SOME SPECIAL FAMILIES OF HYPERELLIPTIC CURVES

TANUSH SHASKA

ABSTRACT. Let EgG denote the locus of hyperelliptic curves of genus g whose
automorphism group contains a subgroup isomorphic to G. We study spaces
EgG for G2 Zn, Lo ®Zn,ZLa® Aa, or SLa(3). We show that for G = Zy,, Zo D Zn,
the space EgG is a rational variety and find generators of its function field. For
G =7 @ A4,SL2(3) we find a necessary condition in terms of the coefficients,
whether or not the curve belongs to Ega. Further, we describe algebraically
the loci of such curves for g < 12 and show that for all curves in these loci the
field of moduli is a field of definition.

1. INTRODUCTION

One of the most interesting problems in algebraic geometry is to obtain a gen-
eralization of the theory of elliptic modular functions to the case of higher genus.
In the elliptic case this is done by the so-called j-invariant of elliptic curves. In the
case of genus g = 2, Igusa (1960) gives a complete solution via absolute invariants
i1,142,13 of genus 2 curves; see [6]. Generalizing such results to higher genus is much
more difficult due to the existence of non-hyperelliptic curves. However, even re-
stricted to the hyperelliptic moduli £)4, the problem is still unsolved for g > 3. In
other words, there is no known way of identifying isomorphism classes of hyperel-
liptic curves of genus g > 3. In terms of classical invariant theory this means that
the field of invariants of binary forms of degree 2g + 2 is not known for g > 3.

In previous work we have focused on the loci EgG of hyperelliptic curves with G
embedded in the automorphism group. In [5] we introduced a way (via dihedral
invariants) of identifying isomorphism classes of genus g hyperelliptic curves with
non-hyperelliptic involutions. In this paper we study cases when the automorphism
group is isomorphic to one of the following: Z,,, Zo ® Z,,, Zo® A4, and SLo(3). This
is part of a larger project of the author of finding an algorithm which determines
the automorphism group of hyperelliptic curves via their invariants and determining
whether the field of moduli is the same as the field of definition; see [11].

The second section covers basic facts on automorphism groups of hyperelliptic
curves, Hurwitz spaces, and invariants of binary forms. Let X, denote a genus
g hyperelliptic curve defined over an algebraically closed field k of characteristic
zero, Aut(X,) its automorphism group, and z the hyperelliptic involution of X.
The group Aut(X,) := Aut(X,)/(z) is called the reduced automorphism group of
X,. In this paper we study hyperelliptic curves with reduced automorphism group
isomorphic to a cyclic group Z,, or A;. We determine the ramification signature o
of the cover ¢ : X; — P! with monodromy group G := Aut(X,) (cf. section 2.2 for
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details). Hurwitz spaces are moduli spaces of such covers i) which we denote by
H,. There is a map

&, He = M,

where M, is the moduli space of genus g algebraic curves. We denote by [g (o)
the image ®,(H,) in the hyperelliptic locus $,. Given a curve X, we would like to
determine if it belongs to the locus E? (o) and describe points p € Cg;(a). Hence,
in section 2.3 we introduce invariants of binary forms.

In section three, we study the case when TM(XQ) is a cyclic group Z,,. There are
three possible signatures and two types of groups that occur as full automorphism
groups, namely Zs, and Zy ® Z,,. We show that in all three cases Ef is a rational

d-dimensional variety and k(LS) = k(ui,...,us) with u := (uq,...,us) defined
in terms of the coefficients of the curve. There is a 1-1 correspondence between
nonsingular points of ﬁg and tuples u = (u1,...,us).

In section four, we focus on the case when Aut(X,)= A4. There are six possible
signatures of the cover ¢ : X, — P!. Three of these ramifications have Zy & Ay
as monodromy group and the other three have SLs(3). We find equations of these
curves in each case. We prove that if Aut(X,) = A4, then I4(X,) = 0 (cf. section
3). This gives a nice necessary condition of checking whether X} has automorphism
group Zo @ Ay or SLa(3).

In the last section we focus on zero or 1-dimensional subvarieties 65; of §, for
G275 ® Ay, SLy(3). In each case we find explicit equations of such varieties in
terms of G'Lo(k)-invariants of binary forms of degree 2g 4+ 2. This gives an efficient
algebraic way of determining if the automorphism group of a genus g < 12 is Zo P Ay
or SLy(3). Such a method can be easily generalized to higher genus. Further, we
show that for each X, € E?, g < 12, the field of moduli is the same as the field of
definition.

