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Abstract. In these lectures we cover basics of the theory of heights starting
with the heights in the projective space, heights of polynomials, and heights of
the algebraic curves. We define the minimal height of binary forms and moduli
height for algebraic curves and prove that the moduli height of superelliptic curves
H( f ) c0H̃( f ) where c0 is a constant and H̃ the minimal height of the correspond-
ing binary form. For genus g = 2 and 3 such constant is explicitly determined. Fur-
thermore, complete lists of curves of genus 2 and genus 3 hyperelliptic curves with
height 1 are computed.
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Introduction

The heights of points on Abelian varieties have been used to prove important results on
the theory of rational points on algebraic curves. In these lectures we give a quick review
of some of the basic results of the classical theory of heights and introduce some new
concepts of heights for algebraic curves with the intention of determining equations of
curves with minimal height.

The material of the first lecture is classic and can be found in any of the excellent
books [6, 8, 9, 11, 12]. We define affine and projective heights on the projective space,
multiplicative and logarithmic heights, and absolute heights. We describe Northcott’s
theorem, Kronecker’s theorem, and Segre embedding. Our main goal is to investigate
how the height of a point changes under a change of coordinate. We describe the formula
for changing coordinates in Thm. 7.

In the second lecture we cover the heights of polynomials, Gauss lemma on heights,
Gelfand’s inequality, and bounds on heights of homogenous polynomials acting on them
by linear transformations on variables. The main focus of this lecture is on the heights
of binary forms. These are interesting polynomials because they give equations of hy-
perelliptic and superelliptic curves which are the focus of this Summer School. For any
binary form f we provide bounds for f M when M 2 SL2(K). This leads to the definition
of the minimal height H̃( f ) and moduli height H( f ) for binary forms. We prove that
H( f )  c0H̃( f )n0 for any binary form f , where c0 and n0 are constants depending only
on the degree of the binary form f .

1Part of this paper was written when this author was visiting Department of Mathematics at Princeton
University. This authors wants to thanks Princeton University for their hospitality.



In the third lecture we focus on heights of algebraic curves. Our main focus is in
providing equations for the algebraic curves with ”small” coefficients as continuation of
our previous work [1, 2, 5, 15, 19, 19, 20, 23]. Hence, the concept of height is the natural
concept to be used. For a genus g � 2 algebraic curve Xg defined over an algebraic
number field K we define the height HK(Xg) and show that this is well-defined. This
is basically the minimum height among all curves which are isomorphic to Xg over K.
H̄K(Xg) is the height over the algebraic closure K̄. It must be noticed that our definition
is on the isomorphism class of the curve and not on some equation of the curve. We
provide an algorithm to determine the height of a curve C provided some equation for
C. This algorithm is rather inefficient, but can be used for g = 2 and g = 3 hyperelliptic
curves when the coefficients of the initial equation of C are not too large.

The moduli height of a curve is the height in the projective space of the moduli point
corresponding to the curve. We prove that for a given constant c there are only finitely
many curves (up to isomorphism) of moduli height  c.

A natural applications of the results of lecture 3 would be superelliptic curves. Such
curves have equation yn = f (x) and their isomorphism classes are determined by the
GL2(K)-orbits on the space of degree d binary forms Vd , where d = deg f . Hence, we
apply the results from lecture 2 to study the heights of such curves.

For a genus 2 curve with equation y2 = f (x) the moduli height is bounded as follows

H( f ) 228 ·39 ·55 ·7 ·11 ·13 ·17 ·43 ·H( f )10

Moreover we show that there are precisely 230 genus 2 curves with height 1, from which
186 have automorphism group of order 2, 28 of them have automorphism group isomor-
phic to the Klein 4-group, and the rest have automorphism group of order > 4. All these
curves are listed in Tables 1-4.

Similar computations are done for genus 3 hyperelliptic curves where GL2(K)-
invariants t1, . . . , t6 are used as defined in [22]. In the last part of this lecture we present
some open problems and conjectures.

For more references and classical results on the theory of heights the reader should
check these timeless books [6–9, 11, 13, 14].

Notation: Throughout this paper by a curve we mean a smooth, irreducible algebraic
curve. Unless otherwise noted a ”curve” C means the isomorphism class of C over some
field K. We fix the following notation throughout this paper.

K a number field,
OK the ring of integers of K,
v an absolute value of K,
MK the set of all absolute values of K,
M0

K the set of non-Archimedean absolute values of K,
M•

K the set of Archimedean absolute values of K,
Kv the completion of K at v,
nv the local degree [Kv : Qv],
GQ the Galois group Gal(Q/Q).



Part 1: Heights on the projective space

In this lecture we define different heights of a point on a projective space, culmi-
nating in the Northcott and Kronecker theorems. We discuss Segre’s map and the d-uple
embedding with the intention of establishing a bound for the height of a point after a
change of coordinates.

1. Heights on the projective space

In this section we define the heights on the projective space over a number field K and
give some basic properties of the heights function.

Let K be an algebraic number field and [K : Q] = n. With MK we will denote the set
of all absolute values in K. For v 2 MK , the local degree at v, denoted nv is

nv = [Kv : Qv]

where Kv,Qv are the completions with respect to v. The following are true for any number
field K, see [9, pg. 171-172] for proofs.

i) Degree formula. Let L/K be an extension of number fields, and let v 2 MK be an
absolute value on K. Then

Â
w2ML

w|v

[Lw : Kv] = [L : K]

ii) Product formula. Let K be a number field, and let x 2 K?. Then we say that MK
satisfies the product formula if

’
v2MK

|x|v = 1

Throughout this paper with Q we will denote the algebraic closure of Q and with GQ :=
Gal(Q/Q).

Given a point P 2 Pn(Q) with homogenous coordinates [x0, . . . ,xn], the field of def-
inition of P is

Q(P) =Q(xo/x j, . . . ,xn/x j)

for any j such that x j 6= 0.
Let K be a number field, Pn(K) the projective space, and P 2 Pn(K) a point with

homogenous coordinates P = [x0, . . . ,xn], for xi 2 K. The multiplicative height of P is
defined as follows

HK(P) := ’
v2MK

max
n
|x0|nv

v , . . . , |xn|nv
v

o

The logarithmic height of the point P is defined as follows

hK(P) := logHK(P) = Â
v2MK

max
0 jn

n
nv · log |x j|v

o
.



Example 1. Let P = [x0, . . . ,xn] 2 Pn(Q). It is clear that P will have a representative
[y0, . . . ,yn] such that yi 2 Z for all i and gcd(y0, . . . ,yn) = 1. With such representative for
the coordinates of P, the non-Archimedean absolute values give no contribution to the
height, and we obtain

HQ(P) = max
0 jn

n
|x j|•

o

Next we will give some basic properties of heights functions.

Lemma 1. Let K be a number field and P 2 Pn(K). Then the following are true:
i) The height HK(P) is well defined, in other words it does not depend on the choice

of homogenous coordinates of P
ii) HK(P)� 1.

Proof. i) Let P= [x0, . . . ,xn]2Pn(K). Since P is a point in the projective space, any other
choice of homogenous coordinates for P has the form [lx0, . . . ,lxn], where l 2 K⇤.
Then

HK ([lx0, . . . ,lxn]) = ’
v2MK

max
0in

n
|lxi|nv

v

o
= ’

v2MK

|l |nv
v max

0in

n
|xi|nv

v

o

=

 

’
v2MK

|l |nv
v

!
·
 

’
v2MK

max
0in

n
|xi|nv

v

o!

Applying the product formula we have

HK ([lx0, . . . ,lxn]) = ’
v2MK

max
0in

n
|xi|nv

v

o
= HK(P)

And this completes the proof of the first part.
ii) For every point P 2 Pn(K) we can find a representative of P with homogenous

coordinates such that one of the coordinates is 1. Let us reorder the coordinates of P =
[1,x1, . . . ,xn] and calculate the height.

HK(P) = ’
v2MK

max
n
|x0|nv

v , . . . , |xn|nv
v

o
= ’

v2MK

max
n

1, |x1|nv
v , . . . , |xn|nv

v

o

Hence, every factor in the product is at least 1. Therefore, HK(P)� 1.

Lemma 2. Let P 2 Pn(K) and L/K be a finite extension. Then,

HL(P) = HK(P)[L:K].

