THETA FUNCTIONS AND SYMMETRIC WEIGHT
ENUMERATORS FOR CODES OVER IMAGINARY QUADRATIC
FIELDS

T. SHASKA AND C. SHOR

ABSTRACT. In this paper we continue the study of codes over imaginary qua-
dratic fields and their weight enumerators and theta functions. We present
new examples of non-equivalent codes over rings of characteristic p = 2 and
p = 5 which have the same theta functions. We also look at a generalization
of codes over imaginary quadratic fields, providing examples of non-equivalent
pairs with the same theta function for p = 3 and p = 5.

1. INTRODUCTION

Let £ > 0 be a square-free integer congruent to 3 modulo 4, K = Q(v/—) be the
imaginary quadratic field, and Ok its ring of integers. Codes, Hermitian lattices,
and their theta-functions over rings R := O /pOk, for small primes p, have been
studied by many authors, see [1], [7], [8], among others. In [I], explicit descriptions
of theta functions and MacWilliams identities are given for p = 2, 3.

If p = 2 then the image Ok /20 of the projection p; : O — Ok /20K is Fy
(resp., Fy x Fy) if £ =3 mod 8 (resp., £ =7 mod 8). Let R be a ring isomorphic
to Fy or Fy X Fy and C a linear code over R of length n. An admissible level £ is an
£ such that £ =3 mod 8 if R is isomorphic to F4 or £ =7 mod 8 if R is isomorphic
to Fy x Fo. Fix an admissible £ and define Ay(C) := {x € O% : py(z) € C}. Then,
from [2], the level £ theta function 0,,(c)(q) of the lattice A,(C) is given as the
symmetric weight enumerator swec of C, evaluated on the theta functions defined
on cosets of Ok /20k. Interestingly, an example of two codes of length n = 3
defined over Fy x Fy that have different symmetric weight enumerator polynomials
and the same theta function was given.

In [I0] and [I1], the above constructions are extended to consider theta functions
of codes defined over R = F, x F,, or F,2, for any prime p. These constructions
are extended further in [3] for codes over R = Fpe x Fpe or Fpzc. In particular, the
theta function ,(c)(q) of such a code is equal to the complete weight enumerator
of the code evaluated at theta functions of cosets of R.

These constructions naturally lead to two questions.

i) How do the theta functions of the same code C vary for different levels £7

ii) How do the theta functions of different codes vary? Can different codes have
the same theta functions for any (or all) levels £7
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The first question is answered for p = 2 in [9] and for general p in [II]. For a
code C defined over R and for all admissible ¢, ¢’ such that £ > ¢/, we have that

41
Or,cy(@) = On, c)(q) + O (q 1 ) :

The second question has been approached in a few ways. Suppose p = 2 and let
C be a code of length n defined over R = Fy x Fy or Fy. In [9], which is included
here as Theorem [3] for ¢ large enough, non-equivalent codes have different theta
functions. Interestingly, the method used in the proof of that theorem does not
work for larger primes, though in [I1] we were able to generalize the above method
to begin to describe the situations (in terms of ¢ and n) where more examples of
different codes with the same theta function could exist.

The focus of this paper is to present explicit examples of pairs of different codes
with the same theta function. For the case of p = 2, a family of pairs of codes
with this property defined over Fy x Fy of lengths n > 2 and level £ = 7 is given
in Theorem E[ Another pair of codes defined over Fy X Fy of length n = 3 and
level £ = 7 is given in Example[6] And a third pair of codes, this time defined over
F5 x F5, of length n = 2 and level £ = 19 is given in Example

Additionally, for the cases of p = 3 and p = 5, we also consider structures
which we call “Fj,-submodule codes,” which are [F,-submodules of R" rather than
R-submodules. This looser restriction leads to many examples which we present
for p = 3 and p = 5. While these aren’t actually codes, we include the results here
with the idea that there is perhaps a way to use these structures to create pairs of
codes with the same property.

This paper is organized as follows. In Section 2 we describe lattices, theta
functions, and the method known as Construction A by which one creates a theta
function from a code for any prime p. In Section [3] we then consider the question
of whether there exist different codes with the same theta function, first looking
at p = 2. Specific examples are given. The cases of p = 3 and p = 5 follow, and
included within is the notion of a [F)-submodule code. More specific examples are
given. Finally, Section [4] contains some concluding remarks and ideas for future
work.

2. PRELIMINARIES

In this section we give a brief overview of codes over imaginary quadratic fields.
Most of the material of this section can be found in [9] or [II].

Let £ > 0 be a square free integer and K = Q(y/—/) be the imaginary quadratic
field with discriminant dx. Recall that dg = —¢ if £ = 3 mod 4, and dg = —4¢
otherwise. Let Ok be the ring of integers of K.

2.1. Theta functions of lattices over K. A lattice A over K is an Og-submodule
of K™ of full rank. The inner product is defined as = -y := >, | ;y;. The theta
series of a lattice A in K™ is defined as

On (1) == Z emiTEE
zEA

where 7 € H = {z € C: Im(z) > 0} and § denotes component-wise complex con-
jugation. Let ¢ = e™7. Then, Ox(q) = >, o0 ¢7



THETA FUNCTIONS FOR CODES OVER IMAGINARY QUADRATIC FIELDS 3

The one dimensional theta series (or Jacobi’s theta series) and its shadow are

given by
O3(0) =D q"", and fa(q) = ¢/ = Y g
neZ neEZ n€Z+3
Let £ =3 mod 4 and d be a positive number such that £ = 4d — 1. Then, —¢ =1

mod 4. This implies that the ring of integers is Ox = Z|wy|, where wy =
and w? + wy + d = 0. The principal norm form of K is given by

—1+v—2
2

(1) Qa(w,y) = |z — ywi|” = 2° + 2y + dy”.
The structure of Ok /pOk depends on the value of ¢. For p = 2,

]FQ X FQ ife=7 (mod 8),

(2) Ok /20K = {m if =3 (mod 8).