Notation: Throughout this paper k denotes an algebraically closed field of char-
acteristic zero, g an integer > 2, and X a hyperelliptic curve of genus g defined
over k. ), is the moduli space of hyperelliptic curves defined over k.

2. PRELIMINARIES

In this section we recall some basic facts about hyperelliptic curves and their
automorphisms, Hurwitz spaces, and invariants of binary forms.

2.1. Hyperelliptic curves and their automorphisms. Let k be an algebraically
closed field of characteristic zero and X, be a genus g hyperelliptic curve given by
the equation Y2 = F(X), where deg(F) = 2g + 2. Denote the function field of X,
by K := k(X,Y). Then, k(X) is the unique degree 2 genus zero subfield of K. K is
a quadratic extension field of k(X) ramified exactly at d = 29+ 2 places oy, ..., aq
of k(X). The corresponding places of K are called the Weierstrass points of K.
Let W :={ay,...,aq4} and G = Aut(K/k). Since k(X) is the only genus 0 subfield
of degree 2 of K, then G fixes k(X). Thus, Gy = Gal(K/k(X)) = (z9), with
22 =1, is central in G. We call the reduced automorphism group of K the group



SOME SPECIAL FAMILIES OF HYPERELLIPTIC CURVES 3

G := G/Gy. We illustrate with the following diagram:

K Xg
Z3 i Za
ol kX) o P

>
A

By a theorem of Dickson, G is isomorphic to one of the following: Zy, Dy, A4, Sa,
As with branching indices of the corresponding cover P! — P! /G given respectively
by

(n,n),(2,2,n),(2,3,3),(2,4,4),(2,3,5).

We focus on cases G2 Z,, A4, other cases are intended to be studied in [13].

2.2. Hurwitz spaces of covers ¢ : X; — Pl. Let M, be the moduli space of
curves of genus g > 2 and P! = P!(k) the Riemann sphere. Let ¢ : X; — P! be a
degree n covering with r branch points. By covering space theory, there is a tuple
(01,...,04) in S, such that o1 - -0, = 1 and G :=< 01,...,0, > is a transitive
group in S,. We call such a tuple the signature of ¢. We say that a permutation is
of type nP if it is a product of p disjoint n-cycles.

Conversely, let o := (01,...,0,) be a tuple in S,, such that o1 --- 0, = 1 and
G =< 01,...,0, > is a transitive group in S,,. We say that a cover ¢ : X — P!
of degree n is of type o if it has o as signature. The genus g of X depends only on
o (Riemann-Hurwitz formula). Let H, be the set of pairs ([f], (p1,...,pr), where
[f] is an equivalence class of covers of type o, and p,...,p, is an ordering of the
branch points of ¢. The Hurwitz space H, is a quasiprojective variety; see [3]. We
have a morphism

Op i He = M,
mapping ([f], (p1,- - .,pr) to the class [X] in the moduli space M,. Each component
of H, has the same image in M,,.
We denote by C' := (C1, ..., C,), where C; is the conjugacy class of o; in G. The
set of Nielsen classes N (G, C) is

NG, C):={(o1, ... ,00)| 0, €C;, G=<01,...,0.>, 01+ 0, =1}
Fix a base point A\g € P!\ S where S is the set of branch points. Then (P! \ S)

is generated by homotopy classes of loops 71,...,7,. The braid group acts on
N(G,C) as

[’Yz] : (Ul) L] 30-7‘) — (0-17 ceey o-i7170-i0-i+10-;17 Oiy 0i+27 cery 0’7‘)
The orbits of this action are called the braid orbits and correspond to the irreducible

components of H(G, C) := H,.

