
subcover is a closed subvariety of Ms. The equation of Lo is given by equation
(17) in [18].

1) The locus of genus 2 curves C with Aut(C) = Dy is given by the equation
of Lo and

1706.J; J3 + 25605 + 27J4J5 — 81J5.Js — 14880.J2J4Js 4 288005 = 0 2)
i11) The locus of genus 2 curves C with Aut(C) = D13 is

—JuJy 4+ 12J3 J6 — 52J2J2 + 80.J3 + 960J2J4Js — 3600J2 = 0
864.J10J5 + 3456000J10.J3 J2 — 43200J10J4J5 — 23328000003 — JiJs (3)
—T68.J4J2 + 483 T3 + 40962 = 0

We will refer to the locus of genus 2 curves C with Aut(C)= Dis (resp.,
Aut(C) = Dg ) as the Dg-locus (resp., Dis-locus).

Each genus 2 curve C € L5 has a non-hyperelliptic involution vy € Aut(C).
There is another non-hyperelliptic involution v, := vg w, where w is the hyper-
elliptic involution. Thus, degree 2 elliptic subcovers come in pairs. We denote
the pair of degree 2 elliptic subcovers by (Ey, E{). If Aut(C) = Dg then Ey = E}
or Ey and E| are 2-isogenous. If Aut(C)= Dis, then Ey and E| are isogenous
of degree 3. See [18] for details. The parameterizations of the following lemma
were pointed out by G. Cardona.

Lemma 3. Let C be a genus 2 curve defined over k. Then,
1) Aut(C) = Ds if and only if C is isomorphic to

V?=X"+ X3 +tX (4)

for some t € k\ {0, %, 1351}

ii) Aut(C) 2 D15 if and only if C is isomorphic to
Y2=X0+ X3 +1¢ (5)

for some t € k\ {0,1, — 3.
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Proof. 1) Aut(C)= Dg: Then C is isomorphic to
V2= (X?-1)(X*-)2X?2+1)
for A # +2; see [18]. Denote 7 := ,/—2%. The transformation

) T —1 4t (A +6)2
¢'(X’Y)%(Tx+1’(7x+1)3. A—2 )

gives
V= X0+ X +tX
where t = 2(3=2)2 and t # 0, 1. If t = 3= then Aut(C) has order 24.

2\2F6 100
Conversely, the absolute invariants 41,2, %3 of a genus 2 curve C isomorphic

to
V2 =X+ X +tX
satisfy the locus as described in Lemma 2, part ii). Thus, Aut(C) = Ds.
ii) Aut(C)= D1a: In [18] it is shown that C is isomorphic to
Y2 =(X3-1)(X3-))
for A # 0,1 and A2 — 38\ + 1 # 0. Then,
6: (X,Y) > (A + 15X, (A+1)Y)
transforms C to the curve with equation
Y2=X04+ X+t

where t = ﬁ and t # 0, 5. If t = — 2 then Aut(C) has order 48.
The absolute invariants 1,42, %3 of a genus 2 curve C isomorphic to

Y2=X04+X3+1¢

satisfy the locus as described in Lemma 2, part iii). Thus, Aut(C)= D15. This
completes the proof.
O
The following lemma determines a genus 2 curve for each point in the Dg or
Dq5 locus.

Lemma 4. Let p := (Ja, Js, Jg, J10) be a point in Lo such that Jo # 0 and
(i1,12,13) the corresponding absolute invariants.