Proof. Let L be a finite extension of K and ML the corresponding set of absolute values.
Then,



HL(P) = ’
w2ML

max
0in

n
|xi|nw

w

o
= ’

v2MK
’

w2ML
w|v

max
0in

n
|xi|nw

v

o
, since xi 2 K

= ’
v2MK

max
0in

n
|xi|nv·[L:K]

v

o
, (product formula)

= ’
v2MK

max
0in

n
|xi|nv

v

o[L:K]
= HK(P)[L:K]

This completes the proof.

Using Lemma 2, part ii), we can define the height on Pn(Q). The height of a point
on Pn(Q) is called the absolute (multiplicative) height and is the function

H : Pn(Q̄)! [1,•)

H(P) = HK(P)1/[K:Q],

where P2Pn(K), for any K. The absolute (logarithmic) height on Pn(Q) is the function

h : Pn(Q̄)! [0,•)

h(P) = logH(P) =
1

[K : Q]
hK(P).

Example 2. Let a 2 K be an algebraic number. The height of a 2 K is the height of the
corresponding projective point (a,1) 2 P1(K). Thus,

HK(a) = ’
v2MK

max
n

1, |a|nv
v

o

and similarly for hK(a),H(a),h(a).

Lemma 3. The height is invariant under Galois conjugation. In other words, for P 2
Pn(Q) and s 2 GQ we have H(Ps ) = H(P).

Proof. Let P = [x0, . . . ,xn] 2 Pn(Q). Let K be a finite Galois extension of Q such that
P 2 Pn(K). Let s 2 GQ. Then s gives an isomorphism

s : K ! Ks

and also identifies the sets MK , and MKs as follows

s : MK ! MKs

v ! vs

Hence, for every x 2 K and v 2 MK , we have |xs |vs = |x|v. Obviously s gives as well an
isomorphism

s : Kv ! Ks
vs



Therefore nv = nvs , where nvs = [Ks
vs : Qv]. Then

HKs (Ps ) = ’
w2MKs

max
0in

n
|xs

i |nw
w

o

= ’
v2MK

max
0in

n
|xs

i |
nvs
vs

o
= ’

v2MK

max
0in

n
|xi|nv

v

o
= HK(P)

This completes the proof.
The following is known in the literature as Northcott’s theorem.

Theorem 1 (Northcott). Let c0 and d0 be constants. Then the set

{P 2 Pn(Q) : H(P) c0 and [Q(P) : Q] d0}

contains only finitely many points. In particular for any number field K

{P 2 Pn(K) : HK(P) c0}

is a finite set.

Proof. Let P = [x0, . . . ,xn] 2 Pn(Q) be a point such that some xi0 = 1. Then for any
absolute value v, and for all 0  i  n we have

max
n
|x0|nv

v , . . . , |xn|nv
v

o
� max

n
1, |xi|nv

v

o
.

Let Q(P) be the field of definition of P. Let us first estimate HQ(P)(P).

HQ(P)(P) = ’
v2MQ(P)

max
n
|x0|nv

v , . . . , |xn|nv
v

o

� ’
v2MQ(P)

max
n

1, |xi|nv
v

o
, for all 0  i  n.

= HQ(P)(xi), for all 0  i  n.

Taking the [Q(P) : Q]-th root we have H(xi) H(P), for all 0  i  n. Clearly, Q(xi)⇢
Q(P), for all 0  i  n and therefore [Q(xi) : Q] [Q(P) : Q]. Then for all 0  i  n we
have,

H(xi) c0 and [Q(xi) : Q] d0.

It suffices to show that for each 1  d  d0 the set

{x 2Q : H(x) c0 and [Q(x) : Q] = d}

is finite (i.e we are considering the case when n = 1).
Assume, for some x 2Q, we have [Q(x) : Q] = d. Let x1, . . . ,xd be the d conjugates

of x in Q. Then the minimal polynomial of x over Q is



fx(t) = min(x,Q, t) =
d

’
j=1

(t � x j) =
d

Â
r=0

(�1)rsr(x)td�r.

Then for any absolute value v 2 MQ(x) we have

|sr(x)|v =

����� Â
1i1···ird

xi1 · · ·xir

�����
v

 |c(r,d)|v max
1i1···ird

n
|xi1 · · ·xir |v

o


 |c(r,d)|v max
1id

n
|xi|rv

o
 |c(r,d)|v

d

’
i=1

n
|xi|v

or

Where, c(r,d) represents the number of terms in a symmetric polynomial with degree r
and d variables, and is

�d
r
�
. Then,

|c(r,d)|v =

8
><

>:

✓
d
r

◆
if v is Archimedean

1 if v in non-Archimedean

Hence, c(r,d) =
�d

r
�
 2d when v is Archimedean, and 1 if v in non-Archimedean. Now

let us take the maximum over all symmetric polynomials. We have

max
n
|s0(x)|v, . . . , |sd(x)|v

o
 |si(x)|v, (for some 1  i  d)

 |c(d)|v
d

’
i=1

max
n

1, |xi|v
od

,

where, as above |c(d)|v =
�d

r
�

when v is Archimedean and 1 otherwise. Now we can
calculate the height of (s0(x), . . . ,sd(x)).

HQ(x)(s0(x), . . . ,sd(x)) = ’
v2MQ(x)

max
0id

n
|si(x)|nv

v

o
 ’

v2MQ(x)
|c(d)|nv

v

d

’
i=1

max
i

n
|xi|nv

v ,1
od

Using the degree formula

’
v2MQ(x)

|c(d)|nv
v = ’

v2M•
Q(x)

|c(d)|nv
v = c(d)[Q(x):Q]  2d2

we have

HQ(x)(s0(x), . . . ,sd(x)) 2d2
d

’
i=1

HQ(x)(xi)
d

Taking, [Q(x) : Q]-th root of both sides we have



H(s0(x), . . . ,sd(x)) 2d
d

’
i=1

H(xi)
d

But the xi’s are conjugates and by Lemma 3 they all have the same height. Hence,

H(s0(x), . . . ,sd(x)) 2dH(x)d2  (2cd
0)

d since H(x) c0

Since the si’s are in Q, is clear that for a given c and d there are only finitely many
possibilities for the polynomial fx(t), and therefore only finitely many possibilities for x.
Hence the set

{x 2Q : H(x) c0 and [Q(x) : Q] = d}

is finite.

Lemma 4 (Kronecker’s theorem). Let K be a number field, and let P = [x0, . . . ,xn] 2
Pn(K). Fix any i0 with xi0 6= 0. Then H(P) = 1 if and only if the ratio x j/xi0 is a root of
unity or zero for every 0  j  n.

Proof. Let P = [x0, . . . ,xn] 2 Pn(K). Without loss of generality we can divide the coor-
dinates of P by xi0 and then reorder them. Assume, P = [1,y1, . . . ,yn] where y1, . . . ,yn
are of the form x j/xi0 . If yl is a root of unity for every 1  l  n then |yl |v = 1 for every
v 2 MK . Hence, H(P) = 1.

Assume H(P) = 1. Let Pr = [xr
0, . . . ,x

r
n], for r = 1,2,3 . . . . Then, from the defini-

tion of the height is clear that H(Pr) = H(P)r, for every r � 1. But Pr 2 Pn(K) and by
Theorem 1 we have that

{Pr 2 Pn(K) : HK(Pr) c}

is a finite set. In this case c = 1 and therefore the sequence P,P2,P3, . . . contains only
finitely many distinct points. Choose integers s > r � 1 such that Ps = Pr. This implies
that for each 1  j  n we have xs

j = xr
j. Therefore, xs�r

j = 1, where s� r > 0. Therefore,
each x j is a root of unity or is zero.

2. Segre map and d-uple embedding

Let m,n � 1 and let N = (n+1)(m+1)�1. The Segre map is the map

Sn,m : Pn(Q)⇥Pm(Q)! PN(Q)

(P,Q)! [x0y0,x0y1, . . . ,xiy j, . . . ,xnym]

where P = [x0, . . . ,xn] 2 Pn(Q) and Q = [y0, . . . ,ym] 2 Pm(Q). The Segre maps are mor-
phisms and give embeddings of the product Pn(Q)⇥Pm(Q) into PN(Q). Next we will
see how some of the properties of the heights are carried over through Segre embeddings.

Lemma 5. Let Sn,m be the Segre embedding, P 2 Pn(Q), and Q 2 Pm(Q). Then,

H(Sn,m(P,Q)) = H(P)⇥H(Q).