For p an odd prime,

F, x F, if (ZF)
(3) OK/pOK = sz if (;Z)

L
1,
P

F, +uF, with u> =0 ifp]|¢.

where (a> is the Legendre symbol. In keeping with the analog for the p = 2 case,
p
from here forward we assume that p t £. (For more on the case where p | £, see [3].)

For integers a and b and a prime p, let A, ; denote the coset a —bw; +pOk. The
theta series associated to this coset is

2
9Aa,b(Q): Z q|a+mp—(b+np)we|

m,n€z
- Z gRa(mptanptb) — Z gP* Qa(m+a/p.ntb/p)

m,n€”z m,n€Z

(4)

For a prime p and an integer j, consider the one-dimensional theta series
(5) bps(q) = Y g/,
neE”Z
Note that 6, ;(q) = 0,x(¢) if and only if j = +k mod 2p. The following were

proven in [11]:

Lemma 1. One can write 0, ,(q) in terms of one-dimensional theta series defined
above in Eq. . In particular,

2

2 2 2
(6) 0Aa.b(q) = op,b(qp e)ep,2a+b(qp )+ ‘gp,b+p(qp Z)9p72a+b+p(qp )-

Lemma 2. For any integers a,b,m,n, if the ordered pair (m,n) is congruent mod-
ulo p to one of (a,b),(—a —b,b), (—a,—b), (a+ b, —b), then

On,. (@) = 0On,,(9)-
The Klein 4-group generated by matrices

(0 ) ma (o )
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acts on (Z/pZ)?. The orbits form equivalence classes on Z2. This equivalence is
given by

(aa b) ~ (m’ TL) if (m’ TL) = (aa b)v (_a - bv b)» (_aa _b)v or (a +0b, _b) mod p.
By Lemma 2} if (a,b) ~ (m,n), then
Or, (@) = On,, .. (@)

Then we have the following result:

Corollary 1. For any odd prime p, the set {9Aa,b(Q) ta,be Z} contains at most
W elements.

2
The next result determines in what cases we have exactly e+1)” theta functions.

1
See [3, Corollary 3.8] for details.

Theorem 1. For any odd prime p and any d > p?, the set {HAa,b(q) ta,be Z}

(p+1)?
1

spans a dimensional vector space in Z[[q]].

Remark 1. i) As a corollary of the Theorem we have that Lemma is an “if and
only if” statement for large enough d.

ii) The bound for d given in Theorem 18 not sharp. For instance, using an
implementatiog in the Sage computer algebra system, one finds that for d = 2,
(p+1)

1

there are equivalence classes for all primes p < 19.

2.2. Theta functions of codes over Ok /pOg. For some prime p, let £ = 4d—1,
p1t{, and

72::(’);(/p(9K:{a—i—b(,u:a,be]F,”(,‘12—|—o.)—|—d:0}7

as above. For any integer k, let k denote the image of k in F,. We then have the
natural reduction homomorphism

pep: Ok = Ok /pOr =1 R

given by py,(a + bwe) = @+ bw.
A linear code C of length n over R is an R-submodule of R™. The dual is defined
as
Ctr={ueR":u-v=0forallveC}
where ¥ denotes (component-wise) complex conjugation. If C = C* then C is
called self-dual. We define

A(C) i={u=(u1,...,upn) € Ok : (prp(u1),...,pep(un)) € C}.

In other words, A¢(C) consists of all vectors in OF in the inverse image of C,
taken component-wise by p,,. This method of lattice construction is known as
Construction A.

For notation, let 744 pp+1 = @ — bw, so R = {rl, . ,rp2}. For a codeword u =
(u1,...,up) € R™ and r; € R, we define the counting function

ni(u) == #{j : u; =r;}.

The complete weight enumerator of the R code C' is the polynomial

(7) cwec (21, 22, ..., 2p2) = Z Zmw) gnee) z;p?(u).
ueC
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We can use this polynomial to find the theta function of the lattice A;(C'). For a
proof of the following result see [10].

Lemma 3. Let C' be a code defined over R and cwec its complete weight enumer-
ator as above. Then,

eAz(C) (q) = cwec (GAO,O(Q)7 9/\1,0((])’ 91\2,0 (C])7 ce- 76/\]371,0 (Q)’ 9/\0,1 (q)7 R eApfl,pfl (Q)) :
Example 1. For p =2, we have

GAe(C) (Q) = Cwec(ef\o,o (Q), 9/\1,0 (Q), 9/\0,1 (Q), 9/\1,1 (q))
Since Op,,(q) = Oa,,(q) (by Lemma @), we can define the symmetric weight enu-
merator swec by
swec(X,Y,Z) = cwec(X,Y, Z, Z)
to get
9/\2((3) (Q) = swec (er,o (Q), 9/\1,0 (Q); 0/\0,1 (Q))
These three theta functions are referred to as Aq(q),Ca(q), and Ga(q) in [2] and
[91.

More generally, for an odd prime p, the complete weight enumerator takes p?
arguments corresponding to the p? lattices A, ;(q) and their theta functions. By

Theorem for £ large enough, there are only % different theta functions among
these p? lattices. As above with p = 2, we define the symmetric weight enumerator
of a code in terms of the complete weight enumerator, using the same variable for
lattices that have the same theta series.

Example 2. For the case where p = 3, from [10, Remark 2.2], we have four
theta functions corresponding to the lattices Ay p,, namely 05, ,(q), Oa, ,(0), Or,,(q),
Oa, ,(q). We define the symmetric weight enumerator to be

swee(X,Y, Z,W) = cwec(X, Y)Y, Z W, Z, Z, Z, W).
One then has
Or,(c)(@) =cwec(On,,(a),06,,6(0),005,4(a):Ony,(0), -

s 0052(0)),
= swec(gl\o,o (Q)v 91\1,0 (Q)’ 91\0,1 (Q)v 0A1,1 (Q))

3. NON-EQUIVALENT CODES WITH THE SAME THETA FUNCTION

For a fixed prime p, let C' be a linear code over R = F,2 or F, x ), of length
n and dimension k. An admissible level ¢ is an integer ¢ such that Ok /pOk is
isomorphic to R. For an admissible ¢, let Ay(C) be the corresponding lattice as
in the previous section. Then, the level ¢ theta function 6, (q) of the lattice
A¢(C) is determined by the complete weight enumerator cwex of C, evaluated on
the theta functions defined on cosets of Ok /pOf.