1) If p is in the Dg-locus, then the genus two curve C corresponding to p is
given by:
3 345i2 + 50i145 — 90iy — 12961,

Y2 _ X5 XS _ 2.
* 4 2925i2 + 250i172 — 9450i5 — 5400007 + 139968

i) If p is in the Dya-locus, then the genus two curve C corresponding to p is
given by:

V2o x4 xt g L 540i2 + 100iyi9 — 17284 + 45is .
4 2700i% + 1000iyi5 + 2045250, + 40950i5 — 708583
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Proof. i) By the previous lemma every genus 2 curve C with automorphism group
Dg is isomorphic to Y2 = X5 + X3 + tX. Since Jo # 0 then t # —2—30 and the
absolute invariants are:

o (200-9) . o (140t —27) 3 (4t —1)2
11 = 144t7(20t+3)2, 12 = 3456t 7(20t+3)3 ) 13 = 243t 7(20t+3)5 (6)
From the above system we have
3 3452% + 507119 — 9079 — 129671

T 4292502 + 250i149 — 94500y — 540007, + 139968

ii) By the previous lemma every genus 2 curve C with automorphism group
D15 is isomorphic to Y2 = X6 4+ X3 4 ¢. The absolute invariants are:

206> 426t —1) . 729 (4t —1)°

t5t+1) . #(
ip = —11664 . = 5 0T (7)

i1 = 1296 ——= —_——
“ (40t — 1)2 (40t — 1)3
From the above system we have

5402 + 100iyi5 — 17286y + 45is
270042 + 1000i1i5 + 20452541 + 40950i; — 708588

t_1
T4

This completes the proof.

O
Note: If Jo = 0 then there is exactly one isomorphism class of genus 2 curves
with automorphism group Dsg (resp., D12) given by Y? = X5+ X3 — 2. X (resp.,

— 1
V2= X6 4 X3 Ly

Remark 3. If the invariants i1,i9,73 € Q then from the lemma above there is
a C corresponding to these invariants defined over Q. If a genus 2 curve does
not have extra automorphisms (i.e. Aut(C)=Zy), then an algorithm of Mestre
determines if the curve is defined over Q.

If the order of the automorphism group Aut(C) is divisible by 4, then C has
degree 2 elliptic subcovers. These elliptic subcovers are determined explicitly
in [18]. Do these elliptic subcovers of C have the same field of definition as C?
In general the answer is negative. The following lemma determines the field of
definition of these elliptic subcovers when Aut(C) is isomorphic to Dg or Dia.

Lemma 5. Let C be a genus 2 curve defined over k, char(k) = 0.
1) If C has equation
Y2 =X+ X? 41X,

where t € k\ {i, 1—80}, then its degree 2 elliptic subfields have j-invariants given
by
2000t + 1440t + 27 . (100t — 9)3

2
—12 4
J STy AT Ty

=0.

it) If C has equation
Y2 =X+ X341,
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where t € k\{},—z5}, then its degree 2 elliptic subfields have j-invariants given
by

, 500t2 + 965t + 27 . (25t — 4)3
2 —13824¢ 47775744t ~——2— = 0.
J @—1p 77 (4t —1)*
Proof. The proof is elementary and follows from [18]. a

3 Curves of genus 2 with degree 3 elliptic subcovers

In this section we will give a brief description of the spaces Lo and L3. In the
case Jo # 0 we take these spaces as equations in terms of 41,149,173, otherwise
as homogeneous equations in terms of Ja, Jy, Jg, J1p- By a point p € L3 we will
mean a tuple (Ja, Jy, Js, J1g) which satisfies the equation of £3. When it is clear
that Jy # 0 then p € L3 would mean a triple (i1,42,73) € L3. As before k is an
algebraically closed field of characteristic zero.

Definition 1. A non-degenerate pair (resp., degenerate pair) is a pair
(C,€&) such that C is a genus 2 curve with a degree 3 elliptic subcover £ where
¥ : C — & is ramified in two (resp., one) places. Two such pairs (C,E) and (C',E")
are called isomorphic if there is a k-isomorphism C — C' mapping £ — &'.