Proof. Let K be some number field such that P 2 Pn(K), and Q 2 Pm(K), and R =
[z0, . . . ,zN ] = Sn,m(P,Q) 2 PN(K). For every absolute value v 2 MK the following is true

max
0lN

n
|zl |v

o
= max

0in
0 jm

n
|xiy j|v

o
(by definition of Segre map)

= max
0in
0 jm

n
|xi|v · |y j|v

o
(by absolute value properties)

=

✓
max

0in

n
|xi|v

o◆
·
✓

max
0 jm

n
|y j|v

o◆

Let us calculate

HK(Sn,m(P,Q)) = ’
v2MK

max
0lN

n
|zl |nv

v

o
= ’

v2MK

✓
max

0in

n
|xi|nv

v

o◆
·
✓

max
0 jm

n
|y j|nv

v

o◆

= ’
v2MK

✓
max

0in

n
|xi|nv

v

o◆
· ’

v2MK

✓
max

0 jm

n
|y j|nv

v

o◆
= HK(P) ·HK(Q)

Taking [K : Q]-root of both sides we obtain the desired result.
Let P = [x0, . . . ,xn] 2 Pn(Q). Let M0(x), . . . ,MN(x) be the complete collection of

monomials of degree d in the variable x = (x0, . . . ,xn). Note that N is the number of
monomials of degree d in n+1 variables minus 1, hence N =

�n+d
n
�
�1.

Then, the map

fd : Pn(Q)! PN(Q)

P ! [M0(x), . . . ,MN(x)]

is called the d-uple embedding of Pn(Q). This is a morphism, and in fact is an em-
bedding of Pn(Q) into PN(Q). Next we describe a formula for the height under a d-uple
embedding.

Lemma 6. Let fd : Pn(Q)! PN(Q) be the d-uple embedding. Then for all P 2 Pn(Q)
we have

H(fd(P)) = H(P)d .

Proof. Let P, and fd(P) = [M0(x), . . . ,MN(x)] be as above. By definition Mi(x) are all
monomials of degree d in n+1 variables. It is clear that

|Mi(x)|v  max
i

n
|xi|dv

o

and since xd
0 , . . . ,x

d
n appear in the list we have

max
0 jN

n
|Mj(x)|v

o
= max

0in

n
|xi|dv

o



Let K be a number field such that P 2 Pn(K), and fd(P) 2 Pm(K). Then,

HK(fd(P)) = ’
v2MK

max
0 jN

n
|Mj(x)|nv

v

o
= ’

v2MK

max
0in

n
|xi|d·nv

v

o

=

 

’
v2MK

max
0in

n
|xi|nv

v

o!d

= HK(P)d

Taking [K : Q]-th root of both sides we obtain the desired result.
For P = [x0, . . . ,xn] and m � 1, let P(m) be the point whose projective coordinates are

all the monomials of degree m in the xi, and Pm = [xm
0 , . . . ,x

m
n ]. Let K be a number field

such that Pm 2 Pn(K). Then,

HK(Pm) = ’
v2MK

max
n
|xm

0 |nv
v , |xm

1 |nv
v , . . . , |xm

n |nv
v

o
= ’

v2MK

max
i

n
|xm

i |nv
v

o

= ’
v2MK

max
i

n
|xi|nv

v

om
= HK(P)m

Then, H(P(m)) = H(Pm) = H(P)m.

3. Heights and change of coordinates on Pn

In the next few paragraphs we will consider what happens to the height of a point after a
transformation f . Let

f : Pn(K)! Pr(K)

[x0, . . . ,xn]! [fo, . . . ,fr]

be a rational map such that fi are rational functions of degree m. Define the height of

the map f , denoted by H(f), to be the height of a point P in the projective space, where
P is the sequence of coefficients of all the fi’s.

Denote by Z be the set of common zeroes for all fi’s. Then f is defined on Pn(Q)\
Z . We have the following:

Lemma 7 (Formula for changing coordinates). The following are true:
i) Let f be as above, and fi homogenous polynomials of degree m. Then for each

point P = [x0, . . . ,xn] 2 Pn(Q)\Z we have

H(f (P)) ||N||• H(f)H(P)m

where N is the maximum number of monomials appearing in any one of the fi, and

||N||• = ’
v2M•

K

|N|nv
v

ii) Let X be a closed subvariety of Pn(Q) with the property that X \Z = /0. Thus f
defines a morphism X ! Pr(Q). Then for every P = [x0, . . . ,xn] 2 X we have



H(f(P)) = c0 ·H(P)m.

for some constant c0.

Proof. Fix a field of definition K for f , so f0, . . . ,fr 2 K[X0, . . . ,Xn]. We can write fi’s
as follows

fi(X) = Â
j=( j0,..., jn)2I
j0+···+ jn=m

ai j X
j for all 0  i  r

where X = X0X1 · · ·Xn and X j = X j0
0 ·X j1

1 · · ·X jn
n . For some P = [x0, . . . ,xn], we want to

estimate H(f(P)) where f(P) = (f0(P), . . . ,fr(P)).

HK(f(P)) = ’
v2MK

max
n
|f0(P)|nv

v , . . . , |fr(P)|nv
v

o
= ’

v2MK

max
0ir

n
|fi(P)|nv

v

o

= ’
v2MK

max
0ir

8
>><

>>:

��������
Â

j=( j0,..., jn)2I
j0+···+ jn=m

ai j x
j0
0 · x j1

1 · · ·x jn
n

��������

nv

v

9
>>=

>>;

 ’
v2MK

Nnv
v · max

i, jl
0ln

n��� ai jl
x j0

0 · x j1
1 · · ·x jn

n

���
nv

v

o

 ’
v2MK

Nnv
v · max

i, jl
0ln

n
|ai jl

|nv
v

o
· max

0ln

n
| xl |nv

v

om

= ||N||• ·HK(f) · HK(P)m

where N is the maximum number of monomials appearing in any one of the fi. Taking
[K : Q]-th root of both sides we obtain the desired result.

ii) In part (i) we proved that

H(f(P)) c1 ·H(P)m

where c1 = ||N||• ·H(f), and it depends on f but does not depend on the point P 2
Pn(Q). Now we want to show that for a point P = [x0, . . . ,xn] 2 X(K) and a morphism
f = (f0, . . . ,fr) on X the following holds

H(f(P))� c2 ·H(P)m

Let f1, . . . , fl be homogenous polynomials generating the ideal of X . Then, f1, . . . , fl ,
f0, . . . ,fr have no common zeros in Pn. Let J = h f1, . . . , fl ,f0, . . . ,fri and I =
hX0, . . . ,Xni. From Nullstellensatz theorem we have that J has a radical equal to I. Hence,
for some polynomials pi, j,qi, j and an exponent t � m the following is true

p0, jf0 + · · ·+ pr, jfr +q1, j f1 + · · ·+ql, j fl = Xt
j for 0  j  n



Note that, since fi’s have degree m then pi, j’s have degree t�m. Extending K if necessary
we can assume that pi, j’s, and qi, j’s have coefficients in K. Since P 2 X(K), then fi(P) =
0, for all 0  i  l. Evaluating the above at the point P we have

p0, j(P)f0(P)+ · · ·+ pr, j(P)fr(P) = xt
j, 0  j  n

Hence,

|P|tv = max
j

n
|x j|tv

o
= max

j

n
|p0, j(P)f0(P)+ · · ·+ pr, j(P)fr(P)|v

o

 |r+1|v
✓

max
i, j

n
|pi, j(P)|v

o◆✓
max

i

n
|fi(P)|x

o◆

 |r+1|v
✓����

✓
t �m+n

n

◆����
v
|P|t�m

v max
i, j

n
|pi, j|v

o◆✓
max

i

n
|fi(P)|x

o◆

Denoting by c2 the following

c2 = |r+1|v ·
����

✓
t �m+n

n

◆����
v
·max

i, j

n
|pi, j|v

o

and multiplying the above over all v 2 MK and then taking nv/[K : Q]-th root we obtain

H(P)t  c2 ·H(P)t�mH(f(P)).

This completes the proof.

Remark 1. If the change of coordinates is done by an automorphism of Pn(K), say
M 2 PGLn+1(K), then

H(PM) (n+1) ·H(M) ·H(P),

where H(M) is

H(M) = max{ai, j},

for 1  i  n+1 and 1  j  n+1.



Part 2: Heights of polynomials

In this lecture we define the height of a polynomial. This is interesting to us since in
the next section we will define the height of algebraic curves in terms of the height of a
polynomial.