Two natural questions arise. First, how do these theta functions vary for different
levels ¢ and the same code C'? And second, how do they vary for different codes C
and the same level £?7

In [TI, Theorem 11}, we give a satisfactory answer to the first question, which
we reproduce here.

Theorem 2. [I1] Theorem 11]. Let C be a code defined over R. For all admissible
£,0 with £ < (' the following holds

Oa,(c)(q) = Oa, (0 (q) + O(g 7).
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The rest of this paper is concerned with the second question. In particular, we
are interested in understanding when non-equivalent codeﬂ have the same theta
function. That is, we are looking for codes C7 and Cs defined over R, along with
some level £, such that swec, # swec, and Op,(c,)(q) = Oa,(c,)(0)-

This is primarily motivated by an example in [2] of two codes of length n = 3
defined over R = Fy x F5 which have the same theta function for £ = 7 but different
theta functions for larger values of £. For convenience, we reproduce the results here.

Example 3. (From [2], Section 6, Example (4)].) Forp =2, let R = {0,1,w, 1+w}.
Consider the codes Cy and Cs of length n = 3 defined by

C1 = w<(07 L 1)> + (w + 1)<(0’ L 1)>L7

Cy = w((0,0,1)) + (w+1){(0,0,1))*.
If £ =7 (mod 8), then R = Fy x Fy, 50 w? +w = 0. The codes, along with their
weight enumerator polynomials and theta series for various levels £ are given in
Table @ Note that since p = 2, for any code C, swec(X,Y,Z) = cwec(X,Y, Z, 7).

In particular, these two codes, which have different weight enumerator polyno-

mials, have the same theta series for £ =7 and different theta series for £ > 7.

In this section, we will first work with p = 2 and then consider p=3 and p =5
later.

3.1. The case of p = 2. Fix p = 2 and consider a code C' of length n over R, for
R = Fy x 3 or Fy. The theta function of C, 0,,(c(q), is equal to its symmetric
weight enumerator polynomial, which is a homogeneous polynomial in 3 variables
of degree n, evaluated at certain theta functions as in Lemma To address the
question of whether two codes can have the same theta function, we first consider
the question of whether two homogeneous degree n polynomials can have the same
theta function.

Of course, not every homogeneous degree n polynomial is the weight enumerator
polynomial of some code. However, if the degree n polynomials all give rise to
different theta functions for a particular level ¢, then we can conclude that the
codes of length n give rise to different theta functions as well. In [9], the authors
used this idea to prove the following result.

Theorem 3 ([9], Thm. 2). Let p =2 and C be a code of size n defined over R and
0, (C) be its corresponding theta function for level £. Then the following hold:
i) For l < w — 1 there is a §-dimensional family of symmetrized weight

enumerator polynomials corresponding to 6x,(C), where

n+1)(n+2 n(f+1
5> D0 n(ti)

ii) For £ > w —1landn < H‘Tl there is a unique symmetrized weight
enumerator polynomial which corresponds to O,(C).

Thus, for ¢ large enough, non-equivalent codes have different theta functions.
The method of Theorem [3] involved looking at the first positive power of ¢ in each
theta series. We can improve on the above theorem in certain cases. Let f(z,y, 2)
be a homogeneous polynomial in three variables of degree n. Write

f(z7yvz) = Z Cijkxiyjzka

i+j+k=n

IFor our context here, by “non-equivalent” codes, we mean codes having different symmetric
weight enumerator polynomials.
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a polynomial with ("3?) = (n + 2)(n + 1)/2 coefficients. For any level ¢, one can
calculate the theta function associated to each monomial z’y?z*, represent that
power series as a vector of coefficients (truncated at some degree), create the matrix
My, formed by such vectors, and then compute the dimension of its nullspace. If
dim(Nul(Mp,,)) = 0, then there do not exist two homogeneous polynomials of
degree n with the same theta series for level ¢, and so there therefore do not exist
two codes of length n with the same theta series for level /.

For example, in the case of p = 2, n = 4, there are 15 monomials. We compute
the coefficients of the theta series associated to each of these monomials for level
¢ =15 up to the ¢'¢ term. The matrix M5 4 is given by

1 0 0 0 00O 0O 0 0 0 0 0 0 0 0

o 0 2 0 0 0 0 0O 0 0O 0 O 0 0 0

0o 0 0 0 0O 4 0 0 0 0 0 0 0 0 0

O 0 0 0O 0O 00 0 0 8 0 0 0 0 0

8 2 0 0 0O 0 0O 0O 0O O 0 O 0 0 16

0 0 12 0 4 0 0 0 0 0O 0 0 0 0 0

0O 2 0 0 0 16 0 0 8 0 0 0 0 0 0

0O 0 0 04 0 0 0O 0 16 0 0 0 16 0
M.._| 24120 4 0 0 0 0 8 0 0 0 0 0 0
4= 0 0 26 0 16 0 0 8 0 0 0O 0 0 16 0
0 14 0 8 0 24 0 0 16 0 0 0 16 0 0

0 0 0 0 20 0 0 16 0 24 0 0 0 0 0

3224 0 20 0 0 8 0 24 0 0 0 32 0 64

0 0 28 0 20 0 0 24 0 0O 0 16 0 16 0

0 36 0 40 0 32 24 0 16 0 0 0 16 0 0

0 0 2 0 3 0 0 48 0 48 0 48 0 48 0

40 18 0 40 0O 8 40 0 32 0 16 0 32 0 0

This 17x 15 matrix has rank 15 and therefore nullspace dimension 0. We conclude
that there cannot be two non-equivalent codes of length n = 4 and the same theta
series for level ¢ = 15.

In Table |1} we calculate the nullity of My, for ¢ € {3,7,11,...,35} and n €
{1,2,...,12}. In particular, note that each “0” in the table describes a situation
in which we cannot have two non-equivalent codes with the same theta series.
For comparison, the zeroes which appear with an asterisk additionally indicate
combinations of ¢ and n for which Theorem [3] indicates uniqueness of symmetrized
weight enumerator polynomials corresponding to a particular theta series.