Lemma 2.1. Let X; be a genus g > 2 hyperelliptic curve with G = Zp, Ay.
Then, G := Aut(Xy), the dimension 6 of LY, the signature o, and the number of
involutions i(G) of G are as follows:

Proof. The proof is elementary and follows from results in [2]. O
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H Case‘ G ‘ G ‘(5:dim(£‘é)‘ 5 # ‘ o= (o1,...,0p) ‘Z(G) H

1 | Zy®Z, 221 | 540,1| (n2,n?2",...,2") 3

2 Zon |Z,| 221 (n?,2n,2",...,2") 1

3 Zon 21 §#0,1| (2n,2n,27,...,2") 1

4 Zo ® Ay % (38’387212’ ’212)

5 | Zo® Ay et (3%,64,212, ... 212) 7

6 | Zo® Ay | Ay o3 §#0 (6%,64,212 ... 212)

7 | SLy(3) 92 §#0 | (45,38,38 212 . 212)

8 | SLy(3) g4 (45,38,6%,212, ... 212) | 1

9 | SLy(3) 46 5§40 | (45,646,212, ... 212)

TABLE 1. Hyperelliptic curves with reduced automorphism group Z,,, A4

Let G :=Zy @ A4, SLy(3). Denote by H{, the Hurwitz space H(G, C) of covers
given in Table 1. Spaces HY, are irreducible. To show this we have to show that
there is only one braid orbit. By applying the braid action one can assume that
the signature is given as o = (01,032,035, ,...,a) where 01,09, 03 are as in Table 1,
and « is an involution. Thus, we are looking for 4-tuples (o1, 02,03, @) or 3-tuples
(01,02,03), depends whether r is even or odd, which are transitive in Ssy and
generate G. A computer search would show that there is only such braid orbit. For
r = 4 these spaces are genus zero curves as can be shown by a direct computation.
In section 5 we will describe these spaces algebraically.

Example 2.1. Let ¢ = 5. Then, 7—[‘2’, has genus 0. There are 6 Nielsen classes.
One of them is 0 = (a, o, 3, 1), where o, B are as below:

a= (1,2)(3,4)(5,6)(7,8)(9,10)(11,12)(13,14)(15, 16)(17, 18)(19, 20)(21, 22)(23, 24),
B= (1,2,3)(4,5,6)(7,8,9)(10, 11, 12)(13,14,15)(16, 17, 18)(19, 20, 21)(22, 23, 24).
Remark 2.1. An interesting problem would be to decide if ®,(H,) C H47? In other

words, are there any genus g non-hyperelliptic curves YV, such that there is a cover
Vi Yg — P! with signature as in Table 1.

For the rest of this paper E?(O‘) is denoted by ﬁg, since for each genus g there
is exactly one signature o.

2.3. Invariants of Binary Forms. In this section we define the action of GLs(k)
on binary forms and discuss the basic notions of their invariants. Let k[X, Z] be the
polynomial ring in two variables and let V; denote the (d+ 1)-dimensional subspace
of k[X, Z] consisting of homogeneous polynomials.

(1) f(X,2)=ao X+ o X Z + ...+ ag 2

of degree d. Elements in Vy are called binary forms of degree d. We let GLo(k) act
as a group of automorphisms on k[X, Z] as follows:

(@) M= (‘Cl Z) € GLy(k), then M <)Z(> - (gi%)

This action of GLo(k) leaves V; invariant and acts irreducibly on V.
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Remark 2.2. It is well known that SLy(k) leaves a bilinear form (unique up to
scalar multiples) on Vg invariant. This form is symmetric if d is even and skew
symmetric if d is odd.

Let Ag, Ay, ... , Ag be coordinate functions on V. Then the coordinate ring
of V can be identified with k[Ay, ..., Aq]. For I € k[Ay,..., Aq] and M € GLs(k),
define IM € k[Ay, ..., A4] as follows

(3) 1Y (f) = I(M(f))
for all f € Vg. Then IMYN = (I™)N and Eq. (3) defines an action of GLo(k)
on k[Ayp, ..., Ag]. A homogeneous polynomial I € k[Ay,...,Aq,X,Z] is called a
covariant of index s if
M(f) = 6°I(f),

where § = det(M). The homogeneous degree in ay, ..., a, is called the degree of I,
and the homogeneous degree in X, Z is called the order of I. A covariant of order
zero is called invariant. An invariant is a SLy(k)-invariant on Vj.

We will use the symbolic method of classical theory to construct covariants of
binary forms. Let

[(X,2)=>" (’Z) ;X" 7', and g(X,Z):=) (T) b X" Zi
=0 i=0

be binary forms of degree n and m respectively with coefficients in k. We define
the r-transvection

o m=n)n—r) < NV o f . g
(f,9) = kz::o( 1) (k) OXTk gzk Xk gZr—F

It is a homogeneous polynomial in k[X, Z] and therefore a covariant of order m +
n — 2r and degree 2. In general, the r-transvection of two covariants of order m,n
(resp., degree p, q) is a covariant of order m + n — 2r (resp., degree p + q).

