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Abstract. Genus 2 curves have been an object of much mathematical
interest since eighteenth century and continued interest to date. They
have become an important tool in many algorithms in cryptographic
applications, such as factoring large numbers, hyperelliptic curve cryp-
tography, etc. Choosing genus 2 curves suitable for such applications
is an important step of such algorithms. In existing algorithms often
such curves are chosen using equations of moduli spaces of curves with
decomposable Jacobians or Humbert surfaces.

In these lectures we will cover basic properties of genus 2 curves, mod-
uli spaces of (n,n)-decomposable Jacobians and Humbert surfaces, mod-
ular polynomials of genus 2, Kummer surfaces, theta-functions and the
arithmetic on the Jacobians of genus 2, and their applications to cryp-
tography. The lectures are intended for graduate students in algebra,
cryptography, and related areas.

Keywords. genus two curves, moduli spaces, hyperelliptic curve cryptography,
modular polynomials

1. Introduction

Genus 2 curves are an important tool in many algorithms in cryptographic ap-
plications, such as factoring large numbers, hyperelliptic curve cryptography, etc.
Choosing such genus 2 curves is an important step of such algorithms.

One of the techniques in counting such points explores genus 2 curves with
decomposable Jacobians. All curves of genus 2 with decomposable Jacobians of a
fixed level lie on a Humbert surface. Humbert surfaces of level n = 3,5, 7 are the
only explicitly computed surfaces and are computed by the first author in [61],
(63], [49].

In these lectures we will cover basic properties of genus 2 curves, moduli
spaces of (n,n)-decomposable Jacobians, Humbert surfaces of discriminant n?,
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modular polynomials of level N for genus 2, Kummer surfaces, theta-functions,
and the arithmetic on the Jacobians of genus 2.

Our goal is not to discuss genus 2 cryptosystems. Instead, this paper develops
and describes mathematical methods which are used in such systems. In the
second section, we discuss briefly invariants of binary sextics, which determine a
coordinate on the moduli space Ms. Furthermore, we list the groups that occur
as automorphism groups of genus 2 curves.

In section three, we study the description of the locus of genus two curves
with fixed automorphism group G. Such loci are given in terms of invariants of
binary sextics. The stratification of the moduli space My is given in detail. A
genus two curve C with automorphism group of order > 4 usually has an elliptic
involution. An exception from this rule is only the curve with automorphism group
the cyclic group Cig. All genus two curves with elliptic involutions have a pair
(E, E') of degree 2 elliptic subcovers. We determine the j-invariants of such elliptic
curves in terms of C. The space of genus 2 curves with elliptic involutions is an
irreducible 2-dimensional sublocus L2 of My which is computed explicitly in terms
of absolute invariants i1, 40,73 of genus 2 curves. A birational parametrization of
L5 is discovered by the first author in [66] in terms of dihedral invariants u and v.
Such invariants have later been used by many authors in genus 2 cryptosystems.

In section four, we discuss the theta functions. In the first part of this section
we define 16 theta functions and the 4 fundamental theta functions. A description
of all the loci of genus two curves with fixed automorphism group G is given in
terms of the theta functions. In detail this is first described in [67] and [58] In
section five, we study the genus two curves with decomposable Jacobians. These
are the curves with degree n elliptic subcovers. Their Jacobian is isogenous to a
pair of degree n elliptic subcovers (E, E'). For n odd the space of genus two curves
with (n,n)-split Jacobians correspond to the Humbert space of discriminant n?.
We state the main result for the case n = 3 and give a graphical representation
of the space. In each case the j-invariants of F and E’ are determined.

In the last section we describe a Maple package which does computation with
genus 2 curves. Such package computes several invariants of genus two curves
including the automorphism group, the Igusa invariants, the splitting of the Ja-
cobian, the Kummer surface, etc. These lectures will be suitable to the graduate
students in algebra, cryptography, and related areas who need genus two curves
in their research.

Notation: Throughout this paper a genus two curve means a genus two irreducible
algebraic curve defined over an algebraically closed field k. Such curve will be
denoted by C and its function field by K = k(C). The field of complex, rational,
and real numbers will be denoted by C,Q, and R respectively. The Jacobian of
C will be denoted by Jac C' and the Kummer surface by X(C') or simply Jo, K¢
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2. Preliminaries on genus two curves

Throughout this paper, let k be an algebraically closed field of characteristic zero
and C' a genus 2 curve defined over k. Then C' can be described as a double cover
of P! (k) ramified in 6 places wy, ..., ws. This sets up a bijection between isomor-
phism classes of genus 2 curves and unordered distinct 6-tuples wy, . . ., wg € P*(k)
modulo automorphisms of P!(k). An unordered 6-tuple {w;}%_; can be described
by a binary sextic (i.e. a homogenous equation f(X,Z) of degree 6).

2.1. Invariants of binary forms

In this section we define the action of GLs(k) on binary forms and discuss the
basic notions of their invariants. Let k[X, Z] be the polynomial ring in two vari-
ables and let V; denote the (d + 1)-dimensional subspace of k[X, Z] consisting of
homogeneous polynomials.

f(X,2) = ao X+ a, X Z + ... +agZ° (1)

of degree d. Elements in V; are called binary forms of degree d. We let G Lo (k)
act as a group of automorphisms on k[ X, Z] as follows:

_fab X\  [(aX+bZ
= (0 conin wo w(2)= (A1)
This action of GLs(k) leaves Vg invariant and acts irreducibly on Vy. Let Ay,
Ay, ..., Ay be coordinate functions on V. Then the coordinate ring of Vy can

be identified with k[Ao, ..., Aq]. For I € k[Ao, ..., Aq] and M € GLy(k), define
IM € k[Ay, ..., A4] as follows

IM(f) = I(M(f)) (3)

for all f € V4. Then IMY = (I™)N and Eq. (3) defines an action of GLy(k)
on k[Ap, ..., Aq]. A homogeneous polynomial I € k[Ay,...,Aq4,X,Z] is called a
covariant of index s if

M(f) = 6°1(f)
where § = det (M). The homogeneous degree in Ay, ..., A, is called the degree
of I, and the homogeneous degree in X, Z is called the order of I. A covariant of

order zero is called invariant. An invariant is a SLy(k)-invariant on Vj.
We will use the symbolic method of classical theory to construct covariants

of binary forms. Let
(?) aanfi Zi,

<T) ban_i Zi

f(X,2):
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be binary forms of degree n and m respectively in k[X,Z]. We define the r-
transvection

r Nk (T, oIy
(f,9)" = ck ICZ:;)( 1) <k) AXr—k gyk HXFk gyr—Fk (5)

where ¢, = W It is a homogeneous polynomial in k[X, Z] and therefore

a covariant of order m + n — 2r and degree 2. In general, the r-transvection of
two covariants of order m, n (resp., degree p, q) is a covariant of order m +n — 2r
(resp., degree p + q).

For the rest of this paper F'(X, Z) denotes a binary form of order d := 2g + 2
as below

d d
irzd—i n irrn—i
F(X,2)=) aX'247" =) <Z> biX'Z (6)
i=0 i=0

where b; = ("7;!)! it ai, for i = 0,...,d. We denote invariants (resp., covariants)
of binary forms by I, (resp., Js) where the subscript s denotes the degree (resp.,
the order).

Remark 1. It is an open problem to determine the field of invariants of binary
form of degree d > 7.

2.2. Moduli space of curves

Let M5 denote the moduli space of genus 2 curves. To describe M5 we need to find
polynomial functions of the coefficients of a binary sextic f(X, Z) invariant under
linear substitutions in X, Z of determinant one. These invariants were worked out
by Clebsch and Bolza in the case of zero characteristic and generalized by Igusa
for any characteristic different from 2; see [12], [37], or [66] for a more modern
treatment.

Consider a binary sextic, i.e. a homogeneous polynomial f(X,Z) in k[X, Z]
of degree 6:

f(X,Z2) =a¢X® +asX°Z + -+ apZ°.

Igusa J-invariants {Jo;} of f(X,Z) are homogeneous polynomials of degree 2i
in klag,...,aq), for i = 1,2,3,5; see [37], [66] for their definitions. Here Jyg is
simply the discriminant of f(X, Z). It vanishes if and only if the binary sextic
has a multiple linear factor. These Js; are invariant under the natural action of
SLs(k) on sextics. Dividing such an invariant by another one of the same degree
gives an invariant under GLy(k) action.

Two genus 2 curves) in the standard form Y2 = f(X,1) are isomorphic if
and only if the corresponding sextics are G Lo (k) conjugate. Thus if T is a GLa(k)
invariant (resp., homogeneous SLy(k) invariant), then the expression I(C) (resp.,
the condition I(C) = 0) is well defined. Thus the GLz (k) invariants are functions



on the moduli space My of genus 2 curves. This My is an affine variety with
coordinate ring

kE[Ms] = E[ao, .. ., as, Jfol]GLa(k)

which is the subring of degree 0 elements in k[Jg,...,Jlo,Jfol}. The absolute
mvariants
Joo Jady — 3Jg J10

i = 144J22, g := _1728J7§” ig 1= 486(1—257
are even GLo(k)-invariants. Two genus 2 curves with Jo # 0 are isomorphic if
and only if they have the same absolute invariants. If J, = 0 then we can define
new invariants as in [64]. For the rest of this paper if we say “there is a genus 2
curve C' defined over k£” we will mean the k-isomorphism class of C.