Note that if there is a dependence relation among polynomials with a certain
value of ¢ and n, then there are dependence relations for the same level ¢ and all
degrees N > n obtained by multiplying the original relation by any polynomial of
degree (N — n). Interestingly, this is not true for increasing values of £.

3.1.1. From polynomials to codes. In Table|[l] we considered polynomials of degree
n and theta functions of level ¢. In practice, when dealing with codes, we are only
interested in polynomials that arise as weight enumerator polynomials. This greatly
limits our search.
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(=3 (=7 (=11 (=15 (=19 (=23 (=27 (=31 (=35
n=1 1 0 0 0* 0~ 0* 0~ 0* 0*
n=2 3 1 0 0* 0~ 0* 0~ 0* 0*
n=3 6 3 1 0* 0~ 0* 0~ 0* 0*
n=4 | 10 6 3 0 0~ 0* 0~ 0* 0~
n=5 | 15 10 6 0 1 0* 0* 0* 0~
n=6 | 21 15 10 1 3 1 0~ 0* 0*
n=7 | 28 21 15 3 6 3 0 0* 0*
n=8 | 36 28 21 6 10 6 0 1 0*
n=9 | 45 36 28 10 15 10 1 3 0
n=10| 55 45 36 15 21 15 3 6 0
n=11| 66 55 45 21 28 21 6 10 0
n=12 | 78 66 95 28 36 28 10 15 1

TABLE 1. The nullity of My, for £ € {3,7,11,...,35} and n € {1,2,...,12}.

Motivated by Example 3] for p = 2, we fixed values of £ and n and implemented
algorithms using the Sage computer algebra system to look at codes of the form

C(ay,as,v) = a1 (V) +az(v)™*
for a1,as € R and v € R™. Note that if R is a field, then this is rather straightfor-

ward. If R is not a field, then one must take extra care to compute the dual space

because of the presence of zero divisors.

For small n and for any ¢ we can compute all of the codes of this form, their weight
enumerator polynomials, and their corresponding theta functions. The number of
different weight enumerator polynomials, followed by the number of theta functions
for each combination of n and ¢, is given in Table [2]

|

[¢=3] ¢=7 [t=11]¢=15|
22 ] 54 [ 22 [ 55
33 118 [ 33 [11,11
54 [ 14,13 [ 55 [14,14
6,5 [18,17] 6,6 | 18,18

TABLE 2. Number of unique weight enumerator polynomials fol-
lowed by the number of unique theta functions.

55?'5"0
(SN RS

One can then see that in the cases of { = 7 and n > 2, as well as £ = 3 and
n > 4, we have non-equivalent codes with the same theta function. The remainder
of this subsection contains the specific examples.

3.1.2. Specific examples of pairs of codes with different theta series for p = 2. In
the following example, we give a pair of non-equivalent codes with n = 2 and the
same theta function for ¢ = 7.

Example 4. Let p =2 and £ =7 (mod 8). Consider the following codes of length
n=2.
C; =Cw,w+1,(1,1)), C2 = Clw,w+1,(0,1)).
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The codes, along with their weight enumerator polynomials and theta series for
various levels { are given in Table[I0. As in the motivating example given earlier,
these codes, which have different weight enumerator polynomials, have the same
theta series for ¢ =7 and different theta series for £ > 7.

One can see that these codes have a very similar form to the motivating example
in Example |3 In fact, they lead to a family of examples as follows.

Theorem 4. Forp =2, =7 (mod 8), and any n > 2, consider the length n codes
Cp1=Clw,w+1,(0,...,0,1,1)),
Cp2=C(w,w+1,(0,...,0,0,1)).

These codes, which have different symmetric weight enumerator polynomials,
have the same theta series for £ =7 and different theta series for £ > 7.

Proof. For n > 2 and ¢ € {1,2}, one sees that C,; is the concatenation of the
length 1 code {(0),(w + 1)} and the length (n — 1) code C,_1,;. The symmetric
weight enumerator of this length 1 code is (X + Z). Thus, for n > 2,

swec, , = (X?+Y?+22%)(X 4+ Z)""? and swec, , = (X + Z)".

To obtain the theta series for C, ; and Cj 2, one can take the theta series for
(X2+Y?+222%) and (X +Z)? and multiply each by the theta series for (X +Z)" 2.
Since the theta series for the polynomials (X2 +Y? +2Z2%) and (X + Z)? are equal
for £ = 7, the theta series for these codes C), ; and C), 2 are also equal for any n > 2.
Also, since the theta series for these polynomials are not equal for £ > 7, the theta
series for C), 1 and C,, » are not equal for £ > 7. [l

Remark 2. There are three pairs of non-equivalent codes with the same theta
function in the case of n =3 and ¢ = 7. The pair of codes in Example[3 is one such
pair, given by Theorem[] with n = 3. A second pair of codes, given in Example[5, is
also seen to be an extension of Example[f} A third pair of codes, given in Example[6,
is of a different form.

Example 5. Let p=2 and £ =7 (mod 8). Consider the following codes of length
n=3.
C’l = C(w7 17 (07 17 1))7 02 = C’(l?w7 (07 07 1))'

The codes, along with their weight enumerator polynomials and theta series for
various levels ¢ are given in Table 11, These codes, which have different weight
enumerator polynomials, have the same theta series for £ = 7 and different theta
series for £ > 7.

Note that swec, = (X% +Y? +2Z%)(X +Y +2Z) and swec, = (X + Z)?(X +
Y +27). C is really just the concatenation of the code {(0), (1), (w), (w+ 1)} with
the code {(0,0), (1,1), (w,w), (w + 1l,w + 1)}. And Cy is the concatenation of the
code {(0,0), (w,0), (0,w), (w,w)} with the code {(0), (1), (w), (w+ 1)}.

In the next example, we have a pair of codes for p = 2 and n = 3 which do not
originate from the codes in Example

Example 6. Let p=2 and £ =7 (mod 8). Consider the following codes of length
n=3.