For the rest of this paper F(X, Z) denotes a binary form of order d := 2g + 2 as
below

d d
_ i zd—i n\, yvigpn—i
(4) F(X7Z)—;a1XZ _;Q)blxz

where b; = ("_73!)! “ -a;, for i =0,...,d. We denote invariants (resp., covariants) of

binary forms by I (resp., Js) where the subscript s denotes the degree (resp., the
order). We define the following covariants and invariants:

I := (F, F)%, Juj = (F,F)7% 5 =1,...,9,
Iy o= (Jy, Ju)?, Ih = (Js, )%,
(5) Lo = ((F,Ja)*, (F, Jo)") ", I = ((F, Js)®, (F, Jg)®)* %,
I§ o= ((F, Ji2) "2, (F 1)) 712, I3 = (FLJg)Y,
M = ((F, Jy)*, (F, Jg)®)4-19, Io == (M, M)?

Absolute invariants are called G Lo (k)-invariants. We define the following absolute
invariants:
LB LI I3 (Is)?
1= 722, l2 = 723, 13 = TS, J1 = IT,?’ J2 = I?’ S1:= Ty’ S2 1= T1
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L ()L (1)
Ul.—Ig,UQ.— Igl ,Ug.—Ié,U4.— .
In the case g = 10 and I15 = 0 we define

Ig = ((F» J16)167 (Fv J16)16)d716)7
(6) S = (Jra, J16) "%,

If? = ((J1675)47 (J16vs)4)12

and It
6
U5 (= ——.
T I
For a given curve X, we denote by I(X,) or i(X,) the corresponding invariants.

Remark 2.3. We will only perform computations on subvarieties E? C $Hg of
dimension § < 1, hence don’t need other absolute invariants.

3. THE REDUCED AUTOMORPHISM GROUP IS CYCLIC

Let Aut(X,)2Z,. Then, ¢ : P! — P! has signature (n,n). We identify the
branch points of ¢ with 0, o0 and the ramified points in their fibers by 0, co respec-
tively. Hence, ¢(X) = X™. We denote by V := ¢~1(0) U ¢~1(00). In this section
e; denotes the ¢-th root of unity, G and § are as in first three cases of Table 1.
Case 1: If VN W = (), then n|2g + 2 and the equation of the curve is

t
V2 =][x"—a)

i=1

where ¢;’s are the branch points of ¢ : X; — P! not in {0,00} and ¢t = %.
Let aq,...,a; denote the symmetric polynomials in ¢1, ..., q. Further we can take
q1 ---q: = 1. Hence the equation of the curves is

(7) Y2 — X2g+2 +a1Xn(t—1) 4+t CLan(t_i) 4o +a5X” +1.

We need to determine to what extent the normalization above determines the co-
ordinate X. Let v generate Z,. Then, v(X) = e,X. This condition determines
the coordinate X up to a coordinate change by some o € PGLsy(k) centralizing ~.
Such « satisfies a(X) = mX or a(X) = %, m € k\ {0}. The additional condition
(—=1)tqy - - - -q = 1 forces

(=)' v(q1) - v(q) = 1.

Hence, m! = 1. So X is determined up to a coordinate change by the subgroup
H =Dy, of PGLo(k) generated by 71 : X — X, 0 : X — where €; is a
primitive ¢-th root of unity.

Case 2: If [V NW)| =1 then 0 or oo is a Weierstrass point. Then, n|2g + 1 and
the equation of the curve is

1
x>

t

V2 =T[(X" - )
i=1
where ¢;’s are the branch points of ¢ : X; — P! and t = 2gn—+1. Hence the equation
of the curve is

(8) Y2 = X291 p g Xm0 4 g X 1
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Then X is determined up to a coordinate change by the subgroup H := (11, 72) of
PGLs(k) such that 71 : X = e, X, 70 : X — %
Case 3: If |V NW| = 2 then n|2g and the curve has equation
(9) V2= X(X" 4+ a0, X"07D 4o g X 4 1)
29

where ¢ = 2. Then X is determined up to a coordinate change by the subgroup
H := (11, 72) of PGLy(k) such that 7: X = &, X, 0 : X — %

Now we consider all three cases. H acts on k(aq,...,as) as follows:
Ty a; — e Ma;, for i=1,...,6
) o+1
Ty : a; — ai_;, for zzl,...,[T]

Thus, the fixed field k(a1,...,as) is the same as the function field of the variety
C?. We summarize in the following:

Lemma 3.1. k(ﬂ?) =k(ay,...,a5)".