4. Heights of polynomials

Throughout this paper a polynomial with n variables will be denoted as follows

f (x1, . . . ,xn) = Â
i=(i1,...,in)2I

aix
i1
1 · · ·xin

n

where all ai 2 K, I ⇢ Z�0, and I is finite. Let deg f denote the total degree of f . We will
use lexicographic ordering to order the terms in a given polynomial, and x1 > x2 > · · ·>
xn.

The (affine) multiplicative height of f is defined as follows

HA
K ( f ) = ’

v2MK

max
n

1, | f |nv
v

o

where

| f |v := max
j

n
|a j|v

o

is called the Gauss norm for any absolute value v. The (affine) logarithmic height of f
is defined to be

hAK( f ) = hK([1, . . . ,a j, . . . ] j2I).

Hence, the affine height of a polynomial is defined to be the height of its coefficients
taken as affine coordinates. While, the (projective) multiplicative height of a polyno-

mial is the height of its coefficients taken as coordinates in the projective space. Thus,

HK( f ) = ’
v2MK

| f |nv
v

and the (projective) logarithmic height is

hK( f ) = Â
v2MK

nv log | f |v

The (projective) absolute multiplicative height is defined as follows

H : Pn(Q)! [1,•)

H( f ) = HK( f )1/[K:Q],

and in the same way h( f ), HA( f ),hA( f ).



Example 3. Let

f (x,y) = 3x3 +3x2 +12xy+6y2 +3y+6.

Since f (x,y) has integer coefficients the non-Archimedean absolute values give no con-
tribution to the height, the (affine) height is

HA(3x3 +3x2 +12xy+6y2 +3y+6) = HA([1,3,3,12,6,3,6]) = 12.

The (projective) height is

H(3x3 +3x2 +12xy+6y2 +3y+6) = H([3,3,12,6,3,6]) = H(1,1,4,2,1,2) = 4.

Theorem 2. Let be given F(x,y)2K[x,y]. Then, there are only finitely many polynomials
G(x,y) 2 K[x,y] such that HK(G) HK(F).

Proof. Let

F(x,y) = Â
i=(i1,i2)2I

i=i1+i2

aixi1yi2

be a polynomial with coefficients in K and fix an ordering x > y. Let HK(F) = c. By
definition

HK(F) = ’
v2MK

| f |nv
v = ’

v2MK

max
i

n
|ai|nv

v

o
= HK [a0 . . . ,ai, . . . ]i2I .

But, P = [a0 . . . ,ai, . . . ]i2I is a point in Ps where s is the number of monomials of degree

d in 2 variables. Hence, s =
✓

d +1
d

◆
.

From Theorem 1 we have that for any constant c the set

{P 2 Ps(K) : HK(P) c}

is finite. Hence there are finitely many polynomials G(x,y) with content 1 corresponding
to points P with height HK(G) c = HK(F).

Now we will study the height of the product of polynomials. At first we will deal
with the case when the polynomials are in different variables, and then consider the case
when they are polynomials in the same variable.

Proposition 1. Let f (x0, . . . ,xn) and g(y0, . . . ,yn) be polynomials in different variables.
Then, the projective height has the following property

H( f ·g) = H( f ) ·H(g)



Proof. The height of a polynomial is equal to the height of its coefficients in appropriate
projective space. Let H( f ) = H(P), where P 2 Ps, and H(g) = H(Q) for Q 2 Pl , where
s, l is the number of monomials of f ,g respectively. Then, H( f · g) = H(Ss,l(P,Q)) =
H(P) ·H(Q) from Lemma 5. Therefore, H( f ·g) = H( f ) ·H(g).

Before considering the height of polynomials in the same variables, we will consider
| f ·g|v. The following lemma is true for the product of a finite number of polynomials.

Lemma 8 (Gauss’s lemma). Let K be a number field and f ,g 2 K[x1, . . . ,xn]. If v is not
Archimedean, then | f g|v = | f |v|g|v.

The proof can be found in [6, pg. 22].
Gauss’s lemma applies to all non-Archimedean absolute values but the Archimedean

case is more complicated. An analogous Archimedean estimate is given by the following
lemma. Gauss’s lemma and the following are used to give an estimate of H( f1 f2 · · · fr)
in terms of H( fi) for 1  i  r and f1, f2, . . . , fr 2 K[x1, . . . ,xn].

Lemma 9. Let f1, f2, . . . , fr 2 C[x1, . . . ,xn]. Denote by f = f1 · · · fr and di = deg ( f ,xi).
Then, the following is true

r

’
i=1

| fi|v  e(d1+···+dn)| f |v. (1)

The proof of this can be found in [9, pg. 232] and uses the concept of Mahler measure
which is defined as follows.

Let f (x1, . . . ,xn) 2 C[x1, . . . ,xn] be a polynomial in n variables. The Mahler mea-

sure of this polynomial is defined as follows

M( f ) := exp
✓Z

Tn
log

��� f (eiq1 , . . . ,eiqn)
���dµ1 · · ·dµn

◆

where T is the unit circle {eiq |0  q  2p} equipped with the standard measure dµ =
(1/2p)dq

One of the most important properties of the Mahler measure is the multiplicative
property.

M( f g) = M( f )M(g),

see [9, pg. 230] for proof.
The following is true for affine heights.

Lemma 10. Let K be a number field and f1, . . . , fr 2 K[x1, . . . ,xn]. Denote with deg f j
the total degree of f j. Then the following are true

i) The height of the product of f1, · · · , fr is bounded as follows

HA( f1 f2 · · · fr) N ·
r

’
j=1

HA( f j)

ii)The height of the sum of f1 + · · ·+ fr is bounded as



HA( f1 + f2 + · · ·+ fr) r ·
r

’
j=1

HA( f j).

iii) Suppose that f1, . . . , fr 2 OK [x1, . . . ,xn] have coefficients in the ring of integers
OK of K. Then

HA( f1 + f2 + · · ·+ fr) r ·max
j

n
HA( f j)

o[K:Q]
.

This estimate is useful when K is fixed and r is large.

Proof. i) Let i = (i1, . . . , in) and write f j’s as follows

f j = Â
i

a jix
i1
1 · · ·xin

n

for all j = 1, . . . ,r. Then

f1 f2 · · · fr =

 

Â
i

a1ix
i1
1 · · ·xin

n

!
·
 

Â
i

a2ix
i1
1 · · ·xin

n

!
· · ·
 

Â
i

arix
i1
1 · · ·xin

n

!

= Â
i

 

Â
i1+···+ir=i

a1i1 ·a2i2 · · ·arir

!
xi

where xi = xi1
1 · · ·xin

n . Then, for every v 2 MK the Gauss norm is

| f1 f2 · · · fr|v = max
i

(����� Â
i1+···+ir=i

a1i1 ·a2i2 · · ·arir

�����
v

)
.

Let N be an upper bound for the number of non-zero terms in the sums, and let

Nv =

(
N if v is Archimedean

1 if v is non-Archimedean

Then,

| f1 f2 · · · fr|v  max
i

(

Â
i1+···+ir=i

|a1i1 ·a2i2 · · ·arir |v

)

 max
i

8
<

:Nv · max
i j

i1+···+ir=i

n
|a1i1 · · ·arir |v

o
9
=

;

 Nv

r

’
j=1

max
i j

n
1, |a ji j |v

o
 Nv

r

’
j=1

max
j

n
1, | f j|v

o
.

Raising to the nv power and taking the product over all valuations v 2 MK we have the
following



HA
K ( f1 · · · fr) = ’

v2MK

max
n

1, | f1 · · · fr|nv
v

o
 ’

v2MK

(
Nv

r

’
j=1

max
j

n
1, | f j|v

o)nv

 N[K:Q]
r

’
j=1

HK( f j),

 
since Â

v2M•
K

nv = [K : Q]

!

Taking [K : Q]-th root we obtain the desired result.
ii) Let f j be as above. Then,

f1 + · · ·+ fr = Â
(i1,...,in)=i

(a1i + · · ·+ari)xi

Thus, for every absolute value v 2 MK ,

| f1 + · · ·+ fr|v = max
i

n
|a1i + · · ·+ari|v

o
.

Letting,

rv =

(
r if v is Archimedean

1 if v is non-Archimedean

we have

| f1 + · · ·+ fr|v  rv max
j,i

n
1, |a ji|v

o
( for j, i as above)

 rv

r

’
j=1

max
i

n
1, |a ji|v

o
.