The reason that the above invariants were defined with the Jy in the denom-
inator was so that their degrees (as rational functions in terms of aq,...,ag) be
as low as possible. Hence, the computations in this case are simpler. While most
of the computational results on [61], [63], [49] are expressed in terms of i1, 42,13
we have started to convert all the results in terms of the new invariants

.]5
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2.8. Automorphisms of curves of genus two

Let C be a genus 2 curve defined over an algebraically closed field k. We denote
its automorphism group by Aut(C) = Aut(K/k) or similarly Aut(C). In any char-
acteristic different from 2, the automorphism group Aut(C) is isomorphic to one
of the groups given by the following lemma.

Lemma 1. The automorphism group G of a genus 2 curve C in characteristic
# 2 is isomorphic to Cs, Cig, Vi, Dg, D12, C3xDg, GL3(3), or 2T S5. The case
G =2%S5 occurs only in characteristic 5. If G=Z3xDg (resp., GLo(3)), then C
has equation Y2 = X% — 1 (resp., Y2 = X(X* —1)). If G=Cy, then C has
equation Y2 = X% — X

For the rest of this paper, we assume that char(k) = 0.

3. Automorphism groups and the description of the corresponding loci.

In this section we will study genus two curves which have and extra involution in
the automorphism group. It turns out that there is only one automorphism group
from the above lemma which does not have this property, namely the cyclic group
C1o. However, there is only one genus two curve (up to isomorphism) which has
automorphism group C1y. Hence, such case is not very interesting to us.

Thus, we will study genus two curves which have an extra involution, which
is equivalent with having a degree 2 elliptic subcover; see the section on decom-
posable Jacobians for degree n > 2 elliptic subcovers.



8.1. Genus 2 curves with degree 2 elliptic subcovers

An elliptic involution of K is an involution in G which is different from zy (the hy-
perelliptic involution). Thus the elliptic involutions of G are in 1-1 correspondence
with the elliptic subfields of K of degree 2 (by the Riemann-Hurwitz formula).

If z; is an elliptic involution and zy the hyperelliptic one, then z5 := zg 21
is another elliptic involution. So the elliptic involutions come naturally in pairs.
This pairs also the elliptic subfields of K of degree 2. Two such subfields F; and
E5 are paired if and only if E1 Nk(X) = Ex Nk(X). E7 and Ey are G-conjugate
unless G= Dg or G=Vj.

Theorem 1. Let K be a genus 2 field and es(K) the number of Aut(K)-classes

of elliptic subfields of K of degree 2. Suppose ea(K) > 1. Then the classical
inwvariants of K satisfy the equation,

—J3 3 + 87487105 J2507384000J%J3 J2 — 192456002 J4J5 — 592272105 J2
—81J3J§ — 349920010 J2J¢ + 4743360J10J3 J2Js — 8709121072 J3 J6
+1332J3 J4 Js — 125971200000J3, + 384J% Jg + 41472J10J3 + 15972 J3

—47952J2J4J¢ + 10497600072, J5 Jo — 17285 J2 Jg + 6048J4 Jo JZ + 10875 J4J3  (7)

+12J5 T3 Js + 2937673 J7 J3 — 8910J5 J3 J3 — 2099520000 J4Js — 236196J%,J5
+31104J2 — 69125 J24 + 972J10J8 JZ + 77436105 J5 — 78J5 T3

+3090960J10J4 J2JZ — 5832J10J5 JuJs — 80J Jo — 5475 J2J2 — 9331200J19J2J2 = 0

Further, ea(K) = 2 unless K = k(X,Y) with
V?=X"-X
in which case ex(K) = 1.

Lemma 2. Suppose z1 is an elliptic involution of K. Let zo = 2129, where 2y
is the hyperelliptic involution. Let E; be the fized field of z; for i = 1,2. Then
K =k(X,Y) where

Y2=X0 5, X" +5,X2 1 (8)

and 27 — 185182 — 8253 + 453 + 4s3 # 0. Further Ey and Ey are the subfields
k(X2Y) and k(X% Y X).

We need to determine to what extent the normalization above determines
the coordinate X. The condition z;(X) = —X determines the coordinate X up
to a coordinate change by some v € T' centralizing z;. Such ~ satisfies y(X) =
mX or y(X) = %, m € k\ {0}. The additional condition abc = 1 forces 1 =
—(a1)...7v(ag), hence m® = 1. So X is determined up to a coordinate change
by the subgroup H = D¢ of T" generated by 7 : X — X, 50 X — %, where
&6 is a primitive 6-th root of unity. Let & := &2. The coordinate change by 71
replaces s1 by €352 and sp by £3s5. The coordinate change by 7o switches s; and
So. Invariants of this H-action are:



U= 5189, U:=55+ 55 (9)

Remark 2. Such invariants were quite important in simplifying computations for
the locus Lo. Later they have been used by Duursma and Kiyavash to show that
genus 2 curves with extra involutions are suitable for the vector decomposition
problem; see [20] for details. In this volume they are used again, see the paper
by Cardona and Quer. They were later generalized to higher genus hyperelliptic
curves and were called dihedral invariants; see [32].
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Figure 1. The space L2 of genus 2 curves with extra involutions.

The following proposition determines the group G in terms of v and v.

Proposition 1. Let C' be a genus 2 curve such that G := Aut(C) has an elliptic
involution and Jy # 0. Then,
a) G=Z3xDy if and only if (u,v) = (0,0) or (u,v) = (225,6750).
b) G=W; if and only if u= 25 and v = —250.
¢) G = Dg if and only if 4v — u? + 110u — 1125 = 0, for u # 9,70 + 30v/5, 25.
Moreover, the classical invariants satisfy the equations,

—JuJ3 +12J3 Js — 52J3 J2 4+ 803 + 960.J2J4.Js — 3600J2 = 0

864J10J5 + 3456000J10J3 J2 — 43200J10J4J5 — 2332800000JZ, — J3JS (10)
—T68JFJ3 + 483 J5 + 4096.JF = 0

d) G= Dy if and only if v —4u® = 0, foru # 1,9,0,25,225. Cases u = 0,225

and u = 25 are reduced to cases a),and b) respectively. Moreover, the classical
invariants satisfy (7) and the following equation,



1706J2 J2 + 25603 + 27J4J5 — 81J3 Js — 14880J2J4sJ6 + 28800J2 =0 (11)

Remark 1. The following graphs are generated by Maple 13. Notice the singular
point in both spaces of curves with automorphism group D4 and Dg. Such points
correspond to larger automorphism groups, namely the groups of order 24 and 48
respectively. This can be easily seen from the group theory since Dy — Zzx Dy
and Dg — Why.
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Figure 2. The space of genus 2 curves with automorphism group D4 and Dg respectively.

Proposition 2. The mapping
A (’LL, 'U) — (il,’ig,ig)

gives a birational parametrization of Lo. The fibers of A of cardinality > 1 corre-
spond to those curves C with | Aut(C)| > 4.

Proof. See [66] for the details. O

3.1.1. Elliptic subcovers

Let j; and j» denote the j-invariants of the elliptic curves F; and Ej5 from
Lemma 2. The invariants j; and jo are the roots of the quadratic

(2u® — 54u? + Juv — v? + 27v)
(u? 4 18u — 4v — 27)

(u? + 9u — 3v) ~0

> + 256 =
I (u? 4 18u — 4v — 27)2
(12)

7+ 65536

3.1.2. Isomorphic elliptic subcovers

The elliptic curves E; and Es are isomorphic when equation (12) has a double
root. The discriminant of the quadratic is zero for

(v? — 4u®) (v — Ju+27) =0



Remark 3. From lemma 2, v? = 4u® if and only if Aut(C)= Dy. So for C such
that Aut(C) = Dy, Ey is isomorphic to Es. It is easily checked that z1 and z2 =
zoz1 are conjugate when G = Dy. So they fix isomorphic subfields.

If v = 9(u — 3) then the locus of these curves is given by,

4i5 — 9if + 737284315 — 15099494472 = 0
(13)
28935 — 729i% + 54iyiy — i3 = 0

For (u,v) = (2,—27) the curve has Aut(C)= D4 and for (u,v) = (137,1206) it

1071
has Aut(C) = Dg. All other curves with v = 9(u — 3) belong to the general case,

so Aut(C) =2 Vy. The j-invariants of elliptic curves are j; = jo = 256(9 —u). Thus,
these genus 2 curves are parameterized by the j-invariant of the elliptic subcover.

Remark 4. This embeds the moduli space My into Ms in a functorial way.
3.2. Isogenous degree 2 elliptic subfields

In this section we study pairs of degree 2 elliptic subfields of K which are 2 or
3-isogenous. We denote by ®@,,(z,y) the n-th modular polynomial (see Blake et
al. [9] for the formal definitions. Two elliptic curves with j-invariants j; and jo
are n-isogenous if and only if ®,,(j1,j2) = 0. In the next section we will see how
such modular polynomials can be generalized for higher genus.

3.2.1. 3-Isogeny.

Suppose F7 and Es are 3-isogenous. Then, from equation (12) and ®3(j1,72) =0
we eliminate j; and js. Then,

(4v — u? 4 110u — 1125) - g1(u,v) - g2(u,v) = 0 (14)

where g1 and g2 are given in [66].

Thus, there is a isogeny of degree 3 between F; and Fs if and only if u and
v satisfy equation (14). The vanishing of the first factor is equivalent to G = Dg.
So, if Aut(C)= Dg then Ey and Es are isogenous of degree 3.

3.2.2. 2-Isogeny

Below we give the modular 2-polynomial.