The following

(10) u; 1= atl_i a; + af;_i ai_q, for 1<i<$é
are called dihedral invariants for the genus g and the tuple

u:= (ug,...,us)

is called the tuple of dihedral invariants. It can be checked that u = 0 if and only
if a1 = as = 0. In this case replacing a1, as by as,as_1 in the formula above would
give new invariants. We would focus in the case that u # 0, as the other cases are
simpler. The next theorem shows that the dihedral invariants generate k(£S).

Theorem 3.1. Let E? be as in cases 1, 2, 8, of Lemma 2.1. and 6 = dim(ﬁgc).
Then, k:(ﬁgc) = k(ug,...,us).

Proof. The dihedral invariants are fixed by the H-action. Let u = (uq,...,us) be
the d-tuple of dihedral invariants. Hence, k(1) C k(ﬁ?). Thus, it is enough to show
that [k(aq1,...as) : k(u)] = 2t. For each 2 < i < § — 1 we have

af7i+1ai + agﬂ'ﬂa(g,iﬂ = u;

ajas ;11 +a5a; = us_;11

giving a;, a;—; € k(u,a1,as). Then, the extension k(a1,...,as)/k(u1,...,us) has
equation
(11) 2! azt —2'upal+ul ;=0

This completes the proof.
O

Remark 3.1. If n = 2 then G = V. Then L’? = L, where L, is the locus of
hyperelliptic curves with extra involutions; see [5]. A nice necessary and sufficient
condition is found in [11] in terms of the dihedral invariants for a curve to have
more then three involutions in the reduced automorphism group. More precisely, for
such curves the relation 29~ 1u? — ugH =0 holds.
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4. THE REDUCED AUTOMORPHISM GROUP IS ISOMORPHIC TO A4

In this section we study genus g hyperelliptic curves X, with m(Xg)%A4.
Thus, A4 is the monodromy group of a cover ¢ : P! — P! with signature & :=
(01,09,03) of type (26, 3%, 3%); see Table 1. We denote by ¢, g2, g3 the corresponding
branch points of ¢. Let S be the set of branch points of ¢ : X, — P!. Clearly
q1,492,93 € S. As above W denotes the images in P! of Weierstrass points of X,
and V = U3_, 67 (q:).

Lemma 4.1. Let V,W be as above and g # 2,3,6. Then the following hold:

i) if [VNW|=0,4,8, then Aut(Xy) =7y ® As and g = —1,1,3 mod 6 respec-
tively,

it) if |[VNW| =6,10,14, then Aut(Xy)=SLy(3) and g =2,4,0 mod 6 respec-
tively.

Proof. Assume that |[VNW| = 0. Then, ¢(w;) are branch points of ¢. By Riemann-
Hurwitz formula 2g+2 =0 mod 12. Then, g = —1 mod 6. The number of branch
points of ¢ : X, = Pt isr =3 + 91%1. If [V NW| = 4 then either ¢~ (q2) C W
or ¢~(qz) C W. Hence, 29 —2 =0 mod 12 or g =1 mod 6. If [V NW| =8
then ¢~1(¢;) C W for i = 2,3. Thus, 29 — 6 =0 mod 12 or g = 3 mod 6. In all
cases o7 lifts to a non hyperelliptic involution in G. Hence G has more then one
involution. Hence, Aut(Xy) =Zy @ As.

If [VNW| =6,10,14 then ¢~ 1(q1) C W, ¢~ (q;) C W fori = 1,2, ¢~ (q;)) C W
for ¢ = 1,2,3 respectively. Thus, g = 2,4,0 mod 6. In all cases o7 lifts to an
element of order 4 in Aut(X,). Thus, Aut(Xxy) has only the hyperelliptic involution.
Hence, Aut(X,) = SLy(3). O

Remark 4.1. When G =27y ® Ay then the curve has seven involutions as seen in
Table 1. Thus, those curves belong to the locus Ly of curves with extra involutions

studied in [5].