Raising to the nv/[K : Q] power and taking the product over all valuations v 2 MK we
have the following

HA( f1 + · · ·+ fr) r
r

’
j=1

HA( f j).

And we are done.
iii) We have that f1, . . . , fr have coefficients in the ring of integers OK of K. Then,

f1 + · · ·+ fr will have integer coefficients as well. Hence, for any non-Archimedean
absolute value v, and any j we have that | f j|v  1 and therefore the following is true

max
n

1, | f1 + · · ·+ fr|v
o
= max

n
1, | f1|v

o
= · · ·= max

n
1, | fr|v

o
= 1.

Hence the non-Archimedean absolute values do not contribute to HK( f1 + · · ·+ fr), and
we have



HA
K ( f1 + · · ·+ fr) = ’

v2M•
k

max
n

1, | f1 + · · ·+ fr|nv
v

o

 ’
v2M•

k

r · max
1 jr

n
1, | f j|nv

v

o
, from absolute value properties

 r[K:Q] · max
1 jr

⇢
max
v2M•

K

n
1, | f j|nv

v

o[K:Q]
�
, since #M•

K  [K : Q]

 r[K:Q] · max
1 jr

n
HA

K ( f j)
[K:Q]

o

Taking [K : Q]-th root of both sides we obtain the desired result.
The converse inequality for the inequality in part (i) is known as Gelfand’s inequal-

ity. This inequality is true if we use projective polynomial heights.

Lemma 11 (Gelfand’s inequality). Let f1, . . . , fr 2 Q[x1, . . . ,xn] be polynomials, with
degree d1, . . . ,dr respectively, such that deg ( f1 · · · fr,xi) di for each 1  i  r. Then

r

’
i=1

H( fi) e(di+···+dn) ·H( f1 · · · fr).

Proof. From Lemma 9 the following is true

r

’
i=1

| fi|v  e(d1+···+dn)| f |v. (2)

Then, assuming the above we have

r

’
i=1

HK( fi) =
r

’
i=1

’
v2MK

| fi|nv
v = ’

v2MK

r

’
i=1

| fi|nv
v = ’

v2MK

⇣
| f1|nv

v | f2|nv
v · · · | fr|nv

v

⌘

 ’
v2M0

K

| f1 · · · fr|nv
v · ’

v2M•
K

env(d1+···+dn)| f1 · · · fr|nv
v

 e[K:Q](d1+···+dn)HK( f1 · · · fr).

Taking [K : Q]-th root of both sides we obtain Gelfand’s inequality.

Lemma 12. Let K be a number field, v an absolute value on K, and f 2 K[x1, . . . ,xn] a
polynomial. Then,

����
∂ f
∂x j

����
v
 |deg f |v · | f |v.

Proof. Let the polynomial f be as follows

f (x1, . . . ,xn) = Â
i=(i1,...,in)2I

aix
i1
1 · · ·xin

n .

Then every coefficient of ∂ f/∂x j has the form c ·ai for some positive integer c  deg f
and some multi index i. Therefore,



����
∂ f
∂x j

����
v
 max

i

(
max

cdeg f

n
|cai|v

o)
= |deg f |v · | f |v.

This completes the proof.
Let b = (b1, . . . ,bn) 2 Kn. Denote with |b|v = max

�
|bi|v

 
.

Lemma 13. Let K be a number field, f 2 K[x1, . . . ,xn] a polynomial of degree d, and
b = (b1, . . . ,bn) 2 Kn. Then,

| f (b)|v  min
n
|2d|nv , |2|dv

o
·max{1, |b|v}d · | f |v.

The prof can be found in [9, pg. 236].
Next we will consider bounds for the Gauss norm of a polynomial f (x) 2

K[x1, . . . ,xn], first when we shift x = (x1, . . . ,xn) with a vector b = (b1, . . . ,bn)2 Kn, then
when we multiply x with u = (u1, . . . ,un), and then when we combine them.

Let b = (b1, . . . ,bn)2 Kn, |b|v as above, and define a shifted polynomial as follows

fb(x) = f (x+b) = f (x1 +b1, . . . ,xn +bn).

Lemma 14. Let K be a number field, f 2K[x1, . . . ,xn] such that deg f = d. The following
statements are true.

i) Let b = (b1, . . . ,bn) 2 Kn and |b|v as above. The height of the shifted polynomial
fb(x) is bounded by

| fb(x)|v  |2|2d
v ·max{1, |b|v}d · | f |v. (3)

ii) Let u = (u1, . . . ,un) and define fu(x) = f (u · x) = f (u1x1, . . . ,unxn). Then,

| fu(x)|v  max{1, |u|v}d · | f |v.

iii) For b, and u as above define f (ux+b) = f (u1x1 +b1, . . . ,unxn +bn). Then,

| f (ux+b)|v  |2|2deg f
v ·max{1, |u|v}d ·max{1, |b|v}d · | f |v.

Proof. i) Let

f (x1, . . . ,xn) = Â
i=(i1,...,in)2I

aix
i1
1 · · ·xin

n .

and compute

fb(x) = Â
i

ai(x+b)i

= Â
i

ai

 
i1

Â
j1=0

✓
i1
j1

◆
x j1

1 bi1� j1

!
· · ·
 

in

Â
jn=0

✓
in
jn

◆
x jn

n bin� jn

!

=
d1

Â
j1=0

· · ·
dn

Â
jn=0

0

B@ Â
i1,...,in

jlildl

ai

✓
i1
j1

◆
· · ·
✓

in
jn

◆
⇥bi1� j1

1 · · ·bin� jn
n

1

CA⇥ x j1
1 · · ·x jn

n



Then, for every v 2 MK the Gauss norm is

��� fb(x)
���
v
= max

j1,..., jn
0 jldl

�������
Â

i1,...,in
jlildl

ai

✓
i1
j1

◆
· · ·
✓

in
jn

◆
bi1� j1

1 · · ·bin� jn
n

�������
v

.

If we denote by N be number of the terms in the last sum, then N is at most ’n
l=1(dl +

1) ’n
l=1 2dl = 2d . Estimate the binomial coefficients we have,

✓
i1
j1

◆
· · ·
✓

in
jn

◆
 2i1 · · ·2in = 2i1+···+in  2d1···dn = 2d

Letting

Nv =

(
N  2d if v is Archimedean

1 if v is non-Archimedean

and using the above estimates we have

��� fb(x)
���
v
= max

j1,..., jn
0 jldl

8
><

>:

�������
Â

i1,...,in
jlildl

ai

✓
i1
j1

◆
· · ·
✓

in
jn

◆
bi1� j1

1 · · ·bin� jn
n

�������
v

9
>=

>;
.

 Nv ·max
i, j

⇢
1,
����ai

✓
i1
j1

◆
· · ·
✓

in
jn

◆
bi1� j1

1 · · ·bin� jn
n

����
v

�
.

 Nv ·2d
• ·max{1, |bi1� j1

1 · · ·bin� jn
n |v} ·max{|ai|v}

 22d
• ·max{1, |b1|i1� j1

v }· · ·max{1, |bn|in� jn
v } ·max{|ai|v}

 22d
• ·max{1, |b1|dv}· · ·max{1, |bn|dv} ·max{|ai|v}

= 22d
• ·max{1, |b|dv} · | f |v.

This completes the proof.
ii) Let us evaluate

fu(x) = f (u1 · x1, . . . ,un · xn)

= Â
i=(i1,...,in)2I

ai(u1x1)
i1 · · ·(unxn)

in

= Â
i=(i1,...,in)2I

ai · (ui1
1 · · ·uin

n ) · (x
i1
1 · · ·xin

n )

Then, for every v 2 MK the Gauss norm is



| fu(x)|v = max
i

n
|aiu

i1
1 · · ·uin

n |v
o

 max
i

n
|ai|v

o
·max

n
1, |ui1

1 · · ·uin
n |v

o

 max
i

n
|ai|v

o
·max

n
1, |u1|dv

o
· · ·max

n
1, |un|dv

o

= max{1, |u|v}d · | f |v.

iii) Combining part (i) and (ii) we have the following

| f (u · x+b)|v  22d
• ·max{1, |b|v}d · | fu(x)|v

 22d
• ·max{1, |b|v}d ·max{1, |u|v}d · | f |v,

Remark 2. If we convert the above bounds into bounds for heights we have the follow-
ing.

i) H( fb(x)) 4d ·H(b)d ·H( f )
ii) H( fu(x)) H(u)d ·H( f )
iii) H( f (ux+b)) 4d ·H(u)d ·H(b)d ·H( f )

Proof. We prove i) and then the rest follows in the same way. Raising Eq. (4) to the nv
power and taking the product over all valuations we have

HK( fb(x)) = ’
v2MK

| fb(x)|nv
v

 ’
v2MK

⇣
22d

• ·max{1, |b|dv} · | f |v
⌘nv

 22d2 ·HK(b)d ·HK( f )

Now, taking [K : Q]-th root of both sides we obtain

H( fb(x)) 4d ·H(b)d ·H( f ).