¢, =C(l,w,(1,1,1)), Co = C(w, 1, (1,1,w + 1)).
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The codes, along with their weight enumerator polynomials and theta series for
various levels ¢ are given in Table [I3 These codes, which have different weight
enumerator polynomials, have the same theta series for £ = 7 and different theta
series for £ > 7.

Further, note that these codes are not concatenations of pairs of shorter codes.
This follows from the fact that their symmetric weight enumerator polynomials can-
not be factored into a product of polynomials with non-negative coefficients. Hence,
this pair of codes is fundamentally different from the pairs given earlier in this
section.

Finally, we present an example of two codes with ¢ = 3 (mod 8), meaning the
codes are defined over the field F,.

Example 7. Let p =2 and £ = 3 (mod 8). Consider the following codes of length
n = 4.
C, =011, (w,w,w,w)), Co =C(1,1, (w,w, 1,1)).

The codes, along with their weight enumerator polynomials and theta series for
various levels ¢ are given in Table [I3 These codes, which have different weight
enumerator polynomials, have the same theta series for £ = 3 and different theta
series for £ > 3.

For ¢ = 3, the theta series associated to the monomials Y (which corresponds
to a 1 in a codeword) and Z (which corresponds to a w or w + 1) are the same.
For the above example, note that, although these two codes have different weight
enumerator polynomials, they have the same distribution of weights. Still, this is
our first example of two non-equivalent codes defined over a field with the same
theta series.

3.2. Toward examples for p = 3. For p = 3, we proceed as we did in Section [3.1
for p = 2. For a fixed level ¢ with 3 1 ¢, let C' be a code over R of length n.
The symmetric weight enumerator of C is a polynomial of 4 variables x,y, z, w.
There are (";3) = (n+3)(n + 2)(n 4+ 1)/6 monomials of degree n in 4 variables.
For the level ¢, calculate the theta function associated to each monomial z'y’ zFw!,
represent that power series as a vector of coefficients (truncated at some degree),
create the matrix My, formed by such vectors, and then compute the dimension
of its nullspace.

In Table 3| the nullity of My, is given for ¢ € {7,11,19,23,31,35,43,47} and
n € {1,2,3,4,5,6,7,8,9}. In particular, note that each “0” in the table describes
a situation in which we cannot have two non-equivalent codes with the same theta
series.

The situation here is quite different from the p = 2 case where for each length n
there are levels £ such that the nullity is zero. In particular, for p = 3 and n = 8,
there is a polynomial dependence relation for all levels £ given by

2Y8 +2Y2Z0 + XPY ZW + X2Y4ZW + X4 Z?W? + 10XY3 Z2W?2 + 2Y 2 W6
= X3Y® 4+ 2X3Y2Z3 +4Y°Z3 + X2Y ZAW + X Z5W?2 + 2X3Y2W3 + 4YSW3

F2Y2Z3W3 + X2Y ZWH + X Z2W°.

Thus, if one were to find two codes of length at least 8 defined over R = F3 x 3 or
Fy such that the difference of their symmetric weight enumerator polynomials is a
multiple of the difference of these polynomials, then one would have a pair of codes
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| (=7 (=11 =19 =23 (=31 (=35 (=43 (=4T

n=1| 0 0 0 0 0 0 0 0
n=2| 1 0 0 0 0 0 0 0
n=3| 4 1 0 0 0 0 0 0
n=4| 11 5 0 0 0 0 0 0
n=5| 24 14 0 0 0 0 0 0
n=6 | 44 30 4 2 0 0 0 0
n=7| 72 54 16 9 0 0 0 0
n=8 | 109 87 38 25 ) 2 1 2
n=9 | 156 130 72 53 20 8 4 8

TABLE 3. The nullity of My, for ¢ € {7,11,19,23,31,35,43,47}
and n € {1,2,...,9}.

with different weight enumerator polynomials and the same theta function for all
levels 4.

3.2.1. From polynomials to codes for p = 3. As in Section [3.1.1] we use our imple-
mentation in Sage for p = 3 to search over codes of the form

C(ay,as,v) = a1 (V) + ag(v)™*
for a;,a2 € R and v € R™. Note that for the dual space, one needs to know
71%‘/77, SO Wy = 7172‘/77. Thus,

how complex conjugation behaves. In Ok, wp =
wyg+wg = —1, so we have that a + bwy = a—b—bwy. Complex conjugation therefore
behaves the same way in R.

For small n and any ¢, we can compute all codes of this form, their weight
enumerator polynomials, and their corresponding theta functions. The number of
different weight enumerator polynomials, followed by the number of theta functions
for each combination of n and ¢, is given in Table [4]

3| ¢=7|¢=11]|¢=19 | ¢=23
21 22 9,9 2,2 9,9
31 44 | 2525 | 4,4 | 25,25
TABLE 4. Number of polynomials, number of theta functions for
p = 3, considering R-codes.

Bﬁ"d

As one can see, in this range there are no pairs of codes with different weight
enumerator polynomials and the same theta function. However, as we saw earlier,
there are dependence relations between the monomials of degree 2 and 3 for p = 3.
The problem is that the codes, being R-submodules, have a lot of structure and
thus lead to relatively few weight enumerator polynomials. Below, we modify our
search criteria slightly.

3.2.2. Modified method - ‘Fp-submodule codes”. If we loosen one restriction on our
codes - namely, treating them as F,-submodules rather than as R-submodules —
then we find dependence relations among the resulting polynomials. For a prime
p, we will refer to these as “IFp-submodule codes.”
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Note that these are no longer “codes” under the definition given in Section [2:2]
though any code under the standard definition is necessarily a F,-submodule code
as well. As we will see below, there do exist pairs of these IFp-submodule codes with
the same theta function. One then has the following question.

Question: For some prime p and level ¢, given a pair of length n non-equivalent
“IFp-submodule codes,” can one find a way to create a pair of codes with the same
theta function?