Let ¢ : P* — P! be as above with monodromy group A4. Then, the signature is
o = (01,09, 03), where g1 is an involution and o9, o3 are elements of order 3 in S}s.
We choose branch points q; = 0o, go = 6iv/3, and g3 = —6iy/3, where i = —1.
We choose a coordinate X in P! such that ¢(0) = ¢(c0) = ¢(1) = co. Solving the
corresponding system of equations we find that

12 8 4
o= Kot
Thus, the points in the fiber of ¢1, ¢2, g3 are the roots of the following polynomials:
R(X) = X(X*—1),
S(X) = X*—-2iV/3X%+1,
T(X) = X*+2iV3X%+1.
Let \; € P!\ S be a branch point of the cover ¢ : X; — P'. Thus, A\? + 108 # 0.
Then points of ¢~ 1()\;) are roots of the polynomial
(12) Gi(X) =X -\ X1 —33x% 420, X% — 33X4 — N\, X2 + 1.
G;(X) has distinct roots for A? # 108.

Remark 4.2. The rational function ¢(z) generates the fized field of As in k(X).
It was known to Klein and has appeared many times in the literature since. Indeed,
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we picked the coordinate X in P! such that our expression of ¢(X) would be in this
form.

We now can compute the equation of the curve in all cases 4-8 of Table 1. If
W NV =0 then the equation of the curve is Y2 = G(X) where

)
G(X) =[] Gr(X)

and § = QTH; see Lemma (4.1). If $=*(¢q;) C W then the polynomial corresponding
to ¢; multiplies G(X). Hence, we have the following:

Lemma 4.2. The equations of the curve Xy in each case are given by:

H G ‘ ) ‘ Equation Y? = H
Zo® Ay | L5 G(X)
Zo® Ay | 5 (X*+2iv3X2 +1) - G(X)
Zo® Ay | 52 (X8 +14X* +1) - G(X)
SL(3) | 452 X(X*-1)-G(X)
SLy(3) | L2 | X(X* —1)(X* +2iv3X2+1) - G(X)
SLy(3) | L2 | X(X*—1)(X8+14X*+ 1) G(X)

TABLE 2. Hyperelliptic curves X, with Aut(X,) isomorphic to A4.

Remark 4.3. From the group theory viewpoint we have o1(X) : X — —X and

oy X — %, where 12 = —1. It is easily checked that 01,09 generate Ay. Let
t € W. The orbit of Ay in W is
t—1 t+1 t+1 t—11 t—1 t+1 t+i1 t—1 1

) -y 1 ) -y 1 77a_t7_ -5 0 T =5 0 LA
t+1 t—11t—1 t+1'1¢ t+4¢ t—-1 t—i t+1 ¢
We label these points as aa, . ..,012. Then, the polynomial G;(X) = Hllil(x — ;)

is the polynomial in (12) where \; = %

Let X, be a given curve. When does &; belong to one of the above cases? Can
we find a condition on the coefficients of the curve such that |[Aut(X,)| = 24? The
following lemma determines a necessary condition that |[Aut(X,)| = 24.

Lemma 4.3. Let X, be a curve with Aut(X,)= Ay. Then I4(X,) = 0.

Proof. Computationally we show that I,(G;) = 0. Then, lemma follows from prop-
erties of transvections.
O

5. APPLICATIONS, SUBVARIETIES E? OF DIMENSION 6 < 1

In this section, we study in more detail subvarieties Lg in Table 1, of dimension
d <1 when GX=Zsy & Ay, SL2(3). We determine invariants which classify isomor-
phism classes of such curves. These invariants are used to prove that the field of
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definition of such curves is the same as the field of moduli. For curves with auto-
morphism group Zs @ Ay this is a consequence of Theorem 4.2., in [11] and holds
for any genus. However, no results are know for curves with automorphism group
SL5(3). Proposition 5.2.; addresses this question for g < 12. From equations in
Table 2 we get the following lemma:

Lemma 5.1. Let X; be a hyperelliptic curve of genus g < 12. Then.
i)ifg=4then =TIy =1I,=1I5=0
i) if g=5,9,12 then I, = Is =0
iii) if g ="7,10 then [ = Iy = I, = I} =0
) if g =8 then I, = 0.