4.1. Homogenous polynomials

Next we focus on homogenous polynomials. The following lemma gives a bound for the
homogenous polynomial evaluated at a point.

Lemma 15. Let K be a number field, f 2 K[x0, . . . ,xn] a homogenous polynomial of
degree d, and a = (a0, . . . ,an) 2 Kn+1. Then, the following hold:

i) | f (a)|v  |c(d,n)|v ·max j
�
|a j|v

 d · | f |v, where |c(d,n)|v is
�n+d

d
�

is v is non-
Archimedean and 1 otherwise.

ii) H( f (a)) c0 ·H(a)d ·H( f ).



Proof. Write f as follows

f (x0, . . . ,xn) = Â
i0+···+in=d
i=(i0,...,in)

aix
i0
0 · · ·xin

n .

Let v be an absolute value on K, extended in some way to K. Since f is a homogenous
polynomial in n variables of degree d, then the number of terms of f is at most the
number of monomials of degree d in n+1 variables, and this is equal to

�n+d
n
�
. We want

to evaluate H( f (a)).
Let

|c(d,n)|v =

8
><

>:

✓
n+d

n

◆
if v is Archimedean

1 if v is non-Archimedean

then, the Gauss’s norm is

| f (a)|v =

�����Âi
aia i0

0 · · ·a in
n

�����
v

i = (i0, . . . , in) and i0 + · · ·+ in = d

 |c(d,n)|v ·max
i

n
|aia i0

0 · · ·a in
n |v

o

 |c(d,n)|v ·max
j

n
|a j|v

od
·max

i

n
|ai|v

o

So we conclude,

| f (a)|v  |c(d,n)|v ·max
j

�
|a j|v

 d · | f |v.

Taking the product over all absolute values of K, and then [K : Q]-th root of both sides
we get the inequality

H( f (a)) c0 ·H(a)d ·H( f )

and c0 can be bounded as

c0 =

✓
n+d

n

◆
 min

n
(n+d)n,2n+d

o
.

In the next session we will use Lemma 15 to determine the height of the SL2(K)
invariants of binary forms.

Corollary 1. Let K be a number field, f 2 K[x,z] a homogenous polynomial of degree d
as follows

y = f (x,z) = adxd +ad�1xd�1z+ · · ·+a0zd ,



and let a = (a0,a1) 2 K2. Then,

H( f (a)) min
n

d +1,2d+1
o
·H(a)d ·H( f ).

5. Heights on binary forms

In this section we use some of the results of the heights on polynomials to study heights
on binary forms.

In this section we define the action of GL2(k) on the space of binary forms and
discuss the basic notions of their invariants. Most of this section is a summary of section
2 in [10]. Throughout this section k denotes an algebraically closed field.

Let k[X ,Z] be the polynomial ring in two variables and let Vd denote the (d + 1)-
dimensional subspace of k[X ,Z] consisting of homogeneous polynomials.

f (X ,Z) = a0Xd +a1Xd�1Z + · · ·+adZd (4)

of degree d. Elements in Vd are called binary forms of degree d.
Since k is algebraically closed, the binary form f (X ,Z) can be factored as

f (X ,Z) = (z1X � x1Z) · · ·(zdX � xdZ) = ’
1id

det
✓

X xi
Z zi

◆
(5)

The points with homogeneous coordinates (xi,zi) 2 P1(k) are called the roots of the

binary form in Eq. (4).

5.1. Action of GL2(k) on binary forms.

We let GL2(k) act as a group of automorphisms on k[X ,Z] as follows:

M =

✓
a b
c d

◆
2 GL2(k), then M

✓
X
Z

◆
=

✓
aX +bZ
cX +dZ

◆
. (6)

This action of GL2(k) leaves Vd invariant and acts irreducibly on Vd . Let A0, A1, . . . ,Ad
be coordinate functions on Vd . Then the coordinate ring of Vd can be identified with
k[A0, ...,Ad ]. For I 2 k[A0, ...,Ad ] and M 2 GL2(k), define IM 2 k[A0, ...,Ad ] as follows

IM( f ) := I(M( f )) (7)

for all f 2Vd . Then IMN = (IM)N and Eq. (7) defines an action of GL2(k) on k[A0, ...,Ad ].

Remark 3. It is well known that SL2(k) leaves a bilinear form (unique up to scalar
multiples) on Vd invariant. This form is symmetric if d is even and skew symmetric if d is
odd.

Definition 1. Let Rd be the ring of SL2(k) invariants in k[A0, . . . ,Ad ], i.e., the ring of all
I 2 k[A0, . . . ,Ad ] with IM = I for all M 2 SL2(k).



Note that if I is an invariant, so are all its homogeneous components. So Rd is graded
by the usual degree function on k[A0, . . . ,Ad ].

Thus, for M 2 GL2(k) we have

M( f (X ,Y )) = (det(M))d(z
0
1X � x

0
1Z) · · ·(z0dX � x

0
dZ).

where
✓

x
0
i

z
0
i

◆
= M�1

✓
xi
zi

◆
(8)

Theorem 3. [Hilbert’s Finiteness Theorem] Rd is finitely generated over k.

A homogeneous polynomial I 2 k[A0, . . . ,Ad ,X ,Y ] is called a covariant of index s
if

IM( f ) = d sI( f )

where d = det(M). The homogeneous degree in A1, . . . ,An is called the degree of I, and
the homogeneous degree in X ,Z is called the order of I. A covariant of order zero is
called invariant. An invariant is a SL2(k)-invariant on Vd .

We will use the symbolic method of classical theory to construct covariants of binary
forms. Let

f (X ,Z) :=
n

Â
i=0

✓
n
i

◆
aiXn�i Zi,

g(X ,Z) :=
m

Â
i=0

✓
m
i

◆
biXn�i Zi

(9)

be binary forms of degree n and m respectively in k[X ,Z]. We define the r-transvection

( f ,g)r := ck ·
r

Â
k=0

(�1)k
✓

r
k

◆
· ∂ r f

∂Xr�k ∂Zk ·
∂ rg

∂Xk ∂Zr�k (10)

where ck =
(m�r)!(n�r)!

n!m! . It is a homogeneous polynomial in k[X ,Z] and therefore a co-
variant of order m+n�2r and degree 2. In general, the r-transvection of two covariants
of order m,n (resp., degree p,q) is a covariant of order m+n�2r (resp., degree p+q).

For the rest of this paper F(X ,Z) denotes a binary form of order d := 2g+ 2 as
below

F(X ,Z) =
d

Â
i=0

aiXiZd�i =
d

Â
i=0

✓
n
i

◆
biXiZn�i (11)

where bi =
(n�i)! i!

n! ·ai, for i = 0, . . . ,d. We denote invariants (resp., covariants) of binary
forms by Is (resp., Js) where the subscript s denotes the degree (resp., the order). GL2(k)-
invariants are called absolute invariants. They are given as ratios of SL2(k)-invariants
where the numerator and denominator have the same degree.



Two binary forms f and f 0 of the same degree d are called equivalent or GL2(k)-
conjugate if there is an M 2 GL2(k) such that f 0 = f M .

The main goal of this section is to determine how the height of f M changes for any
given M 2 GL2(k).

Lemma 16. Let f be a degree n binary form

f (x,z) =
n

Â
i=0

aixizn�i

and a,b,c,d 2 K such that ad �bc 6= 0. Then the following is true

��� f M
���
v
 2n

v · c(n)v ·max
n

1, |M|v
on

· | f |v.

Proof. Let us first evaluate f (ax+bz,cx+dz), where f (x,z) is given and a,b,c,d 2 Kn

f M =
n

Â
i=0

ai(ax+bz)i(cx+dz)n�i

=
n

Â
i=0

ai

 
i

Â
k=0

✓
i
k

◆
(ax)k(bz)i�k

!
·
 

n�i

Â
l=0

✓
n� i

l

◆
(cx)l(dz)n�i�l

!