Oy = 2% — 22y? + y® + 1488xy(x + y) + 407733752y — 162000(x? — y?)+

(15)
8748000000(x + ) — 157464000000000

Suppose E; and FEs are isogenous of degree 2. Substituting j; and j; in @5 we get

fl(uﬂv)'fQ(uﬂv):O (16)

where f1 and fo are displayed in [65]



8.2.3. Other isogenies between elliptic subcovers

If Aut(C)= Dy, then z; and zy are in the same conjugacy class. There are again
two conjugacy classes of elliptic involutions in Aut(C'). Thus, there are two degree
2 elliptic subfields (up to isomorphism) of K. One of them is determined by double
root j of the equation (12), for v? — 4u? = 0. Next, we determine the j-invariant
j' of the other degree 2 elliptic subfield and see how it is related to j.

If v2—4u® = 0 then Aut(C) 2 Vy and P = {1, £+/a, £vb}. Then, s; = a+1+1 =
so. Involutions of C are 1 : X — —X, 15 : X — %, T3: X — —%. Since 7 and
73 fix no points of P then they lift to involutions in Aut(C'). They each determine
a pair of isomorphic elliptic subfields. The j-invariant of elliptic subfield fixed by
71 is the double root of equation (12), namely

v3

v+ 1

j=—256

To find the j-invariant of the elliptic subfields fixed by 73 we look at the degree 2
covering ¢ : P! — P!, such that ¢(£1) =0, ¢(a) = ¢(—1) =1, ¢(—a) = ¢(1) =

a

—1, and ¢(0) = ¢(o0) = oo. This covering is, ¢(X) = a—\ﬁX;_l. The branch
points of ¢ are g; = :I:\Q/ilgal. From lemma 2 the elliptic subfields F} and E} have

2-torsion points {0,1,—1,¢;}. The j-invariants of E{ and E) are

—15)3
b =19
(v+1)?

Then ®5(4,5') = 0, so E; and E] are isogenous of degree 2. Thus, 7, and 73
determine degree 2 elliptic subfields which are 2-isogenous.

4. Theta functions

In this section we give a brief description of the basic setup. All of this material
can be found in any standard book on theta functions.

Let C be a genus g > 2 algebraic curve. We choose a symplectic homology basis
for C, say {A1,..., A4y, B1,..., By}, such that the intersection products A; - A; =
B;-Bj =0 and A; - Bj = 6;5, where d;; is the Kronecker delta. We choose a basis
{w;} for the space of holomorphic 1-forms such that [ A, Wj = 0;5. The matrix

O = { J B, wj} is the period matriz of C. The columns of the matrix [I |O] form

a lattice L in CY and the Jacobian of C is Jac (C) = C9/L. Let H, be the Siegel
upper-half space. Then O € Hy and there is an injection



Mg —H,/Spg(Z) = A,

where Spoy(Z) is the symplectic group. For any z € CY and 7 € H, Riemann’s
theta function is defined as

9(277.) — Z ewi(ut7u+2utz)

u€ezZ9

where u and z are g—dimensional column vectors and the products involved in
the formula are matrix products. The fact that the imaginary part of 7 is positive
makes the series absolutely convergent over any compact sets. Therefore, the
function is analytic. The theta function is holomorphic on C9 x H, and satisfies

0(z+u,7) =0(2,7), O(z+ur,1)=e T gy 1),

where u € Z9; see [54] for details. Any point e € Jac (C) can be written uniquely

as e = (b,a) 109 , where a,b € R9. We shall use the notation [e] = Z for the

characteristic of e. For any a,b € Q9, the theta function with rational character-
istics is defined as

a _ mi((uta)tT(uta)+2(uta)t (z+b))
9[4 (z,T)—Ze .

uezZ9I

When the entries of column vectors a and b are from the set {0, 3}, then the

b
theta functions with rational characteristics are called theta characteristics. A
scalar obtained by evaluating a theta characteristic at z = 0 is called a theta
constant. Points of order n on Jac ¢ are called the %—periods. Any half-integer
characteristic is given by

_1 _} mimg -+ My
m=—-m= ;o 7
2 mymy -+ My

characteristics {a] are called the half-integer characteristics. The corresponding

!
t.

where m;, m; € Z. For v = Bl,,} € 17%9/729 we define e,(y) = (—1)*0""",
Then,

0](=2,7) = ex()0)(z, 7).

We say that v is an even (resp. odd) characteristic if e, (y) = 1 (resp. e.(y) = —1).
For any curve of genus g, there are 2971(29 + 1) (respectively 2971(29 — 1) ) even
theta functions (respectively odd theta functions). Let a be another half integer
characteristic. We define ma as follows.

1 t1t2~~tg>
ma= —
9 <t’1t’2~~~t;



where t; = (m; +a;) mod 2 and t; = (m} +a}) mod 2.
For the rest of this section we consider only characteristics %q in which each
of the elements g;, ¢; is either 0 or 1. We use the following abbreviations

g

g
|m| = Zmimg, |m,a| = Z(m;ai —myal),
i=1

i=1

m e _
jm, a,b] = |a, b] + 6, m| + |m,al, (a>—emmeJa;.

The set of all half integer characteristics forms a group I' which has 229
elements. We say that two half integer characteristics m and a are syzygetic (resp.,
azygetic) if [m,a| = 0 mod 2 (resp., [m,a] = 1 mod 2) and three half integer
characteristics m, a, and b are syzygetic if |m,a,b| =0 mod 2.

A Gépel group G is a group of 2" half integer characteristics where r < g
such that every two characteristics are syzygetic. The elements of the group G
are formed by the sums of r fundamental characteristics; see [2, pg. 489] for
details. Obviously, a Gopel group of order 2" is isomorphic to C3. The proof of
the following lemma can be found on [2, pg. 490].

Lemma 3. The number of different Gépel groups which have 2" characteristics is

(229 — 1)(229-2 — 1) ... (229-2r+2 _ 1)
@ -nE-t-1)--(2-1)

If G is a Gopel group with 27 elements, then it has 22977 cosets. The cosets
are called Gapel systems and denoted by aGG, a € I'. Any three characteristics of
a Gopel system are syzygetic. We can find a set of characteristics called a basis
of the Gopel system which derives all its 2" characteristics by taking only the
combinations of any odd number of characteristics of the basis.

Lemma 4. Let g > 1 be a fixed integer, r be as defined above and o = g —r. Then
there are 2° (27 + 1) Gépel systems which consist of even characteristics only
and there are 2°~1(27 — 1) Gopel systems which consist of odd characteristics.
The other 227 (2" — 1) Gépel systems consist as many odd characteristics as even
characteristics.

Proof. The proof can be found on [2, pg. 492]. O

Corollary 1. When r = g we have only one (resp., 0) Gdpel system which consists
of even (resp., odd) characteristics.

Proposition 3. The following statements are true.

Pll62lon] = 55 3 e D)ol (1)




0%a] + e™1*0lg[ap] = 29%1 > emilecl{ghe] 4 emi1m0lg4ep]} (18)

where O[e] is the theta constant corresponding to the characteristic e, a and b are
any half integer characteristics and ¢ is an even characteristic such that |e| = |eb]
mod 2. There are 22972 (2971 + 1) such candidates for e.

Proof. For the proof, see [2, pg. 524]. O

The statements given in the proposition above can be used to get identities
among theta constants; see section 3.

4.1. Cyclic curves with extra automorphisms

A normal cyclic curve is an algebraic curve C such that there exist a normal cyclic
subgroup C,, < Aut(C) such that g(C/C,,) = 0. Then G = G/C,, embeds as a
finite subgroup of PGL(2,C). An affine equation of a birational model of a cyclic
curve can be given by the following

S

y" = f(x) = H(w —a)%, 0 < d; <m. (19)

=1

Hyperelliptic curves are cyclic curves with m = 2. Note that when 0 < d;
for some ¢ the curve is singular. A hyperelliptic curve C is a cover of order two
of the projective line P1. Let 2 be the generator (the hyperelliptic involution)
of the Galois group Gal(C/P'). It is known that (z) is a normal subgroup of
the automorphism group Aut(C). Let C — P! be the degree 2 hyperelliptic
projection. We can assume that infinity is a branch point. Let

B = {04170[2, e aa2g+1}

be the set of other branch points. Let S = {1,2,--- ,2g + 1} be the index set of
Band {: S — %ZQQ/Z29 be a map defined as follows;

...0%0---
eci-n= 0950
) 0---0%0..-0
£(2i) = [; %200]

where the nonzero element of the first row appears in i*" column. We define &(o0)

to be [0 00

0.--0 0] . For any T' C B, we can define the half-integer characteristic as

&r=Y_ &k).
ap €T

Let T° denote the complement of T in B. Note that £ € Z29. If we view &p
as an element of 3729 /729 then &7 = &re. Let A denote the symmetric difference



of sets, that is T A R = (TUR) — (TN R). It can be shown that the set of subsets
of B is a group under A. We have the following group isomorphism

1
{TCB|#T=g+1 mod 2}/T = 5ZZH/ZZ’Q.

For hyperelliptic curves, it is known that 2971(29 + 1) — (Qg;'l) of the even
theta constants are zero. The following theorem provides a condition on the char-
acteristics in which theta characteristics become zero. The proof of the theorem
can be found in [55, pg. 102].

Theorem 2. Let C be a hyperelliptic curve, with a set B of branch points. Let S be
the indez set as above and U be the set of all odd values of S. Then for allT C S
with even cardinality, we have 8[ér] = 0 if and only if #(TAU) # g+ 1, where
0[¢7] is the theta constant corresponding to the characteristics &r.

Notice also that by parity, all odd theta constants are zero. There is a formula
(so called Frobenius’ theta formula) which half-integer theta characteristics for
hyperelliptic curves satisfy.