Then we define p(X;) as follows:

01, if g =4,

(i1,42), fg=25,9, and I #0

0o, ifg=>5,9, and I, =0

(J1,J2), ifg="7, and I3 #0

p(Xy) == (p1,p2) =4 Y3, ifg=1, andI3=0
(i1,13), fg=8,12, and I #0

Uy, ifg=28,12, and I, =0

(s2,81), ifg=10, and I;5 #0

V5, if g=10, and [1o =0

The following theorem uses these invariants to parametrize spaces Ef, where G = Zo®
Ay, SLy(3). In the case that 6 = 1 these spaces are genus 0 curves. This can be
proved via Hurwitz spaces, as noticed in Section 2. However, the next theorem
provides an algebraic description of such spaces.

Theorem 5.1. Let X, X; be genus g < 12 hyperelliptic curves with automorphism
group Zo @ Ayg, SLo(3). Then, Xy = Xg' if and only if p(X,) = p(X!;), Moreover, the
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moduli space ﬁ? can be parametrized as follows:

G. _ (49 (50-480)% 10 0 (50+30492)% L _ _ox
Ls' b= (3630 (56+920)2> 37051 (3649203 )0 Ond P = gsm, i p= 75
rs . _ (.6 (97p41606)2 (871> +528+2596)2

7o b=z (109334495662 —838068+1549769)2 ?

301158 (61> —44—6556)2 (20214241496 —157476)
30625  (1093u3+49566.2 —838068u+1549769)2

and 8000000 p® — 404568000 p> — 31666132872 p + 308290455 = 0,
if 109347 + 495664% — 8380684 + 1549769) = 0.

rS . _ 49 (279u+15028)2 1 p(3675u-+3321188)°2
8 - b 11236320 (7u+884)2 ’ 1360026486 (7Tu+884)3
_ 233014 _ 884
and p= 53.74.136 > 7’f ===
rS . _ 605 (9u—7200)2 90 1(157p479420)2
9 - b 5633766 (3u+836)2 ' 370680937  (3u+836)3
_ 295012 __ 836
and p=—"=5 Zfﬂ—_T~
rG . _ (147 (181u+1598)2 (3813u>+159121—39236)
10 - b= { g0250 (251u—782)2 (115u2 —6811—6596)2 ’

5007792000  (7877u%+3128u—374884)% (1152 —681,—6596)>
121 (251—782)2(181p+1598)2 (3813u2+159121—39236)2

if (251 — 782) (11542 — 681 — 6596) (1814 + 1598) (38134 + 159124 — 39236) = 0
_ __ 950367275 (402998158u2—4363415636u+25170477u3+13083554824)4

then P= —50168.Q ~ (126827742 —5261568u+ 18120548)2 (— 287844+ 795012 —657561)2

1
2283846599614 —221961813189483 +185588379432544 2 —4472754889031521+658755318269936

rS . _ 1 (66111—501500)2 56 1 (209331, —5686500)2
12 - b 268203000 (11p+1700)2 ° 284015801875 (11p+1700)2
_ 2.3%.5.414 . _ 1700
and p= 74112172 Zf H=—=7
G . __ 1764
Ly b=

Proof. The proof of the theorem is computational. Let X; be a hyperelliptic curve
of g < 12 with Aut(X,)=Zy & A4, or SLy(3). From Lemma 2.1. we have g =
4,5,7,8,9,10,12. If g = 4 then the curve is isomorphic to
Y2=X3BX*+1)BX*+6X%-1),
hence p(X,) = 1784
For other cases we compute p where the equation of the curve is given as in
Table 2. If g = 5,8,9, 10, 12, we substitute u = A\? and get expressions in (13). For
g = 7,10 we substitute p := A\y/—3 and get p is as in (13).
O
In each case one can find an equation for Eg by eliminating p. Each nonsingular
point p € ﬁ? correspond to a hyperelliptic curve X; (up to isomorphism) with
automorphism group G. One can show that singular points of E? corresponds to
hyperelliptic curves X, such that G is a proper subgroup of Aut(X,).