To be precise, we consider F,-submodule codes of the form
C(ay,as,v) = a1 (V) + ag(v)™*
for aj,a2 € R and v € R", where we let (v) := {cv : ¢ € F,} rather than
considering all ¢ € R.
For small n and any ¢, we can compute all F3-submodule codes of this form,
their weight enumerator polynomials, and their corresponding theta functions. The

number of different weight enumerator polynomials, followed by the number of theta
functions for each combination of n and ¢, is given in Table

p=3, F3-submodule codes (=7 (=11 | (=19 | £=23
n=2 12,12 | 17,17 | 12,12 | 17,17
n=3 147,144 | 71,70 | 147,147 | 71,71

TABLE 5. Number of polynomials, number of theta functions for
p = 3, considering F3-submodule codes.

For n = 3, there are pairs of non-equivalent F3-submodule codes with the same
theta function for £ = 7 and £ = 11. These examples are presented below. Following
the notation of Example [2| the symmetric weight enumerator polynomials have 4
variables, denoted X,Y, Z, W.

Example 8. Let p =3 and { = 7 (mod 12). Consider the following pairs of Fs-
submodule codes of length n = 3.

Ci1=Cw+11,(l,w,w+1)), Cr2=Cw,w, (w+ 1w+ 1w+2)).

Cy1 =Clw,w+1, (w,w,w+2)), Coo=Cw,2w+1,(1,w+1,w+2)).

0371 = C(l,w, (1,w,w + 1)), 03,2 = C’(l,w, (1, 1w+ 2))
These pairs of F3-submodule codes have the following symmetric weight enumer-

ators and theta functions.

swee,, = XP+2Y3+4AXZ?+4AYZ? +27° +2XZW+

Y ZW +2Z°W +2YW? 4 2ZW?2.

swee,, = X*+2XYZ+2Y?Z+2XZ>+AYZ? 4273+
Y2 W + 2XZW +4Y ZW +27°W + 4Z2W2.
9/\7(01,1)((1) = 9/\7(01,2)(‘1)

14 2¢% +4¢* +4¢° +12¢5 + 12¢7 + 8¢% + 22¢° + 42¢'° + ...

9/\19(01‘1)((1) = 1+ 2q3 + 6q6 + 12q9 + 4q10 +...
9A19(C1,2)(Q) = 1+ 2q6 + 2q7 + 126]9 + 6q10 + o
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swee,, = X®+2XY?2+2XZ%44YZ? +27% +10Y ZW+
A472W 4+ 2X W2
swee,, = X°+2X2Z+2Y2Z4+4YZ?+223 4+ 2XYW+
Y ZW +AZ2W + 2ZW2.
9A7(C271)(Q) = 9/\7(02,2)((1)
= 1+2¢% +2¢* +8¢° +2¢° +20¢" + 22¢% + 6¢° + 38¢'° + . ..
Onro(cany(@) = 1+42¢°+4¢° +2¢° +6¢° +2¢'° + ...
Onio(Cap)(@) = 1+2¢° +2¢7 +4¢° +6¢° + 44" + ..
swee,, = X°+2XYZ+2Y2Z+4XZ%+2YZ%+22° + 2V W+
6Y ZW +4Z2W + 2W3,
swec,, = X°+2XYZ+AY?Z+2XZ*+2YZ% 42723 +2XZW+
AY ZW +4Z°*W +2YW?2 4+ 2ZW2.
9/\7(03,1)(q) = 0A7(03,2)(q)
= 1+2¢+6q¢* +2¢° +8¢° + 16¢" + 10¢% + 20¢° + 40¢'° + . ..
Orio(cs ) (@) = 1+2¢°+2¢" +12¢7 +8¢'0 + ...
Orro(Cs) (@) = 142¢°+4¢" +8¢7 +10¢"° + ...

Note that for each pair C;1 and C; 2, one has swec, , # swec, ,, Oa,(c,.,)(q) =
Or-(Ci2)(@), and On.(c, ,)(q) # Orr (i) (a) for £>T.
Example 9. Let p =3 and £ = 11 (mod 12). Consider the following Fs-submodule
codes of length n = 3.
¢ =C(w,2w+1,(0,1,1)), C3 = C(w, 2w + 1, (1,1, 1)).
These codes have the following symmetric weight enumerator polynomaials.
sweo, = X° 4+ 2X2Z +4X 7% + 87% + AXYW + 8Y ZW.

swec, = X® +2Y% + 6XZ? +42° + 12Y ZW + 2W3.
For ¢ =11, we have

Or1,(01)(@) = Onyy(co)(@) = 1+ 2¢% + 12¢° + 40¢° + 38¢*% +88¢*° + . ...
For £ > 11, 0x,(c,)(q) # Oa,(c2)(@). In particular,

9/\23(01)(q> =1+42¢°%+14¢° + 14¢'? + 24¢"° + ...

and
Onns(0r) (@) = 1+ 2¢° 4+ 6¢° + 12¢° + 8¢'% + 24¢"° + .. ..

3.2.3. The case of p = 5. Finally, we consider the case of p = 5. Working as in
Section we calculate the nullity of the matrix M, for small values of ¢ and n
and record the results in Table [6l

Searching becomes computationally more difficult as we consider larger primes.
Because of this, for p = 5, we slightly restrict our search space to begin with vectors
in F rather than R™. That is, we consider codes and Fs-submodule codes of the
form ay(v) + az(v)* for ai,a2 € R, v € F. The numbers of different symmetric
weight enumerators, followed by the numbers of different theta series, are given in
Tables [7] and [§] first for the case of codes and second for the case of Fz-submodule
codes.
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|[6=3 ¢=7 (=11 (=19 (=23 (=27 (=31 (=39

n=1 4 0 0 0 0 0 0 0
n=2] 30 10 1 1 0 0 0 0
n=3| 131 91 o1 19 1 2 1 1

TABLE 6. Nullity of M, for ¢ € {3,7,11,19,23,27,31,39}, n € {1,2,3}.

p=>5,codes, usingvelFy |{=3|0=7|0=11|{(=19|{=23
n=1 1,1 | 1,1 | 3,3 3,3 1,1
n=2 1,1 1,1 | 18,18 | 17,16 1,1
TABLE 7. Number of polynomials, number of theta functions for
p = 5, considering R-codes.

p = 5,Fs-submodule codes, ve F | {=3 | (=7 | (=11 |¢=19 | £ =23
n=1 4,2 4,4 4,4 4,4 4,4
n=2 72,20 | 72,71 | 72,71 | 59,58 | 72,72
TABLE 8. Number of polynomials, number of theta functions for
p =5, considering F5-submodule codes.