Lemma 5 (Frobenius). For all z; € C9, 1 <i <4 such that z1 + 20+ 23+ 24 =0
and for all b; € Q9,1 <4 < 4 such that by + by + bz + by = 0, we have

4

S ewO) [0+ €G)z) =o,

jESU{co} i=1

where for any A C B,

1 ifke A
k =
ca(k) {1 otherwise
Proof. See [54, pg. 107].
O
A relationship between theta constants and the branch points of the hyper-
elliptic curve is given by Thomae’s formula.

Lemma 6 (Thomae). For a non singular even half integer characteristics e cor-
responding to the partition of the branch points {1,2,--- ,2(g+ 1)} = {i1 <iz <
s <dgy1tU{J1 < J2 < < Jgt1}, we have

0[6]«);7)8 =A H()‘Zk - /\iz)Q(/\jk - )‘jz)z'
k<l

See [54, pg. 128] for the description of A and [54, pg. 120] for the proof. Using
Thomae’s formula and Frobenius’ theta identities we express the branch points
of the hyperelliptic curves in terms of even theta constants.



4.2. Genus 2 curves

The automorphism group G of a genus 2 curve C in characteristic # 2 is isomorphic
to Zs, Z1o, Vi, Dg, Dy, SL2(3), GLQ(S), or 27S5. The case when G =2t S5
occurs only in characteristic 5. If G 22 SLy(3) (resp., GL2(3)) then C has equation
Y2 = X6 —1 (resp., Y2 = X(X* —1)). If G=Zjp then C has equation Y? =
X% — X. For a fixed G from the list above, the locus of genus 2 curves with
automorphism group G is an irreducible algebraic subvariety of Ms. Such loci
can be described in terms of the Igusa invariants.

For any genus 2 curve we have six odd theta characteristics and ten even
theta characteristics. The following are the sixteen theta characteristics, where
the first ten are even and the last six are odd. For simplicity, we denote them by

0; = {a] instead of 6; [Z} (z,7) where ¢ = 1,...,10 for the even theta functions.

b
00 00 00 00 10
o= loo] o= (1] =[33] o= 53] o= 53],
00 i1 10 031 00
) ol 11 ol 11
o= (o8] o= o] o= [s] o= (23] o= (1)

and the odd theta functions correspond to the following characteristics

AR

Consider the following Gopel group

a_fo_foo] . _oo] _foo] oo
- _0071_0%72_50712_%% .

Then, the corresponding Gopel systems are given by:

o= {[oo] o] o] 1]}
oa={[3a]- (1) 3] (1))
o= {3 B 1)-be] o))
o= {[1] (1] ol

Notice that from all four cosets, only G has all even characteristics as noticed in
Corollary 1. Using the Prop. 3 we have the following six identities for the above
Gopel group.



0202 = 030% — 0363
04+04 _94 03 — 05 + 01

602 — 0202 _ 0207
9$+9§ =01 —05+05— 06}
089 - 0292 9%04

94+90794+94,94,94

These identities express even theta constants in terms of four theta constants. We
call them fundamental theta constants 6, 05, 03, 64.

Next we find the relation between theta characteristics and branch points of
a genus two curve.

Lemma 7 (Picard). Let a genus 2 curve be given by
Y2=X(X-1)(X - N(X —p)(X —v). (20)
Then, X\, u,v can be written as follows:

ov03 0305 0103

‘e "Tae, U e,

(21)

Proof. There are several ways for relating A, u, v to theta constants, depending
on the ordering of the branch points of the curve. Let B = {v, u, A, 1,0} be the
branch points of the curves in this order and U = {v, A,0} be the set of odd
branch points. Using Lemma 6 we have the following set of equations of theta
constants and branch points.

= AvA(p—1)(v = X) 05 = Ap(p—1)(v -

= ApA(p =N (v =N o1 = AV( A=A
94 AXu(v = 1)(v — ) g =AW —p)(v—N(p—2) (22)
94 = A,u(u —-1)

=N O =Apv(v—p)(A-1)
A 1)(

(A =1D(v
=Av(p—1DA=1D(n—A) 0y = ANA = 1) (v — p),

where A is a constant. Choosing the appropriate equation from the set Eq. (22)
we have the following:

2 2 2
A2 = (0%%> 12 = <0§9§ > 2 = <9%9§ )
0303 010% 036%

Each value for (A, p, ) gives isomorphic genus 2 curves. Hence, we can choose

N B S 3
wo Mg, U Be,

This completes the proof.
O

One of the main goals of this paper is to describe each locus of genus 2 curves
with fixed automorphism group in terms of the fundamental theta constants. We
have the following



Corollary 2. Fvery genus two curve can be written in the form:

6263 0363 + 63 63 6263
2 1Y3 2 2Y3 1Y4 1Y3 2
y=ole—l) <“”e§ez) ( T Re "”“egez‘“>’

2
where o = 25 and in terms of 01,...,04 is given by

28
910

o 01+ 03— 0401
6263 — 9262

a+1=0

Furthermore, if oo = £1 then Vi — Aut(C).

Remark 2. i) From the above we have that 03 = 07, implies that V4 < Aut(C).

ii) The last part of the lemma above shows that if 03 = 7, then all coefficients
of the genus 2 curve are given as rational functions of the 4 fundamental theta
functions. Such fundamental theta functions determine the field of moduli of the
given curve. Hence, the curve is defined over its field of moduli.

Corollary 3. Let C be a genus 2 curve which has an elliptic involution. Then C is
defined over its field of moduli.

This was the main result of [13].

4.83. Describing the locus of genus two curves with fized automorphism group by
theta constants

The locus £y of genus 2 curves C which have an elliptic involution is a closed
subvariety of Ms. Let W = {a1, aa, 51, B2,71, 72} be the set of roots of the binary
sextic and A and B be subsets of W such that W = AU B and |AN B| = 2. We
define the cross ratio of the two pairs 21, 29; 23, 24 by

. 215 %35 %4 21 —R3 22 — %3
(21722723524) = = . .
223 %35 24 Rl R4 k2 24

Take A = {ay,aq, b1, f2} and B = {v1,72, b1, B2}. Jacobi [45] gives a description
of L5 in terms of the cross ratios of the elements of .

a=Fp w0 _ _mn-HKh r-H~K
ap—f2 =P =2 2 f2

We recall that the following identities hold for cross ratios:
(a1, 02381, B2) = (a2, 15 B2, B1) = (B, Bas o, 2) = (B2, B1; g, )
and
(@1, a2 00, B2) = (00, Ba; a1, a2) = (Ba; a2, 1)

Next we want to use this result to determine relations among theta functions for
a genus 2 curve in the locus £o. Let C be any genus 2 curve given by equation



V2= X(X - 1)(X —a1)(X — a2)(X — a3)
We take co € AN B. Then there are five cases for « € AN B, where « is an
element of the set{0,1, aj, az,as}. For each of these cases there are three possible
relationships for cross ratios as described below:

i) AN B = {0,00}: The possible cross ratios are

(a17 1a 0070) = (a?n ag; 00, 0)

(a27 1a 0070) = (a/la as; 0o, O)

(Cll, 11 0, O) = (G/Q, as; 0o, 0)
ii) AN B = {1,00}: The possible cross ratios are

(aho; o0, 1) = ((12, as; o0, 1)

(al,o; o0, 1) = (0,3, a2; 00, 1)

(a27 Oa o, 1) = (ah as; 0o, 1)
iii) AN B = {a1,00}: The possible cross ratios are

(1,0;00,a1) = (a3, az; 00, a1)

(a270; Oo7a1) = (1a ag; o0, al)

(17 07 00, al) = (a2a az; 00, al)
iv) AN B = {a3,00}: The possible cross ratios are

(1707 0, CLQ) = (alv ag; o0, a2)

(1,0;00,a2) = (as,a1;00,az)

(ala 07 0, a2) = (1a as; 0o, a2)
v) AN B = {as,00}: The possible cross ratios are

(CL17O; OO,(Z3) = (1a az2; 00, a3)



(1,0;00,a3) = (az,a1;00,as)

(1707 0, a’3) = (ala a2; 0, a3)

We summarize these relationships in the following table:

Cross ratio flai,a2,a3) =0 theta constants

1 (1,0; 00,a1) = (as, az2;00,a1) aias + a1 —azal — as 70%9‘%9%93 — 9%9%929%0+
010303, + 030367,

2 (a2,0;00,a1) = (1,a3;00,a1) | araz — a1 + azai — azaz 9%950%92 — 0%930%0—&-
07030303, — 050307,

3 | (1,0500,a1) = (az,a3;00,a1) | aiaz —a1 —asar +as —0460202 + 026202,63+
03030567, — 036361,

4 | (1,0;00,a2) = (a1,a3;00,a2) | aiaz —az —asaz +as —020302 — 0207,0%+
030367063 + 0703036%

5 | (1,0;00,a2) = (a3,a1500,a2) | aiaz —a1+az —asaz —62620203 + 036%,601+
020363, — 030367,

6 (a1,0;00,a2) = (1,a3;00,a2) | aiaz —azai1 — az + azaz —9%9%9%02 +0%9%093—
07030303, + 03036%,

7 (a1,0;00,a3) = (1,a2;00,a3) | aiaz —azai1 — azaz + a3 —9§9%92 + 0%9%«9%002—
0301003 + 03030307,

. _ . 4 1
8 (1,0; 00,a3) = (a2, a1;00,a3) asa] —aj — aszaz + as 05 — 0%

9 (1,0; 00,a3) = (a1, az; 00,as3) asaj + az — a3z — azaz 0%9%92 — 6‘%0%920%0—
62620202 + 020362

10 (a1,0;00,1) = (a2, as3;00,1) —a1 +asaj +az — as 0‘110%9% — 9%950%«937
9%9%9%9%0 + 9%950‘2‘