= Â
k+ln
0kn
0ln

 

Â
kin�l

ai

✓
i
k

◆✓
n� i

l

◆
akbi�kcldn�i�l

!
· xk+l · zn�(k+l)

Now let us estimate the Gauss’s norm for this polynomial.

��� f M
���
v
= max

k,l
0kn
0ln

����� Â
kin�l

ai

✓
i
k

◆✓
n� i

l

◆
akbi�kcldn�i�l

�����
v

Let us denote the maximum number of terms in the sum with c(n). Then c(n)  n+ 1.
Estimating the binomial coefficients we have

✓
i
k

◆✓
n� i

l

◆
 2i ·2n�i = 2n

Denote by |M|v = max
�
|a|v, |b|v, |c|v, |d|v

 
. Using these observations and notation we

obtain the following estimation



��� f M
���
v
 c(n)v ·max

i,k,l

⇢
1,
����ai

✓
i
k

◆✓
n� i

l

◆
akbi�kcldn�i�l

����
v

�

 c(n)v ·2n
v · max

0in

n
|ai|v

o
max

0k,ln

n
1, |akbi�kcldn�i�l |v

o

 2n
v · c(n)v ·max

i

n
|ai|v

o
max

k,l

n
1, |a|kv|b|i�k

v |c|lv|d|n�i�l
v

o

 2n
v · c(n)v ·max

i

n
|ai|v

o
max

n
1, |a|iv|b|iv|c|n�i

v |d|n�i
v

o

 2n
v · c(n)v ·max

n
1, |M|v

on
· | f |v

where c(n)v and 2v are respectively n+1 and 2 when v is Archimedean, and 1 otherwise.

Theorem 4. Let M 2 GL2(K) and f (x,z) 2 K[x,z] be a degree d binary form and H( f )
denote the absolute height of f . Then,

H( f M) 2n · (n+1) ·H(M)n ·H( f )

Proof. From Lemma 16 for each v 2 Mk we have that
��� f M

���
v
 2n

v · c(n)v ·max
n

1, |M|v
on

· | f |v.

Taking the product for all valuations we obtain

HK( f M) = ’
v2MK

��� f M
���
nv

v

 ’
v2MK

⇣
2n

v · c(n)v ·max
n

1, |M|v
on

· | f |v
⌘nv

 2n[K:Q] · (n+1)[K:Q] ·HK(M)n ·HK( f )

Taking [K : Q]-th root we obtain the desired result.
Next we follow a different approach. First this technical lemma.

Lemma 17. Let K be an algebraic number field, and f 2 K[x,z] a degree d binary form
given as follows

f (x,z) =
d

Â
i=0

bixd�izi.

and

f (ux̄+w, z̄) =
d

Â
i=0

b̄ix̄d�iz̄i.

for u,w 2 K. Then



b̄i =

✓
d
i

◆
ud�i

i

Â
k=0

i!(d � i+ k)!
k!d!

bi�kwk.

Proof. We have that

f (x,z) =
d

Â
i=0

bixd�izi =
d

Â
i=0

ai

✓
d
i

◆
xd�izi.

and

f (ux̄+w, z̄) =
d

Â
i=0

b̄ix̄d�iz̄i =
d

Â
i=0

āi

✓
d
i

◆
x̄d�iz̄i.

where āi = ud�i Âi
k=0

� i
k
�
ai�k wk. Then,

b̄i =

✓
d
i

◆
āi =

✓
d
i

◆
ud�i

i

Â
k=0

✓
i
k

◆
ai�k wk

=

✓
d
i

◆
ud�i

i

Â
k=0

✓
i
k

◆
1

� d
i�k
�bi�kwk =

✓
d
i

◆
ud�i

i

Â
k=0

i!(d � i+ k)!
k!d!

bi�kwk

Theorem 5. Let K be an algebraic number field, and f , f̄ as above. The following are
true:

i) For any valuation v 2 MK we have

| f̄ |v  2d
v · c(d)v · |u|dv · |w|dv · max

0id

n
|bi|v

o

ii)

H( f̄ ) (d +1) · 2d · ud · wd · H( f )

Proof. i) For any valuation v 2 MK we have the following

| f (ux+w,z)|v = max
0id

n
|bi|v

o

= max
0id

( �����

✓
d
i

◆
ud�i

i

Â
k=0

i!(d � i+ k)!
k!d!

bi�kwk

�����
v

)

 c(d)v · max
0id

⇢ ����

✓
d
i

◆
i!(d � i+ k)!

k!d!
ud�ibi�k wk

����
v

�

= c(d)v · max
0id

⇢ ����

✓
d + k� i

k

◆
ud�i wk bi�k

����
v

�

 c(d)v · 2d · max
0id

n
1,
���ud�i wk bi�k

���
v

o

 c(d)v · 2d · |u|dv · |w|dv ·max
i

n
1, |bi|v

o



where c(d) is the number of terms in the sum, and c(d)v is equal to d + 1 when v is
Archimedean and 1 otherwise.

ii) Taking the product over all valuations v 2 MK we have the following

HK( f (ux+w,z)) = ’
v2MK

| f (ux+w,z)|nv
v

 ’
v2MK

✓
2d

v · c(d)v · |u|dv · |w|dv · max
0id

n
|bi|v

o◆nv

=
⇣

2d · (d +1) · ud · wd
⌘[K:Q]

’
v2MK

max
0id

n
|bi|v

onv

=
⇣

2d · (d +1) · ud · wd
⌘[K:Q]

· HK( f )

Taking [K : Q]-th root of both sides gives the desired result.

6. Minimal and moduli heights of forms

Let f (x,y) be a binary form and Orb( f ) its GL2(K)-orbit in Vd . Let H( f ) be the height
of f as defined in the previous section.

Remark 4. There are only finitely many f 0 2 Orb( f ) such that H( f 0) H( f ).

Define the height of the binary form f (x,y) as follows

H̃( f ) := min
n

H( f 0)| f 0 2 Orb( f ), H( f 0) H( f )
o

we want to consider the following problem. For every f let f 0 be the binary form such
that f 0 2 Orb( f ) and H̃( f ) = H( f 0). Determine a matrix M 2 GL2(K) such that f 0 = f M .

6.1. Moduli height of a binary form

Let Bd be the moduli space of degree d binary forms defined over an algebraically
closed field k. Then Bd is a quasi-projective variety with dimension d � 3. We denote
the equivalence class of f by f 2 Bd . The moduli height of f (x,z) is defined as

H( f ) = H(f)

where f is considered as a point in the projective space Pd�3. A natural question would
be to investigate if the minimal height H̃( f ) has any relation to the moduli height H( f ).

Let
�

Ii, j
 j=s

j=1 be a basis of Rd . Here the subscript i denotes the degree of the ho-

mogenous polynomial Ii, j. The fixed field of invariants is the space V GL2(K)
d and is gen-

erated by rational functions t1, . . . tr where each of them is a ratio of polynomials in Ii, j
such that the combined degree of the numerator is the same as that of the denominator.



Lemma 18. For any SL2(k)-invariant Ii of degree i we have that

H (Ii( f )) c ·H( f )d ·H(Ii)

Proof. Ii( f ) is a homogenous polynomial of degree i evaluated at f . Then the result
follows from Lemma 15. The constant c represents the number of monomials of Ii( f ).

Theorem 6. Let f be a binary form. Then,

H( f ) c · H̃( f ),

for some constant c.

Proof. Let
�

Ii, j
 j=s

j=1 be a basis of Rd . Here the subscript i denotes the degree of the

homogenous polynomial Ii, j. The fixed field of invariants is the space V GL2(K)
d and is

generated by rational functions t1, . . . tr where each of them is a ratio of polynomials in
Ii, j such that the combined degree of the numerator is the same as that of the denominator.

Without loss of generality we can assume that f has minimal height. So H( f ) =
H̃( f ). Let d1, . . . ,dr denote the degrees of each t1, . . . , tr respectively. Then,

H( f ) = H[t1( f ), . . . , tr( f ),1] = ’ max{|ti( f )|v}
i=r
i=1.

By reordering, we can assume that

H( f ) = |t1( f )|v1 · · · |tm( f )|vm

However, for each j = 1, . . .m, we have

|t j( f )|v j  H(t j) ·H( f ),

where H(t j) is a fixed constant. This completes the proof.