Note that, in the case of n = 2 and £ = 19, we have two codes with different
weight enumerator polynomials and the same theta function. Also, for n = 2
and ¢ = 3,7,11,19, we have pairs of Fs-submodule codes with different weight
enumerator polynomials and the same theta function.

When p = 5, by Lemma [2| the symmetric weight enumerator polynomial has
(5+1)2/4 = 9 variables, denoted X1, Xo,..., Xo. In particular,

SU]@C(AXH7 XQ, Xg, )(47 )(57 X67 )(77 Xg, Xg) =
C’LU@C(Xl, XQ, XG; X67 XQ, )(37 X4, )(77 )(47 )(37 )(57 Xg,
Xg, X5, Xo, X5, Xo, X5, Xs, Xg, X3, X3, X4, X7, Xy).

This follows analogously to Example [2| where the case of p = 3 is considered. To
evaluate the theta function, let Xy = 04, ,(q), X2 = 0r, ,(q), X3 = 0ry,(q), X4 =
9A1,1(Q)>X5 = 91\0,2 (q)7X6 = 9A2,0(Q>7X7 = 91\2,1((1)’ Xg = 9/\1,2 (q)>X9 = 91\1,3 (Q)

Note that in the table of F5-submodule codes for n = 2 and ¢ = 3, there are 72
polynomials giving rise to just 20 theta functions. This is because when ¢ = 3, there
are dependence relations between the theta functions. In particular, 04, ,(q) =
QAO,I(q)’ 81\2,0 (q) = 9/\0,2 (a), 91\1,1((]) = 0/\1,3 (¢), and 0A2‘1(q) = 91\172 (q). The
examples below are for levels ¢ > 3, for which these theta functions are linearly
independent.

The following is an example of two non-equivalent codes defined over F5 x Fj
with the same theta function for £ = 19.

Example 10. Let p = 5 and £ = 19 (mod 20). Consider the following codes of
length n = 2 defined over R = F5 x Fs.

¢y = C(w,w, (0,1)), Cy = Clw,w+1,(1,2)).

These codes have the following symmetric weight enumerator polynomials.
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swee, = X7 +4X1 X3 +4X3 +4X, X5 + 8X3X5 + 4X2.
swee, = X7+ 8X3 X5 + 4XoXg + 8X, Xg + 4X7 Xo.
For ¢ =19 we have
Orro(c) (@) = Orio(0) (@) = 1 +4¢° + 4" + 4¢%° + 16¢%° + 16¢°° + 8¢ + ...
For £>19, 05,,(0,)(q) # Ox5(c2)(q). In particular,
Ongo(cn) (@) = 1+ 4¢"0 +4¢%° + 4¢%° + 4¢%° + 8¢%° + 164" + ...
and
Ongo(0o) (@) = 1+ 4¢° +4¢"° + 4¢*° + 8¢ + 4¢" + 4¢"™ + .. ..

Note that the two codes in Example have different weight distributions of
codewords. The first code has eight codewords of weight 1, while the second code
has none.

Finally, we give an example of two non-equivalent Fs-submodule codes defined
over Fs x F5 with the same theta function for ¢ = 11.

Example 11. Letp =5 and ¢ = 11 (mod 20). Consider the following Fs-submodule
codes of length n = 2 defined over R = F5 x F5.

C, = C(1,3w +1, (1, 3)), Cy = C((U +1lw+1, (0, 1))

We have the following symmetric weight enumerator polynomials.

swec, = X12 + 8X3X5 +4XoXg + 88Xy Xg + 4X7Xy.
swec, = X7 +4X1 Xy +4X3 + 4X1 Xs + 8X4 Xs + 4X2.
For ¢ =11, we have
Oxi () (@) = Oxy (o) (@) = 1+ 4¢° + 4¢" + 8¢"® + 20¢°° + 16¢>° + . . ..
However, for £ > 11, 0x,(c,)(q) # Oa,(c»)(q). In particular,
Onsr(c) () = 1+ 4¢° +4¢" +4¢*° + 8¢ + ...

and
Orsr (o) (@) = 1+4¢" +8¢%° +4¢°° + ...

4. CONCLUDING REMARKS

The examples presented in this paper are for p = 2,3,5. One can work with
larger primes, though the number of computations grows in each case. Based on
the results here as well as some limited computations with p = 7, it seems reasonable
to expect that for any prime p, there will be pairs of F,-submodule codes with the
same theta function. It would then be interesting to see if there is a way to take
such pairs to create pairs of actual codes with the same theta function.

APPENDIX - FULL DETAILS FOR GIVEN EXAMPLES WITH p= 2

In this appendix, we give the specific data for the examples of pairs of non-
equivalent codes with the same theta function for p = 2. Tables [94{13| contain the
codes given in Examples
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Ci= w((0,1,1)) + (w+1){(0,1,1))+

;= {(0,0,0),(0,w,w), (w+1,0,0),
(w4 lw,w),(0,w+1,w+1),
0,1,1),(w+Lw+1lw+1),
(w+1,1,1)}

sweg, = X*+X?Z+ XY?+
2X7Z2+Y?Z +273
= (X?4+Y2+22?)(X+2)

Orn(cny (@) = 1+ 6¢> + 24q* + 56¢5+
114¢° +168¢™ + ...

0 (¢) = 1+4¢>+8¢* +18¢°+

A1s(C1)\G q q q

36¢% + 34¢'0 + ...

Co = w((0,0,1)) + (w+ 1){((0,0,1))*

Cy = {(0,0,0),(0,0,w), (w+1,0,0),
(w+1,0,w), (0,w+1,0),
0,w+1,w), (w+1,w+1,0),
(wH+lw+1w)}.

swec, = X3+3X2Z+3XZ2+Z3
= (X+2)°%.
Orn(cn (@) = 1+ 6¢> + 24" + 56¢5+

114¢% + 168¢'0 + ...