11 (a1,0;00,1) = (as, a2;00,1) ajaz —aj — az + as 9%939% — 0%959%092+
070301, — 03030307,

12 (a2,0;00,1) = (a1, as3;00,1) a1 — as + agzaz — ag 9%9%03 — 0%9%929%0+
620102 — 62620262

13 (a1,1;00,0) = (a3, a2;00,0) aiaz — a3 0;31 - 91‘0
14 (a2, 1;00,0) = (a1, as;00,0) a1 — asas 931 - 03
15 (a1,1;00,0) = (a2, as;00,0) asal — as 9‘1l - 9‘21

Table 1. Relation of theta functions and cross ratios



Lemma 8. Let C be a genus 2 curve. Then Aut(C)=Vy if and only if the theta
functions of C satisfy

(07 — 02)(65 — 02) (65 — 010) (—07036303 — 07630307, + 010307, + 030307)
0

(=
(03030307 — 030163, + 07030307, — 03030%) (—050303 + 030307,07 + 07036363, — 030301)
(=

(~07050% — 070107 + 030307007 + 0703030%,) (—07030303 + 0703,01 + 070507, — 030307003)
(—0703030% + 010700F — 07030303, + 030303 (—030303 + 070363,07 — 030107 + 03030307)
(010307 — 07030303, — 07030303 + 030303) (0103603 — 07030307 — 07030303, + 030303)

(670503 — 070303003 + 070301, — 0303030%0) (670305 — 07030307, + 070303 — 63630303) =0
(23)

However, we are unable to get a similar result for cases Dg or D5 by this ar-
gument. Instead, we will use the invariants of genus 2 curves and a more com-
putational approach. In the process, we will offer a different proof of the lemma
above.

Our goal is to express each loci in terms of the theta characteristics. We
obtain the following result.

Theorem 3. Let C be a genus 2 curve. Then the following hold:

i) Aut(C)=Vy if and only if the relations of theta functions given Eq. (23)
holds.

i1) Aut(C) = Dg if and only if Eq. (1) in [65] is satisfied.

iii) Aut(C) = D1o if and only if Eq. (2) in [65] is satisfied.

Proof. Part i) of the theorem is Lemma 2. Here we give a somewhat different
proof. Assume that C is a genus 2 curve with equation

V2=X(X-1)(X —a1)(X —a2)(X —az)

whose classical invariants satisfy Eq. (7). Expressing the classical invariants of
C in terms of a1, as,as, substituting them into (7), and factoring the resulting
equation yields

2 2 2
(ar1a2 — a2 — asaz + asz)”(a1a2 — a1 + asar — azaz)”(ar1a2 — aza1 — azas + as

(asa1 — a1 — azaz + a3)2(a1a2 + a1 —asa; — a2)2(a1a2 — a1 —azal +as 2

)

)

(aza1 + az — as — azaz)’(—a1 + azar + a2 — a3)*(a1az — a1 — az +az)®  (24)
(ara2 — a1 + a2 — a3a2)2(a1 —az + azaz — a3)2(a1a2 —aza1 — az + azaz)’
(araz2 — a3)*(a1 — azaz)*(azar — az2)®> =0

It is no surprise that we get the 15 factors of Table 1. The relations of theta
constants follow from the table. ii) Let C be a genus 2 curve which has an elliptic
involution. Then C is isomorphic to a curve with equation

Y2 =X(X - 1)(X —a)(X — a2)(X — ajaz).

If Aut(C) = Dg then the SLq(k)-invariants of such curve must satisfy the equation
of the Dg locus. Then, we get the equation in terms of ai,as. By writing the



relation a3 = ajay in terms of theta constants, we get 67 = 65. All the results
above lead to part ii) of the theorem. iii) The proof of this part is similar to part

ii). O

We would like to express the conditions of the previous lemma in terms of
the fundamental theta constants only.

Lemma 9. Let C be a genus 2 curve. Then we have the following:

i) Vi <= Aut(C) if and only if the fundamental theta constants of C satisfy

(03— 03) (6% — 03) (63 — ) (01 — 03 (6% — 02) (9} — )
(=03 + 05 + 07 — 03) (05 — 05 + 07 — 03) (=05 — 05 + 05 +07) (63 + 65 + 05 + 67)
(01102" + 05"02" + 01705 — 2070305037) (—05"02" — 0204 — 050, + 207030307

(02104 + 01702 + 01104 — 207030303) (004" + 0504 + 01%605* — 26070303037) =0
(25)

ii Dg — Aut(C) if and only if the fundamental theta constants of C satisfy Eq. (3)
in [65]

iii Dg — Aut(C) if and only if the fundamental theta constants of C satisfy Eq. (4)
in [65]

Proof. Notice that Eq. (23) contains only 61,62, 03,04, 05 and 619. Using Eq. (5),
we can eliminate g and 619 from Eq. (23). The Jyo invariant of any genus two
curve is given by the following in terms of theta constants:

12912
6126}

J10 = S5 58 010
28 )28 940
05°01°010

(0703 — 0307)'2 (0107 — 0305)"* (6705 — 03601)".

Since J1g # 0 we can cancel the factors (0203 — 6263), (6202 — 63603) and (0202 —
6367) from the equation of Vj locus. The result follows from Theorem 3. The proof
of part ii) and iii) is similar and we avoid details. O

Remark 3. i) For the other two loci, we can also obtain equations in terms of
the fundamental theta constants. However, such equations are big and we don’t
display them here.

ii) By using Frobenius’s relations we get

(6,65)" 24
0= ———55—= (0506070s09)
(6204)%° 015

Hence, 6; #0 for i =1,3,5,...9.



4.4. Kummer surface

The Kummer surface is an algebraic variety which is quite useful in studying
genus two curves. Using the Kummer surface we can take the Jacobian as a double
cover of the Kummer surface. Both the Kummer surface and the Jacobian, as
noted above, can be given in terms of the theta functions and theta-nulls.

The Kummer surface is a variety obtained by grouping together two opposite
points of the Jacobian of a genus 2 curve. More precisely, there is a map

U : Jac (C) = K(CO)

such that each point of K has two preimages which are opposite elements of
Jac C. There are 16 exceptions that correspond to the 16 two-torsion points.
The Kummer surface does not naturally come with a group structure. However
the group law on the Jacobian endows a pseudo-group structure on the Kummer
surface that is sufficient to define scalar multiplication.

Let © be a matrix in Hy. The Kummer surface associate to 2 is the locus of
the images by the map ¢ from C? to P3(C) given in terms of the theta functions.
It is a projective variety of dimension 2 that we will denote by K(€2) or simply
K. The group law on the Jacobian does not carry to a group law on K.

We shall consider a Kummer surface K = Kgp g parameterized by theta
constants 01,605,603, 04.

We write (z,y, 2, t) the projective coordinate of points on K, that is:

x=MN1(2),y = MN2(2), 2 = M3(2),t = M4(2)

for some z € C?, and some A € C*. Then, the Kummer surface is given by the
equation:

(2t oyt 2t + Azyzt — B(at2 4 y%2%) — O (2222 +y*?) — D(22y% 4+ 2%1%) = 0
(26)
where

AL 0102030, (
128 (070F — 6363) (003 — 6363) (6703 — 6363)

(612 + 022 _ 932 _ 942) (912 _ 622 =+ 932 _ 042) (012 _ 922 _ 932 + 942)

- 014 o 924 + 044

912 +922 +932 +942)

b= —an)

o 0,4 — 6, +934 — gt
0203 — 6303)

b 0.t + 6,0 — 034 _—x

(6763 — 0263)

Such equation can be easily obtained by sipmle computations using main
definitions of the Kummer surface in the book of cassels and Flyyn [25] or work
of Gaudry [27].



5. Decomposable Jacobians

Let C be a genus 2 curve defined over an algebraically closed field k, of charac-
teristic zero. Let ¢ : C'— E be a degree n maximal covering (i.e. does not factor
through an isogeny) to an elliptic curve E defined over k. We say that C has a
degree n elliptic subcover. Degree n elliptic subcovers occur in pairs. Let (F, E")
be such a pair. It is well known that there is an isogeny of degree n? between
the Jacobian Jo of C' and the product E x E’. We say that C has (n,n)-split
Jacobian.

Curves of genus 2 with elliptic subcovers go back to Legendre and Jacobi.
Legendre, in his Théorie des fonctions elliptiques, gave the first example of a
genus 2 curve with degree 2 elliptic subcovers. In a review of Legendre’s work,
Jacobi (1832) gives a complete description for n = 2. The case n = 3 was studied
during the 19th century from Hermite, Goursat, Burkhardt, Brioschi, and Bolza.
For a history and background of the 19th century work see Krazer [43, pg. 479].
Cases when n > 3 are more difficult to handle. Recently, Shaska dealt with cases
n=>5,7 in [49].

The locus of C, denoted by L,, is an algebraic subvariety of the moduli
space M. The space Lo was studied in Shaska/Vélklein [66]. The space L,, for
n = 3,5 was studied by Shaska in [63,49] were an algebraic description was given
as sublocus of M.

5.1. Curves of genus 2 with split Jacobians

Let C and E be curves of genus 2 and 1, respectively. Both are smooth, projective
curves defined over k, char(k) = 0. Let ¢ : C — E be a covering of degree
n. From the Riemann-Hurwitz formula, ), - (ey (P) — 1) = 2 where ey (P)
is the ramification index of points P € C, under . Thus, we have two points
of ramification index 2 or one point of ramification index 3. The two points of
ramification index 2 can be in the same fiber or in different fibers. Therefore, we
have the following cases of the covering ):

Case I: There are Py, P, € C, such that ey, (P1) = ey (P2) = 2, Y(P1) # ¥ (P2),
and VP € O\{Phpg}, 61/)(P) =1.