Example 5.1. Let g = 5. Then eliminating p from equations of E‘E’; we get
(13) 492075003 — 2822442 — 164025i2 — 136080417y + 6726y + 1620i; — 4 =0
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There is only one singular point p = (0, 8%1) € LY. The genus 5 curve corresponding
to this point has equation

484 968 484
TX10 —33X8% + ?X(‘ —33X%— ?XQ +1

Y2 _ X12 _
One can show that this curve has automorphism group of order 48. It is the only
genus & hyperelliptic curve (up to isomorphism) with automorphism group of order

/8.

5.1. Field of moduli versus field of definition. Let X be a curve defined over
k. The field of moduli of X is a subfield F' C k such that for every automorphism
o of k X is isomorphic to X7 if and only if o = id. The field of moduli is not
necessary a field of definition.

In [11] we conjectured that the field of moduli is the field of definition for all
hyperelliptic curves with extra automorphisms (i.e., automorphism group of order
> 2). Moreover, it is a corollary of Theorem 4.2. in [11], that field of moduli is the
field of definition for all hyperelliptic curves X; which have more than 3 involutions.
As a consequence this is the case for curves X’ with Aut(X') = Zo ® A4 (see Table 1
for the number of involutions). This is done in [11] via dihedral involutions. Since
every curve with automorphism group Zs @ A4 has an extra involution then its
equation can be written as

Y? = F(X?).

Then the field of moduli is determined by the g-tuple of dihedral invariants u =
(u1,...,uq). The reduced automorphism group of the curve has another involution
if and only if

(14) 29T ] — It =0

In this case we give an equation of the curve in terms of the dihedral invariants
Ui, ..., ug, see [11] for details. We illustrate this method with the case g = 5.

Example 5.2. Let g =5 and X5 € LZ,. Then,
V2= X" - AX"0 - 33X% +20X0 - 33X"' - AX? +1
Dihedral invariants of this curve are:
up = 208wy = =660, ug = —4MY, uy = —66)%, us = 2)2,

see (10) for their definitions with n = 2. It can be easily checked that (14) holds.
Hence, the field of moduli is the same as the field of definition from results in [11].

Let X be a curve which belongs to one of the spaces in (13). Then the field of
moduli is determined by p(X) = (p1,p2). The field of moduli is a field of definition
if one can find a curve ) isomorphic to X and with coeflicients given as rational
functions in p1, po.

Proposition 5.1. Let p € E? and p the parameter of Theorem (5.1.). Then, X,
such that p = [X,] is isomorphic to
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Xs: Y?= M(X),

Xy Y?=(3X"+6X2-1)
(27X 27X +297X® — 18X°% — 99X* + 3uX? + 1),

Ag: Y?2=X(uX*—1)M(X)

Xo: Y= (p? X84+ 14pX* +1) M(X),

Xpo: Y =X@BX'+1)(BX*+6X%-1)
(27X'2 — 27X +297X% — 18X6 — 99X* + 3uX?% + 1),

Xig: Y2 = X(puX* - 1) (X8 4+ uX +1) M(X),

where M(X) := p® X2 — 3 X10 3342 X8 + 22 X6 - 33 X4 — p X2 4+ 1.

(15)

Proof. For the computationally minded reader, simply compute the invariants in
each case. These invariants are the same as given in (13). Thus, the curve corre-
sponds to p. However, it is important to know explicitly the isomorphism between
curves in (13) and curves in (15).

Fix p € £, as in (13). Let g = 5,8,9,12. Then the curve X, given in Table 2
corresponds to p (in all cases) since that is how we computed p. Let X = vA X
and u = A% and we get equations as in (15). Since, u = A? in all these cases of
Theorem 5.1., then the proof is complete.

Let g = 7. The equation of the curve is

Y2 = (X*+2V/-3X2 +1)G1(X)

Let p := Ay/—3 and perform the transformation X — (—3)%X. Hence, the curve
is isomorphic to X7 in (15). The case g = 10 goes the same way as g = 7. 0

Proposition 5.2. Let X be a hyperelliptic curve of genus g < 12 such that Aut(X) = Ay.
Then, the field of definition of X is the same as the field of moduli. Moreover, the
equation of the curve in terms of its invariants is given in (15).

Proof. In each case of (13) it is easily shown that u is a generator of k(p1,p2) (i-e.,
1 can be expressed as a rational function in terms of pi,p2).
(|

There is no particular reason why we focused on g < 12. Indeed the same
technique can be used for higher genus. However, there is no obvious way to
generalize Proposition 5.2. to any genus g in the case when the group is SLy(3).
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