If (C,€) is a non-degenerate pair, then C can be parameterized as follows
V2= (02X3 +unX? +0X + 1) (40°X> + 02 X% + 20X + 1), (8)
where u,v € k and the discriminant
A= —160" (v —27) (270 + 40% — v?v + 4u® — 18uv)?

of the sextic is nonzero. We let R := (27v + 40 — u?o + 4u® — 18uv) # 0. For
4du — v — 9 # 0 the degree 3 coverings are given by ¢1(X,Y) — (U1, V1) and
$2(X,Y) — (Uz, V2) where

Ul - vX? Us — (0X +3)? (0(4u—v —9)X + 3u— 1)
YT X3t wXZ 40X +10 7 b(du—b—9)(402X3 + 02X2 + 20X + 1)
02 X3 —pX —2
Vi (9)

=Y
02 X3 +upX2 4+ 0X +1’
o —4du+8) X%+ oo —4u)X? —0X +1
(402X3 4 02X2 + 20X + 1)2

2
Vs = (27 — )3 v

and the elliptic curves have equations:

E: VP =RU; — (12u® — 2uv — 180)U7 + (12u — 0)U; — 4

& Vi =c3US + Ui + Uz + co (1)
where
co = —(9u — 20 — 27)°
c1 = (4u — v — 9) (729u° + 541”0 — 972uv — 18uv® 4 1890> + 7290 + v%) a1

co = —0 (4u — v — 9)* (54u 4 uv — 27v)
3 =07 (du—v—-09)>
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The above facts can be deduced from Lemma 1 of [17]. The case 4u—v—9 =0
is treated separately in [17]. There is an automorphism 3 € Galy(y,v)/k(iy,is,is)
given by

(b — 3u)(324u% + 15u%v — 378ub — 4uv? + 2430 + 720%)
(v —27)(4u® + 270 — 18uv — u?v + 4v2)
4(0 — 3u)?
43 + 270 — 18ub — u2b + 402

Blu) =
(12)

B(o) =
which permutes the j-invariants of £ and &’. The map
0 : (um) — (il,iz,ig)

defined when Jo # 0 and A # 0 has degree 2. Denote by Jy the Jacobian matrix
of 6. Then det(Jy) = 0 consist of the (non-singular) curve X given by

X 80% 42707 — 54uv? — u?u? 4+ 108u%p + 4udp — 108u® =0 (13)
and 6 isolated (u, v) solutions. These solutions correspond to the following values
for (i17 ig, ig)i

(8019 1240029 531441) (729 1240029 531441 ), (81 5103 729
20 200 100000’ ’ ’ ’

) (14

) )

21167 97336 ' 13181630464 25 12500

We denote the image of X in the L3 locus by ). The map 6 restricted to X is
unirational. The curve ) can be computed as an affine curve in terms of iy, is.
For each point p € ) the degree 3 elliptic subcovers are isomorphic. If p is an
ordinary point in ) and p # pe (cf. Table 1) then the corresponding curve C,
has automorphism group V.

If (C,€) is a degenerate pair then C can be parameterized as follows

Y2=(038X2+4)(X3+X +¢)

for some c such that ¢ # —2%; see [17]. We define tv := ¢2. The map

v — (ilaiQ; Z3)
is injective as was shown in [17].

Definition 2. Let p be a point in L3. We say p is a generic point in L3 if the
corresponding (Cy, E) is a non-degenerate pair. We define

0= (p)|, if pis a generic point
es(p) == ‘
1 otherwise

In [17] it is shown that the pairs (u,v) with A(u, v) # 0 bijectively parameterize
the isomorphism classes of non-degenerate pairs (C, ). Those to with w # 72%
bijectively parameterize the isomorphism classes of degenerate pairs (C, £). Thus,
the number e3(p) is the number of isomorphism classes of such pairs (C,€). In
[17] it is shown that ez(p) = 0,1,2, or 4. The following lemma describes the
locus L3. For details see [17].



108 T. Shaska

Lemma 6. The locus L3 of genus 2 curves with degree 3 elliptic subcovers is
the closed subvariety of Mo defined by the equation

CeJSy+--4+C1Jig+Co=0 (15)

where coefficients Cy, ..., Cs € k[Ja, Jg, J1o] are displayed in [17].