Case II: There are Py, P, € C, such that ey (P1) = ey(P2) = 2, Y(P1) =
P(Py), and VP € C'\ {P1, Po}, ey(P) = 1.

Case III: There is P, € C such that ey,(P1) = 3, and VP € C \ {P1},
€¢(P) =1.

In case I (resp. II, III) the cover ¢ has 2 (resp. 1) branch points in E.

Denote the hyperelliptic involution of C' by w. We choose O in E such that w
restricted to E is the hyperelliptic involution on E. We denote the restriction of
w on E by v, v(P) = —P. Thus, ¥ ow = vo. E[2] denotes the group of 2-torsion
points of the elliptic curve E, which are the points fixed by v. The proof of the
following two lemmas is straightforward and will be omitted.

Lemma 10. a) If Q € E, then VP € v~1(Q), w(P) € v~ 1(-Q).
b) For all P € C, ey(P) = ey (w(P)).



Let W be the set of points in C fixed by w. Every curve of genus 2 is given, up
to isomorphism, by a binary sextic, so there are 6 points fixed by the hyperelliptic
involution w, namely the Weierstrass points of C'. The following lemma determines
the distribution of the Weierstrass points in fibers of 2-torsion points.

Lemma 11. The following hold:

1. (W) C E[2]
2. If n is an odd number then
i) 9(V) = B[2)
ii) If Q € E[2] then #(~1(Q)NW) =1 mod (2)
3. Ifn is an even number then for all Q € E[2], #(~1(Q)NW) =0 mod (2)

Let ¢ : C — P! and 7 : E — P! be the natural degree 2 projections.
The hyperelliptic involution permutes the points in the fibers of 7o and 7g.
The ramified points of 7o, g are respectively points in W and FE[2] and their
ramification index is 2. There is ¢ : P! — P! such that the diagram commutes.

c % pt
vl e (27)

E 5 pl

Next, we will determine the ramification of induced coverings ¢ : P* — P!. First
we fix some notation. For a given branch point we will denote the ramification
of points in its fiber as follows. Any point P of ramification index m is denoted
by (m). If there are k such points then we write (m)*. We omit writing sym-
bols for unramified points, in other words (1)* will not be written. Ramification
data between two branch points will be separated by commas. We denote by
me(E2]) ={q,...,q} and 7¢(W) = {wy, ..., we}.

5.2. Maximal coverings ¢ : C — FE.

Let 91 : C — FE4 be a covering of degree n from a curve of genus 2 to an elliptic
curve. The covering ¢, : C' — FE; is called a maximal covering if it does not
factor through a nontrivial isogeny. A map of algebraic curves f : X — Y induces
maps between their Jacobians f* : Jy — Jx and f, : Jx — Jy. When f is
maximal then f* is injective and ker(f.) is connected, see [61] for details.

Let ¢, : C — E; be a covering as above which is maximal. Then ¥*; :
Ey — Jc is injective and the kernel of 91 . : Jo — E; is an elliptic curve which
we denote by Fs. For a fixed Weierstrass point P € C, we can embed C' to its

Jacobian via
ip: C — Jo
(28)
z = [(z) — (P)]

Let g : F5 — Jco be the natural embedding of Es in Jo, then there exists g, :
Jo — FE5. Define 3 = g, 0ip : C — Es. So we have the following exact sequence

0 By % Jo 5 By 0



The dual sequence is also exact

05 B 5 Jo 25 By 50

If deg(11) is an odd number then the maximal covering ¢, : C' — Es is unique.
If the cover ¢, : C — Fj is given, and therefore ¢;, we want to determine 1) :
C — FE5 and ¢. The study of the relation between the ramification structures
of ¢1 and ¢o provides information in this direction. The following lemma (see
answers this question for the set of Weierstrass points W = {Py,..., P} of C
when the degree of the cover is odd.

Lemma 12. Let i1 : C' — Eq, be mazimal of degree n. Then, the map 1o : C —
FEs is a mazimal covering of degree n. Moreover,

i) ifn is odd and O; € F;[2], i = 1,2 are the places such that #(1; *(O0;) N
W) = 3, then 7 Y(O1) N W and ¢y (O2) "W form a disjoint union of
w.

ii) if n is even and Q € E[2], then # (¢v71(Q)) =0 or 2.

The above lemma says that if ¢ is maximal of even degree then the corre-
sponding induced covering can have only type I ramification.

5.8. The locus of genus two curves with (n,n) split Jacobians

Two covers f : X — P! and f' : X’ — P! are called weakly equivalent if there
is a homeomorphism A : X — X’ and an analytic automorphism g of P! (i.e., a
Moebius transformation) such that g o f = f’ o h. The covers f and f are called
equivalent if the above holds with g = 1.

Consider a cover f: X — P! of degree n, with branch points py, ..., p, € PL.
Pick p € P\ {p1,...,p-}, and choose loops v; around p; such that 71, ..., 7, is a
standard generating system of the fundamental group I := 71 (P*\ {p1, ..., pr }, D),
in particular, we have 1 - - -, = 1. Such a system 7, ..., 7, is called a homotopy
basis of P! \ {p1,...,p,}. The group I' acts on the fiber f~1(p) by path lifting,
inducing a transitive subgroup G of the symmetric group S,, (determined by f
up to conjugacy in S,). It is called the monodromy group of f. The images of
Y1y .oy Yr i1 Sy, form a tuple of permutations o = (o1,...,0,) called a tuple of
branch cycles of f.

We say a cover f : X — P! of degree n is of type o if it has o as tuple of
branch cycles relative to some homotopy basis of P! minus the branch points of
f. Let H, be the set of weak equivalence classes of covers of type o. The Hurwitz
space H, carries a natural structure of an quasiprojective variety.

We have H, = H, if and only if the tuples o, 7 are in the same braid orbit
O, = O,. In the case of the covers ¢ : P — P! from above, the corresponding
braid orbit consists of all tuples in S;,, whose cycle type matches the ramification
structure of ¢.



5.8.1. Humbert surfaces

Let Ag denote the moduli space of principally polarized Abelian surfaces. It is
well known that A, is the quotient of the Siegel upper half space Hy of symmetric
complex 2 x 2 matrices with positive definite imaginary part by the action of the
symplectic group Sp4(Z).

Let A be a fixed positive integer and Na be the set of matrices

21 %22
T = c
<22 Zs) o

such that there exist nonzero integers a, b, ¢, d, e with the following properties:

az1 +bzo + cz3 +d(25 — 2123) +e =0

(29)
A = b? — 4ac — 4de
The Humbert surface Ha of discriminant A is called the image of Na under
the canonical map

HQ — A2 = Sp4(Z) \HQ,

see [36,10,53] for details. It is known that Ha # () if and only if A > 0 and A =
0 or 1 mod 4. Humbert (1900) studied the zero loci in Eq. (29) and discovered
certain relations between points in these spaces and certain plane configurations
of six lines; see [36] for more details.

For a genus 2 curve C defined over C, [C] belongs to L, if and only if the
isomorphism class [J¢] € Ay of its (principally polarized) Jacobian Je belongs to
the Humbert surface H,,2, viewed as a subset of the moduli space As of princi-
pally polarized Abelian surfaces; see [53, Theorem 1, p. 125] for the proof of this
statement. In [53] is shown that there is a one to one correspondence between the
points in £,, and points in H,,2. Thus, we have the map:

H, — £, — H,:

(30)
(Lf) (p1s - spr) = [C] = [Je]
In particular, every point in H,,> can be represented by an element of $)5 of the
form

There have been many attempts to explicitly describe these Humbert surfaces.
For some small discriminant this has been done in [66], [63], [49]. Geometric
characterizations of such spaces for A = 4,8,9, and 12 were given by Humbert
(1900) in [36] and for A = 13,16,17,20, 21 by Birkenhake/Wilhelm.



5.4. Genus 2 curves with degree 3 elliptic subcovers

This case was studied in detail in[63]. The main theorem was:

Theorem 4. Let K be a genus 2 field and e3(K) the number of Aut(K/k)-classes
of elliptic subfields of K of degree 3. Then;

i) es(K)=0,1,2, or4

i1) e3(K) > 1 if and only if the classical invariants of K satisfy the irreducible
equation F(Ja, Jy, Js, J10) = 0 displayed in [63, Appendiz A].

There are exactly two genus 2 curves (up to isomorphism) with e3(K) = 4.
The case e3(K) = 1 (resp., 2) occurs for a 1-dimensional (resp., 2-dimensional)
family of genus 2 curves, see [63].

Figure 3. Shaska’s surface as graphed in [4]

A geometrical interpretation of the Shaska’s surface (the space L£3) and its
singular locus can be found in [4].

Lemma 13. Let K be a genus 2 field and E an elliptic subfield of degree 3.
i) Then K = k(X,Y) such that

V2= (4X° +0° X%+ 20X + 1)(X® + aX? +bX + 1) (31)
for a,b € k such that

(4a® + 27 — 18ab — a®b? + 4b*) (> — 27) # 0 (32)



The roots of the first (resp. second) cubic correspond to W (K, E), (resp.
WK, E)) in the coordinates X,Y , (see Theorem 3).
it) E = k(U,V) where

X2
U:
X34+ aX?2+bX +1

and

b? — 6a? + 9b 12a — b? 4
2 _ 773 20’ 2
\% U’ + 7 U+ i i)

where R = 4a® + 27 — 18ab — a?b? + 4b® # 0.
ii1) Define

w:=ab, v:="5>

Let K’ be a genus 2 field and E' C K’ a degree 3 elliptic subfield. Let o',V be
the associated parameters as above and v’ := a'b', v = (b')®. Then, there is a
k-isomorphism K — K’ mapping E — E’ if and only if exists a third root of
unity € € k with a’ = &a and b’ = &2b. If b # 0 then such & exists if and only if
v=2v" and u =1

iv) The classical invariants of K satisfy equation [63, Appendiz A].