14 12¢* + 64¢° + 48¢%+

9/\15(02)((1) =
54¢'0 + ...

TABLE 9. Two nonequivalent codes of length n = 3 over Fy x Fq
with the same theta series for ¢ = 7 and different theta series for

£ > 7. As given in Example

C1 = w((1,1))+ (w+ {1, 1)*

24¢"0 +8¢'2 + ...

Cy = {(0,0),(1,1),(w,w),
(w+1lw+1)
swec, = X241Y219272
Onr(c(@) = 1+4¢% + 12¢* + 16¢°+
28¢° + 24¢'° + 484" + ...
Oriscn) (@) = 1+4q% +4q* +12¢5+

Cy = w((0,1) + (w+1){(0,1))*

Co = {(0,0),(0,w),(w+1,0),
(w+1,w)}
swec, = X?+2XZ+ 7>
6/\7(02)((]) = 1+ 4q2 + 12q4 + 16q6+
28¢% + 240 + 48¢'2 + ...
9A15(C2)(Q) = 1+ 8(]4 + 4q6 + 16q8—|—

20¢'0 +4¢'2 + ...

TABLE 10. Two nonequivalent codes of length n = 2 over Fy x Fy
with the same theta series for ¢ = 7 and different theta series for

£>17. As given in Example
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w((0,1,1)) + 1{(0, 1, 1))+

Ch

{(0,0,0), (0,w,w), (0,1, 1),
0,w+1,w+1),(w,0,0),
(w,w,w), (w,1,1),
(w,w+1,w+1),(1,0,0),

(1, w,w), (1,1,1),
(Lw+1lLw+1),(w+1,0,0),
(w+ l,w,w), (w+1,1,1),
(wH+lw+lLw+1)}

X3+ X2y + XY2+
Y3 4+2X27 +2Y%2 7+
2X724+9YZ%2 + 423

sweg, =

1+ 2q + 8¢ + 8¢°+
34q* + 24¢° + 88¢5+
34q7 +172¢°% + . ..

On-(co)(q) =

14 2q +4¢ + 8¢°+
10g* + 8¢° + 28¢°+
52¢% + ...

On.5(01)(q) =

Cy = 1{(0,0,1)) +w((0,0,1))*
Cy = {(0,0,0),(0,0,w),(0,0,1),
(0,0,w+ 1), (w,0,0), (w,0,w),
(w,0,1), (w,0,w + 1), (0,w,0),
(0,w,w), (0,w, 1), (0,w,w + 1),
(w,w,0), (w,w,w), (w,w,1),
(w,w,w+1)}
swee, = X+ XY +4X2Z+
OXYZ +5X7Z2 +Y 72+
273
Orr(c0)(@) = 1+2q+ 8q% + 8¢3+
34q* + 244¢° + 88¢5+
34¢7 +172¢°% + . ..
Orrs(co)(@) = 1+ 2q+ 14¢* + 16¢°+

8¢5 +8¢" +64¢% + ...

TABLE 11. Two nonequivalent codes of length n = 3 over Fy x Fq
with the same theta series for ¢ = 7 and different theta series for

¢ > 7. As given in Example




18

T. SHASKA AND C. SHOR

G o= L) +w((1,1,1)t G = wi(l,Lw+ 1)+ (1 Lw+ D)t
Ci = {(0,0,0),(w,w,0), (LL1), | G = {(0,0,0),(w+1,w+1,0),(1,1,0),
@+ 1,0+ 1w+ 1), (@, 0), (w,,0), (0,0, + 1),
(0,0,w), (w+1,w+1,1), (w+lw+Lw+1),(1,1,w+1),
(1,1,w+1),(0,w,w), (w,0,0), (w,w,w~+1),(0,w, 1),
(Lw+lLw+1), (w+1,1,1), (w+1,1,1),(l,w+1,1), (w,0,1),
(w,0,w), (0,w,0), (0,w,w), (w+1,1Lw),
@+ 1, Lw+1), (Lw+1,1)} (Lw+ 1,w), (@, 0,w)}
sweg, = X*>+Y3+3X%2Z+ swee, = X3+ XY?+ X274+
3Y2Z +3X 7%+ 2XYZ +3Y?Z+
3YZ*+273 AXZ?+2YZ? +2273
Orrcny(@) = 1+ 6¢% +8¢° + 48¢*+ Orr(cn)(@) = 1+ 6¢> +8¢° + 48¢*+
24¢° + 88¢° + 48¢"+ 244¢° + 88¢5 + 48¢" +
138¢® + 48¢° + 138¢% + 48¢° + ...
Ors(on (@) = 1+8¢% +12¢*+ Orrs(cn)(q) = 144 +8¢" +8¢°+
3095 + 72¢% + 24¢°+ 3445 + 8¢7 + 60¢5+
54¢'0 + ... 32¢° + 500 + . ..
TABLE 12. Two nonequivalent codes of length n = 3 over Fy x Fg
with the same theta series for £ = 7 and different theta series for
¢ > 7. As given in Example [0}
O = Uwwww)+Uwwww)t | G = Lwwl1)+1{ww 1)
_ 4 2v2 4
swee, = X4 6X2Y24Yiq swee, = X H R T
12X272 + 24XY 2%+ SNy Z TRV aT
12y272 4 87t 8X27Z% 4 8XY Z? 4+ 8Y? 72+
8XZ3 +8Y 73 + 474
Ors(on (@) = 14 72¢° +192¢° + 504¢*+ Ors(ca) (@) = 14 72¢% 4+ 192¢° + 504¢*+
576q° + 2280q° + 172847 576q° + 2280¢° + 172847
+4248¢® + 4800¢° + . .. +4248¢% + 4800¢° + . ..
OAH(CI)(q) = 1 —|— 24q2 + 24q4+ HAH(C2)(Q) = 1 —|— 8(]2 + 56q4—|—

1444¢5 4+ 19297 + 312¢%+
384¢° + ...

64¢° + 96¢° + 128¢7+
34448 + 320¢° + . ..

TABLE 13. Two nonequivalent codes of length n = 4 over Fy with
the same theta series for £ = 3 and different theta series for ¢ > 3.

As given in Example
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