As noted above, with the assumption Js # 0 equation (15) can be written in
terms of 41,49, 13.

4 Automorphism groups of genus 2 curves with degree 3
elliptic subcovers

Let C € L3 be a genus 2 curve defined over an algebraically closed field k,
char(k) = 0. The following theorem determines the automorphism group of C.

Theorem 1. Let C be a genus two curve which has a degree 3 elliptic subcover.
Then the automorphism group of C is one of the following: Zo,Vy, Dg, or Dis.
Moreover, there are exactly siz curves C € L3 with automorphism group Dg and
siz curves C € Lg with automorphism group Dis.

Proof. We denote by G := Aut(C). None of the curves Y2 = X6 — X Y? =
X% —1, Y2 = X% — X have degree 3 elliptic subcovers since their Jo, Ju, Jg, Jio
invariants don’t satisfy equation (15). From Lemma 1 we have the following
cases:

i) If G 2 Dg, then C is isomorphic to

V?P=X"+X%+tX

as in Lemma 3. Igusa invariants are:

Jo =40t + 6, Jy = 4t(9 — 20t), Js = 8t(22t + 9 — 40t%), Jio = 16t° (4t — 1)°.
Substituting into the equation (15) we have the following equation:

(196t — 81)* (49t — 12)(5t — 1)*(700t 4 81)*(490000 > — 136200t 4 2401)> =0 (16)

For
81 121 81
T196749°57 700

the triple (i1, 42,13) has the following values respectively:

(729 1240029 531441 - 4288 243712 64
2116° 97336 ' 13181630464°" 1849 79507 ' 1323075987
(14 3456 243 ) 8019 1240029 531441,
49 ° 8575’ 52521875 20 ° 200 ' 10000

If
490000 ¢ — 136200t + 2401 = 0
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then we have two distinct triples (iy, 42, 43) which are in Q(y/2). Thus, there are
exactly 6 genus 2 curves C € L3 with automorphism group Dg and only four of
them have rational invariants.

ii) If G= D14 then C is isomorphic to a genus 2 curve in the form

Y2 =X+ X3 4+¢
as in Lemma 3. Then, Jy = —6(40t — 1) and
Jy = 324t(5t + 1), Jo = —162¢(740t> + 62t — 1), Jip = —729¢> (4t — 1)
Then the equation of L3 becomes:
(25t —4) (11t+4)° (20t —1)° (111320000t —60075600%> + 13037748t +15625)° = 0 (17)

For
4 4 1

T 250 11°20
the corresponding values for (i1,i2,13) are respectively:

64 1088 1 576 60480 243 5103 729

(? 25 ’84375)’ (ﬁ’ 6859’2476099)’ (81, 25 ’_12500)

It
111320000% — 60075600t + 13037748t + 15625 = 0

then there are three distinct triples (i1, 42, 43) none of which is rational. Hence,
there are exactly 6 classes of genus 2 curves C € L3 with Aut(C) = D15 of which
three have rational invariants.

iii) G2 Vy. There is a 1-dimensional family of genus 2 curves with a degree
3 elliptic subcover and automorphism group Vy given by ).

iv) Generically genus 2 curves C have Aut(C)=Zs. For example, every point
p € L3\ L2 correspond to a class of genus 2 curves with degree 3 elliptic subcovers
and automorphism group isomorphic to Zs. This completes the proof.

O

The theorem determines that there are exactly 12 genus 2 curves C € L3 with
automorphism group Dg or Dps. Only seven of them have rational invariants.
From Lemma 4, we have the following:

Corollary 1. There are exactly four (resp., three) genus 2 curves C defined over
Q (up to Q-isomorphism) with a degree 3 elliptic subcover which have automor-
phism group Dg (resp., Di2). They are listed in Table 1.