Let

F(X)=X*+aX*+bX +1 50
34
G(X):=4X? + X2 + 20X + 1

Denote by R = 4a® + 27 — 18ab — a?b? + 4b> the resultant of F' and G. Then
we have the following lemma.

Lemma 14. Let a,b € k satisfy equation (32). Then equation (31) defines a genus
2 field K = k(X,Y). It has elliptic subfields of degree 8, E; = k(U;,V;), 1 = 1,2,

where U;, and V; are as follows:

X2 X3 —bX -2
R TR (O Ve
% if b(b® —4ba+9) #0
U = 3(3);7;2) if b=0 (35)
% if  (b® —4ba+9)=0

where



V27— b3Y

ETEeE ((4ab—8 —b3) X3 — (% — 4ab) X2 +bX +1) if b(b® —4ba+9)#0

8X3 —4aX2 -1

\ %}
(4X3 +1)2

if b=0

8 Y . )
Vh——(bX3 +9X2 + 12X +b) if (b°—4ba+9)=0
5 G(X)( + + +b) if ( a + 9)

(36)
5.5. Elliptic subcovers

We express the j-invariants j; of the elliptic subfields F; of K, from Lemma 14,
in terms of u and v as follows:

(vu? + 2160 — 126vu — 972u + 120 + 405v)3

(v —27)3(4v? + 27v + 4u3 — 18vu — vu?)?
(u? — 3v)*

v(4v? + 27v + 4ud — 18vu — vu?)

j1 = 161}

ja = —256
where v # 0, 27.

Remark 5. The automorphism v € Galy(yv)/k(r,r,) Permutes the elliptic sub-
fields. One can easily check that:

v(jr) =Jj2, v(j2) =41

Lemma 15. The j-invariants of the elliptic subfields satisfy the following quadratic
equations over k(ri,r2);

j>—=Tj+ N =0, (38)
where T, N are given in [63)].
5.5.1. Isomorphic Elliptic Subfields
Suppose that E; = FEs. Then, j; = jo implies that
8v° + 27v% — 54uv® — u?v? + 108w v + 4uPv — 108u® = 0 (39)
or

324v*u? — 5832v%u + 37908v* — 314928v3u — 81v3u? + 2558790 + 30618v3u?
— 864v3u® — 6377292uv? + 850305612 — 324uSv? 4 2125764uv? — 215784u3v? (40)

+ 14580u*v? + 16ubv? + 787320 + 8748u®v — 864ubv — 157464u*v + 11664u’ = 0



The former equation is the condition that det(Jac(f)) = 0. The expressions
of i1, 12,13 we can express u as a rational function in i1, i3, and v. This is displayed
in [63, Appendix B]. Also, [k(v) : k(i1)] = 8 and [k(v) : k(i2)] = 12. Eliminating
v we get a curve in 47 and ¢ which has degree 8 and 12 respectively. Thus,
k(u,v) = k(i1,i2). Hence, e3(K) =1 for any K such that the associated v and v
satisfy the equation; see [63] for details.

5.5.2. The Degenerate Case

We assume now that one of the extensions K/E; from Lemma 14 is degenerate,
i.e. has only one branch point. The following lemma determines a relation between
jl and jg.

Lemma 16. Suppose that K/FEy has only one branch point. Then,
729512 — (j2 — 432)* = 0

For details of the proof see Shaska [63]. Making the substitution T' = —277j;
we get

(T +16)?

n=FT)= T

where Fy(T) is the Fricke polynomial of level 2.
If both K/FE; and K/F5 are degenerate then

7295172 — (j1 — 432)> =0
(41)

7295172 — (jo — 432)> =0

There are 7 solutions to the above system. Three of which give isomorphic elliptic
curves

J1=J2=1728, j1=ja2= %(297i 81y/—15)
The other 4 solutions are given by:
7295152 — (j1 — 432)° =0
{jf + 43 = 1296(j1 + j2) + iz + 559872 = 0
5.6. Further remarks

If e3(C) > 1 then the automorphism group of C' is one of the following: Zs, Vy,
Dy, or Dg. Moreover; there are exactly 6 curves C' € L3 with automorphism group
D, and six curves C' € L3 with automorphism group Dg. They are listed in [62]
where rational points of such curves are found.

Genus 2 curves with degree 5 elliptic subcovers are studied in [49] where a
description of the space L5 is given and all its degenerate loci. The case of degree
7 is the first case when all possible degenerate loci occur.



We have organized the results of this paper in a Maple package which deter-
mines if a genus 2 curve has degree n = 2,3 elliptic subcovers. Further, all its
elliptic subcovers are determined explicitly. We intend to implement the results
for n = 5 and the degenerate cases for n = 7.

6. Modular Polynomials for genus 2

The term modular polynomial refers to pollynomials which parametrize isogenies
of elliptic curves as for example those in equations (15), (14). Recentely there have
been efforts to define modular polynomials for higher genus, mostly by Lauter
and her collaborators as in [5]. This section is merely a quick recap of that paper
with some suggestions on how to compute some of these polynomials.

Let
H, = {7 € Mat,(C) | 77" = 7,Im(7) > 0}

be the Siegel upper half plane. We denote with J the matrix
_( 0 I
7= (_Ig 0 ) .

Sp(29,7Z) = {M € GL(4,Z) | MJMT = J}

The symplectic group

acts on Hyg,
Sp(29,Z) xHy — Hy
ab _
(c d) X1 —=(ar +b)(er+d)"1

where a, b, c,d, T are g X g matrices. From now on we take g = 2.

Let A/C be a 2-dimensional principally polarized Abelian variety, and let N >
1 be a positive integer. The N-torsion A[N] of A is, non-canonically, isomorphic
to (Z/NZ)*. The polarization on A induces a symplectic form v on the rank 4
(Z/NZ)-module A[N]. We choose a basis for A[N] such that v is given by the

malriX
( 0 Ig)
_12 0 ’

and we let Sp(4,Z/N7Z) be the subgroup of the matrix group GL(4,Z/NZ) that
respects v. A subspace G C A[N] is called isotropic if v restricts to the zero-form
on G x G, and we say that A and A’ are (N, N)-isogenous if there is an isogeny
A — A’ whose kernel is isotropic of order N2.

The full congruence subgroup I'2(N) of level N is defined as the kernel of the

reduction map Sp(4,Z) — Sp(4,Z/N7Z). Explicitly, a matrix (‘Z Z) is contained



in T2(N) if and only if we have a,b = I mod N and d,c = 0; mod N. The
congruence subgroup I'2(N) fits in an exact sequence

1 — T2(N) — Sp(4,Z) — Sp(4,Z/NZ) — 1.

The surjectivity is not completely trivial.
The 2-dimensional analogue of the subgroup I'o(N) C SLs(Z) occurring in
the equality Yy(N) = T'g(N)\H, of Riemann surfaces is the group

I (N) = {(Z Z) € Sp(4,Z) | ¢ = 0, mod N}.

From now on, we restrict to the case N = p prime. The following lemma gives the
link between the group 1"(()2)(;0) and isotropic subspaces of the p-torsion, see [5]

Lemma 17. The index [Sp(4,Z) : Féz) (p)] equals the number of 2-dimensional
isotropic subspaces of the Fy-vector space Fﬁ.

Let S(p) be the set of equivalence classes of pairs (A,G), with A a 2-
dimensional principally polarized Abelian variety and G C A[p] a 2-dimensional
isotropic subspace. Here, two pairs (A, G) and (A’, G') are said to be isomorphic
if there exists an isomorphism of Abelian varieties ¢ : A — A’ with p(G) = G'.

Theorem 5. The quotient space FéQ)(p)\Hg is in canonical bijection with the set
S(p) via
() 1 1
1_‘0 (p)T — (AT7 <(];a 07 07 O)a (Oa ];7 Ov O)))

where A, = C?/(Z* + Z*7) is the variety associated to T.

As a quotient space, the 2-dimensional analogue of the curve Yy(p) is
Yo (0) = I (p)\Ho.

Problem 1. Let g = 2. Determine Yo(z) (N).

It is shown in [5] that YO(2) (p) has the structure of a quasi-projective va-
riety. Siegel defined a metric on Hy that respects the action of the symplectic
group. With this metric, Yo(z) (p) becomes a topological space. Just as in the 1-
dimensional case Yy(p), it is not compact.

We have this Lemma from [5]

Lemma 18. ) Yo(z)(N) is a quasi projective variety non compact of dimension 2.
it) The Satake compactification

Y2 (V)" = Y (V) U Yo (N) URY(Q)

18 a projective variety.



For a fixed prime p we define three functions
J; - Hoy — ]P)l ((C)
T — Ji(p7).
In [5] it is claimed that

Lemma 19. If N = p is a prime then we have the following:

i) C(Y{P (N)) = C(31,72,33)
i) [k(31) - k] = 2=2L.

p—1

The N-th modular polynomial Wy for ¢; is defined as the minimal polyno-
mial of J; over k. Let the corresponding polynomials of field extensions k(J;)/k,
k(J2)/k, k(J3)/k be U, Qn, Ay, respectively. They are called modular polyno-
mials of genus 2 and level V.

Problem 2. Consider the following problems:

i) Compute explicitly k(J1,J2,T3)/k or C(T1,To,T3).

ii) Compute ¥y, Qn, Ay, which are the polynomials Fj(i1,42,%3,J3;) = 0 for
j=1,2,3.