Remark 4. All points p in Table 1 are in the locus det(Jy) = 0. We have already
seen cases P1, P4, and pr as the exceptional points of det(Jy) = 0; see equation
(14). The class ps is a singular point of order 2 of ), ps is the only point which
belong to the degenerate case, and pg is the only ordinary point in ) such that
the order of Aut(p) is greater then 4.
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c p = (i1, 2, 13) es(p)|Aut(C)
p1|196X° + 196 X° + 81X | iy = 25 i = 1210029 jy — 53U | 9 | Dy
p2| 49X° +49X° + 12X | iy =28 gy =2802 = 0 | 1 | Dy
ps| 5X°+5X°+X ip = L ip = 350 g = 218 2 | Ds
pa|700X° + 700X° — 81X |iy = — 8009 iy = — 1200029 j; — 53144l 2 | Dy
ps|  25X°+25X% +4 1= 0y = — 1988 g = — 1 | D
pe| 11X°4+11X°%—4 iy = 370 iy = 00480 g = 208 1 | D
pr|  20X°+4+20X° +1 i1 = 81,0y = =513 iy = — 120 2 | Do

Table 1. Rational points p € L3 with |Aut(p)| > 4

5 Computing elliptic subcovers

Next we will consider all points p in Table 1 and compute j-invariants of their
degree 2 and 3 elliptic subcovers. To compute j-invariants of degree 2 elliptic
subcovers we use lemma 5 and the values of ¢ from the proof of theorem 1. We
recall that for pq, ..., py there are four degree 2 elliptic subcovers which are two
and two isomorphic. We list the j-invariant of each isomorphic class. They are
2-isogenous as mentioned before. For ps, pg, p7 there are two degree 2 elliptic
subcovers which are 3-isogenous to each other. To compute degree 3 elliptic
subcovers for each p we find the pairs (u,v) in the fiber #~1(p) and then use
equations (9). We focus on cases which have elliptic subcovers defined over Q.
There are techniques for computing rational points of genus two curves which
have degree 2 subcovers defined over Q as in Flynn and Wetherell [5]. Sometimes
the degree 3 elliptic subcovers are defined over Q even though the degree 2
elliptic subcovers are not; see Examples 2 and 6. These degree 3 subcovers help
determine rational points of genus 2 curves as illustrated in examples 2, 4, 5,
and 6.

Ezample 1. p = p1: The j-invariants of degree 3 elliptic subcovers are j = j' =
663. A genus 2 curve C corresponding to p is

C:Y?=X04+3X*-6X%2-8.

Claim: The equation above has no rational affine solutions.

Indeed, two of the degree 2 elliptic subcovers (isomorphic to each other) have
equations
&t Y?=12+32" — 62— 8
Ey: Y2 =82 — 62" + 3z +1
where z = X? (i.e. ¢ : C — & of degree 2 such that ¢(X,Y) = (X2,Y) ). The
elliptic curve & has rank 0. Thus, the rational points of C are the preimages of
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the torsion points of & . The torsion group of &£ has order 4 and is given by
TOT(gl) = {007 (_17 0)7 (2a 0)7 (_4a 0)}

None of the preimages is rational. Thus, C has no rational points except the
point at infinity.

Example 2. p = po: The j-invariants of the degree 2 elliptic subcovers are
76771008 + 44330496/3.

The point ps belongs to the degenerate locus with v = 0. Thus, the equation of
the genus 2 curve C corresponding to p is

C: Y?=(3X%+4)(X3+X).

Indeed, this curve has both pairs (C,€) and (C,&’) as degenerate pairs. It is the
only such genus 2 curve defined over Q. This fact was noted in [12] and [16].
Both authors failed to identify the automorphism group. The degree 3 coverings
are

(U, 1) = (X} + X, Y(3X? +1)), (U, Vo) = (Xig Y X? [ﬂﬁ)
1, V1) — ) ) 2,V2) — 3X2—|—4’ (3X2+4)2
and the elliptic curves have equations:
E: VE=21U} +4Uy, and &' : Vi=U3+U,.

& and &’ are isomorphic with j-invariant 1728. They have rank 0 and rational
torsion group of order 2, Tor(€) = {0, (0,0)}. Thus, the only rational points
of C are in the fibers ¢;'(0) and ¢, '(c0). Hence, C(Q) = {(0,0), 00}

Ezample 3. p = p3: All degree 2 and 3 elliptic subcovers are defined over Q(+/5).

Example 4. p = p4: The degree 2 elliptic subcovers have j-invariants

172 174
7 8000i 7 96000\5

2809 2809
where I?2 = —1. Thus, we can’t recover any information from the degree 2 sub-
covers. One corresponding value for (u,v) is (22, 23%). Then C is

C: 3%.Y?%= (100X +9)(2500X2 + 400X +9) (25X +9)(2500X 2 + 225X +9).

The degree 3 elliptic subcovers have equations

L

E: VEi= <7 (1007 — 3)(8575U7F — 2940U, + 108)
(18)
636
g V= ~ 29019 (1700U5 — 441)(1445000U% — 6961500 + 83853)

where Uy, Vi, Us, Vs are given by formulas in (9).
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Ezample 5. p = p5: The degree 2 j-invariants are j; = 0 and jo = —1228800
and the degree 3 j-invariants as shown below are j = j' = 0. Let C be the genus
2 curve with equation

C: Y?2=(X3+1)dX*+1)

corresponding to p. The case is treated separately in [17]. The degree 3 elliptic
subcovers have equations

E: V2=21U}+4, & : VF=-1627U3 —1)
where

X2 X3 -2 X 8X3 -1

(Ul’Vl):(X3+1’Y(X+1)2)7 (U2’V2):(4X3—|—1’Y(4X3+1)2)'

The rank of both £ and £’ is zero. Thus, the rational points of C are the preimages
of the rational torsion points of £ and £’. The torsion points of £ are Tor(€) =

{0, (0,2), (0, —2)}. Then ¢71(0) = {0, 00} and ¢7 *(00) = {~1, 1 + Y3}, Thus,
C(Q) = {(07 1)7 (07 _1)7 (_17 0)}

Example 6. p = pg: This point is in ) and it is not a singular point of ). It has
isomorphic degree 3 elliptic subcovers; see [17]. The corresponding (u,v) pair is
(u,0) = (20,16) and e3(p) = 1. Then the genus 2 curve has equation:

C: Y?=(256X"+320X%+ 16X + 1) (1024X3 + 256 X2 + 32X + 1)
The degree 3 elliptic subcovers have j-invariants j = 7' = —32768 and equations

E: VP =4(-5324U} + 968U% — 56U} + 1)

19
£ VE =113(—=32000 U3 + 35200 U3 — 12320 Uy + 113) (19)

where Uy, Vi, Us, Vo are given by formulas in (9).

Both elliptic curves have trivial torsion but rank » = 1. One can try to adapt
more sophisticated techniques in this case as Flynn and Wetherell have done for
the degree 2 subcovers. This is the only genus 2 curve (up to C-isomorphism)
with automorphism group D12 and isomorphic degree 2 elliptic subcovers. Indeed
all the degree 2 and 3 elliptic subcovers are C-isomorphic with j-invariants j =
—32768. The degree 2 elliptic subcovers also have rank 1 which does not provide
any quick information about rational points of C.

Ezxample 7. p = py7: All the degree 2 and 3 elliptic subcovers are defined over

Q(V5).

Throughout this paper we have made use of several computer algebra pack-
ages as APECS, MAPLE, and GAP. The interested reader can check [18] and [17]
for more details on loci Lo and L3. The equations for these spaces, j-invariants
of elliptic subcovers of the degree 2 and 3, and other computational aspects of
genus 2 curves can be downloaded from author’s web site.
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