Let each of the polynomials above be given by some equation
A+ AT+ Ag =0, (43)

and A, € C(il,ig,ig), s=1, ,d

Lemma 20 (Broker, Lauter 2009). The coefficients A of the Eq. 43 are rational
functions in iy, 19,13, so Ag = gs fors=1,...,d and Ng, Dy € Cliy, 2, 13].

Let Ly (i1,12,13) be the polynomial representing the Humbert space Ho or the
space L. For N =p prime Ly | Dy for all s =1,...,d.

6.1. Computation of modular polynomials

To compute polynomials ¥y, Qy, Ay the following algorithm is suggested in
Dupont’s thesis, see [20].

Compute deg Dy, deg Ny over C(iy,i9,13).

Fix 8,7 € Q.

Take some values aq, ..., q;.

For triples (a;j, 3,7) find the genus 2 curve C; using the Rational_Model
function of the genus 2 package described in Section 7.

For the curve C; find the corresponding 7;.

e Then find the coefficients of J1, Tz, T3 for the given 7;.



In this process are needed explicit equations of £y. The method is not ef-
ficient, since computation of Ly is quite difficult and much information is 'lost’
from the ideal.

Algorithm 1 Algorithm for computing the modular polynomials.
Require: The number p-prime.
Ensure: Modular polynomials ¥, £, A,.
1: Pick a matrix 7 € Hy which depends on three parameters aq, as, ag.
Find the genus 2 curve C corresponding to 7.
Compute i1, 42,13 as functions of oy, as, ag.
Compute pr € Ho
Compute the genus 2 C’ corresponding to pr.
Find J1,J2,J3 for the curve C’ as functions of oy, asa, as.
Create a system with six equations

i1 — fi(ar, a2, a3) =
iz — fa(ar, a2, a3) =
iz — fa(a1, a2, a3) =
J1 — g1(pas, paz, pas
J2 — g2(pas, paz, pas

0
0
0
) =0
) =0
J3 — g3(pau, paz,pas) =0

where f;, g;, are rational functions for j = 1,2, 3.

8: Since M5 has dimension 2 there are at most 3 parameters ag, g, az. Elimi-
nate aq, as, ag for the three first equations. The result are the modular poly-
nomials ¥, Qp, A,.

Such algorithm requires some elimination theory or Groebner basis argument
to eliminate ay,ag, ag. For details see [18].

7. A computational package for genus two curves

Genus 2 curves are the most used of all hyperelliptic curves due to their application
in cryptography and also best understood. The moduli space M of genus 2 curves
is a 3-dimensional variety. To understand how to describe the moduli points of
this space we need to define the invariants of binary sextics. For details on such
invariants and on the genus 2 curves in general the reader can check [37], [65],
[44].

J JoJy — 3. J
i = 14470 g = 17282 0 g 486 (44)



for Jy # 0. In the case J, = 0 we define

_JiJs N _ Jo-Jio
J10 2T

o (45)

to determine genus two fields with Jy = 0, Jy4 # 0, and Jg # 0 up to isomorphism.
For a given genus 2 curve C' the corresponding moduli point p = [C] is defined
as

(i1,i2,13) if Jo #0
(al,ag) Zf J2:07J4750,J6750
J5

P=93 38 if Jo=0,J1=0,Js #0
']10
J5
L ifJy=0,J6=0,Js #0
JIO

Notice that the definition of «;, s can be totally avoided if one uses absolute
invariants with Jyo in the denominator. However, the degree of such invariants is
higher and therefore they are not effective computationally.

We have written a Maple package which finds most of the common proper-
ties and invariants of genus two curves. While this is still work in progress, we
will describe briefly some of the functions of this package. The functions in this
package are:

J_2, J_4, J_6, J_10, J_48, L_3_d, a_1l, a_2, i_1, i_2, i_3,
theta_1, theta_2, theta_3, theta_4, AutGroup, CurvDeg3EllSub_J2,
CurveDeg3E11Sub, E11_Sub, LocusCurves,Aut_D4, LocusCurvesAut_D4_J2,
LocusCurvesAut_D6, LocusCurvesAut_V4, Rational_Model, Kummer.

Next, we will give some examples on how some of these functions work.
7.1. Automorphism groups

A list of groups that can occur as automorphism groups of hyperelliptic curves
is given in [65] among many other references. The function in the package that
computes the automorphism group is given by AutGroup(). The output is the
automorphism group. Since there is always confusion on the terminology when
describing certain groups we also display the GAP identity of the group from the
SmallGroupLibrary.

For a fixed group G one can compute the locus of genus g hyperelliptic curves
with automorphism group G. For genus 2 this loci is well described as subvarieties

of MQ.

Example 1. Let y?> = f(x) be a genus 2 curve where f := 2° + 223 — . Then the
function AutGroup(f,x) displays:

> AutGroup(f,x);



[D47 (87 3)]

Example 2. Let y?> = f(x) be a genus 2 curve where f := 25 + 223 — . Then the
function AutGroup(f,x) displays:

> AutGroup(f,x);
[V4’ (47 2)]

We also have implemented the functions: LocusCurvesAut_V_4(),
LocusCurvesAut_D_4(), LocusCurvesAut_D4_J2(), LocusCurvesAut_D_6(),
which gives equations for the locus of curves with automorphism group D4 or Ds.

7.2. Genus 2 curves with split Jacobians

A genus 2 curve which has a degree n maximal map to an elliptic curve is said to
have (n,n)-split Jacobian; see [62] for details. Genus 2 curves with split Jacobian
are interesting in number theory, cryptography, and coding theory. We implement
an algorithm which checks if a curve has (3, 3), and (5, 5)-split Jacobian. The case
of (2,2)-split Jacobian corresponds to genus 2 curves with extra involutions and
therefore can be determined by the function LocusCurvesAut_V_4().

The function which determines if a genus 2 curve has (3, 3)-split Jacobian is
CurvDeg3El1lSub() if the curve has Jo # 0 and CurvDeg3E11Sub_J_2 () other-
wise; see [8]. The input of CurvDeg3E11Sub() is the triple (i1, 2,43) or the pair
(a1, ag) for CurvDeg3E11Sub_J_2 (). If the output is 0, in both cases, this means
that the corresponding curve to this moduli point has (3, 3)-split Jacobian. Below
we illustrate with examples in each case.

Example 3. Let y> = f(x) be a genus 2 curve where f := 425 + 925 + 8z +
1022 + 522 + 3z + 1. Then,

> i_1:=i_1(f,x); i_2:=1i_2(f,x); i_3:=1i_3(f,x);

78741 . 53510733 . 38435553

T 00 0 T To000 0 B

"~ 51200000

> CurvDeg3El1lSub(iy, iz, i3);
0

This means that the above curve has a (3, 3)-split Jacobian.

Ezample 4. Let y?> = f(x) be a genus 2 curve where f := 42 + (52v/6 — 119)2° +
(39v/6 — 24)z* + (26v/6 — 54)x3 + (13v/6 — 27)2% + 3z + 1. Then,

> a_l:=a_1(f,x); a_2:=a_2(f,x);

1316599234443\[ 6310855638567
270840023 * 541680046

_ —96672521239976 NG 1467373119039023
27 1183208072032328121 + 7099248432193968726

ay :—




> CurvDeg3E11Sub_J_2(aq,as)
0
This means that the curve has Jo = 0 and (3, 3)-split Jacobian.

7.3. Rational model of genus 2 curve

For details on the rational model over its field of moduli see [61]. The ra-
tional model of C (if such model exists) is determined by the function
Rational_Model().

Ezample 5. Let y?> = f(x) be a genus 2 curve where f := 2° 4+ /2% + x. Then,

> Rational_Model (f,x);

. 1
5 3,
T+ +2x

Ezample 6. Let y?> = f(x) be a genus 2 curve where f := 52% + 2* + 2z + 1.
Then,

> Rational_Model (f,x);

— 365544026018739971082698131028050365165449396926201478z°
— 6065016188367005899545793179106999905859710186724451252°
— 369842283192872727990502041940062429271727924754392250z*
— 323876769753148934149200031494342152476630742883562502°
+ 7416849007919832898704765228842027178429817122093750022

+ 38274648493772601723357350829541971828965732551171875x

+ 6501732463119213927460859571034949543087123367187500

Notice that our algorithm doesn’t always find the minimal rational model of
the curve. An efficient way to do this has yet to be determined.

7.4. A different set of invariants

As explained in Section 2, invariants i1, i, i3 were defined that way for compu-
tational benefits. However, they make the results involve many subcases and are
inconvinient at times. In the second version the the genus2 package we intend to
convert all the results to the ¢, t5, t3 invariants

3

t J25
1= 5 = 9
o

- b
J1o

5

ta ty = .
o

The other improvement of version two is that when the moduli point p is
given the equation of the curve is given as the minimal equation over the minimal
field of definition.



8. Further directions

Genus 2 curves have been suggested for factorization of large numbers as in [16].
In the algorithm suggested in [16] certain genus 2 curves with (2,2) have been
used. We believe that we have better candidates for selecting such curves. This is
work planned to be presented in [35].

The computation of modular polynomials is also a very challenging computa-
tional problem. We have made some progress on levels p = 3,5. Equations of the
moduli spaces of genus 2 curves with (3,3) and (5,5)-split Jacobians computed
in [63] and [49] have been fundamental in such computations.

The newer version of our genus 2 package will come out soon. It has func-
tions on equations for the Kummer surface K¢, the map from K¢ to Jac ¢, and
conversion of most of the equations in invariants tq, ts, t3.
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