Remark 5. Notice that for a given degree d the constant c of the theorem can be ex-
plicitly computed. See for example the case of binary sextics in Section 9.1, where this
constant is

c = 228 ·39 ·55 ·7 ·11 ·13 ·17 ·43



Part 3: Heights of algebraic curves

In this lecture we focus on heights of algebraic curves. Our main focus is in provid-
ing equations for the algebraic curves with ”small” coefficients as continuation of our
previous work [2, 5, 17, 18, 21]. Hence, the concept of height is the natural concept to be
used. For a genus g � 2 algebraic curve Xg defined over an algebraic number field K we
define the height HK(Xg) and show that this is well-defined. This is basically the mini-
mum height among all curves which are isomorphic to Xg over K. H̄K(Xg) is the height
over the algebraic closure K̄. It must be noticed that our definition is on the isomorphism
class of the curve and not on some equation of the curve. We provide an algorithm to
determine the height of a curve C provided some equation for C. This algorithm is rather
inefficient, but can be used for g = 2 and g = 3 hyperelliptic curves when the coefficients
of the initial equation of C are not too large.

7. Heights of algebraic curves

In this section we want to define heights on algebraic curves given by some affine equa-
tion. For this we will use the heights of polynomials as in Section 4. As before K denotes
an algebraic number field and OK its ring of integers.

Let Xg be an irreducible algebraic curve with affine equation F(x,y) = 0 for
F(x,y) 2 K[x,y]. We define the height of the curve over K to be

HK(Xg) := min{HK(G) : HK(G) HK(F)} .

where the curve G(x,y) = 0 is isomorphic to Xg over K.
If we consider the equivalence over K̄ then we get another height which we denote

it as HK(Xg) and call it the height over the algebraic closure. Namely,

HK(Xg) = min{HK(G) : HK(G) HK(F)},

where the curve G(x,y) = 0 is isomorphic to Xg over K.
In the case that K = Q we do not write the subscript K and use H(Xg) or H(Xg).

Obviously, for any algebraic curve Xg we have HK(Xg) HK(Xg).

Lemma 19. Let K be a number field such that [K : Q] = d. Then, HK(Xg) and HK(Xg)
are well defined.

Proof. Let Xg be an algebraic curve with affine equation F(x,y) = 0, for F(x,y) 2
K[x,y]. We want to show that HK(Xg) does not depend on the choice of the polynomial
F(x,y) = 0. Let F 0(x,y) = 0 be another polynomial representing our algebraic curve Xg.
We can calculate HK(F 0) using the formula of height of a polynomial and then we search
for all polynomials G(x,y) = 0 which are isomorphic with F 0(x,y) = 0 over K and such
that HK(G) HK(F 0). Then,

HK(Xg) = min
�

HK(G) : HK(G) HK(F 0)
 
, such that G(x,y) = 0

is isomorphic over K with F 0(x,y) = 0

= min{HK(G) : HK(G) HK(F)} , such that G(x,y) = 0

is isomorphic over K with F(x,y) = 0



This completes the proof.

Theorem 7. Let K be a number field such that [K : Q] d. Given a constant c there are
only finitely many curves (up to isomorphism) such that HK(Xg) c.

Proof. Let C be an algebraic curve with height HK(C) = c. By definition, the height of C
is equal to the height of a polynomial G(x,y) = 0, i.e HK(G(x,y) = 0) = c. By Theorem 2
there are only finitely many polynomials with height less then c. Therefore, there are at
most finitely many algebraic curves Xg corresponding to such polynomials with height
HK(Xg) c.

7.1. Computing the height H(Xg) of a genus g � 2 curve Xg.

Algorithm 1. Input: algebraic curve Xg : F(x,y) = 0 F has degree d and is defined
over K

Output: algebraic curve X
0

g : G(x,y) = 0 such that X
0

g
⇠=K Xg and X

0
g has mini-

mum height.

Step 1: Compute c0 = HK(F)
Step 2: List all points P 2 Ps(K) such that HK(P) c0.
Note: s is the number of terms of F which is the number of monomials of degree d in

n variables, and this is equal to
�d+n�1

d
�
. From theorem (1) there are only finitely many

such points assume P1, . . . ,Pr.
Step 3: for i = 1 to r do

Let Gi(x,y) = pi;
if g(Gi(x,y)) = g(Xg) then

if Gi(x,y) = 0 ⇠=K F(x,y) = 0
then add Gi to the list L

end if;
end if;

Step 4:Return all entries of L of minimum height , L has curves isomorphic over K
to Xg of minimum height.

8. Moduli height of curves

In this section we define the height in the moduli space of curves and investigate how
this height can be used to study the curves. Our main goal is to investigate if the height
of the moduli point has any relation to the height of the curve.

Let g be an integer g � 2 and Mg denote the coarse moduli space of smooth, irre-
ducible algebraic curves of genus g. It is known that Mg is a quasi projective variety of
dimension 3g� 3. Hence, Mg is embedded in P3g�2. Let p 2 Mg. We call the moduli
height H(p) the usual height H(P) in the projective space P3g�2. Obviously, H(p) is an
invariant of the curve.

Theorem 8. For any constant c � 1, degree d � 1, and genus g � 2 there are finitely
many superelliptic curves Xg defined over the ring of integers OK of an algebraic num-
ber field K such that [K : Q] d and H(Xg) c.



Proof. Let Xg be a genus g superelliptic curve with equation

yn = xs+1 +asxs + · · ·+a1x+a0,

defined over K, where [K : Q]  d. Then, H(Xg) = H (P), where P := [a0, . . . ,as] 2
Ps(K). From [9, Thm. B.2.3] we know that there are finitely such points in the projective
space.

To prove the result for the moduli height we consider the moduli point p = [Xg]
in the corresponding moduli space of superelliptic curves of genus g � 2. This point
corresponds to a tuple p= [J0, . . . ,Jr]2 Pr(K) of SL2(K) invariants in the space of binary
forms of degree s. Again from [9, Thm. B.2.3] there are only finitely many such points.

9. Applications to hyperelliptic and superelliptic curves

In this section we apply some of the results above to genus 2 curves and genus 3 hyper-
elliptic curves.

9.1. Genus 2 case

Let C be a genus 2 curve defined over an algebraic number field K. Then there is a degree
2 map p : C ! P1(K), which is called the hyperelliptic projection. Let the equation of C
be given by

y2 = a6x6 + · · ·+a0

where a0, . . . ,a6 2 K. The isomorphism classes of genus 2 curves are on one to one
correspondence with the orbits of the GL2(K)-action on the space of binary sextics. The
invariant ring R6 is generated by the Igusa invariants J2,J4,J6,J10; see Section 5 and [2]
for details. Note that Igusa J-invariants {Ji} are homogenous polynomials of degree i in
k[a0, . . . ,a6].

Let M2 be the moduli space of genus 2 curves considered as a projective variety,
and i1, i2, i3 be GL2(K)-invariants given as in [2]. A point in M2 is given by (i1, i2, i3)
and as a projective point by

p= [J4J3
2 ,(J2J4 �3J6)J2

2 ,J10,J5
2 ].

Notice that each p[i] is a degree 10 polynomial evaluated at f , i.e degree 10 polynomial
given in k[a0, · · · ,a6]. Denote with Fi( f ) = p[i]. Then, from Lemma 15 we have

H(Fi( f )) c0 ·H(Fi) ·H( f )10

where c0 = 27 ·32 ·5 ·7 ·11 ·13 ·17 is the number of monomials of a degree 10 homoge-
nous polynomial in seven variables. Computations of H(Fi) is done in Maple and we
get

H(F1) = 214 ·37 ·54, H(F2) = 221 ·37 ·54 ·43,H(F3) = 26 ·35 ·5, H(F4) = 220 ·35 ·55



The maximum is H(F2). The moduli height of f is computed as follows

H( f ) = max{H(F1( f ), . . . ,H(F4( f ))} c0 ·H(F2) ·H( f )10.

Hence we have proved the following

Lemma 20. For a genus 2 curve with equation y2 = f (x) the moduli height is bounded
as follows

H( f ) 228 ·39 ·55 ·7 ·11 ·13 ·17 ·43 ·H( f )10

We denote the above constant by M2. From now on we write that H(H)M2H( f )10.
Since the above result holds for any binary form equivalent to f then we have that

H( f ) M2 · H̃( f )10

While choosing this coordinate in M2 has benefits because the degree is 10, it creates
many issues also when J2 = 0. It is more convenient in many ways to use the following
absolute invariants:

t1 =
J5

2
J10

, t2 =
J5

4
J2

10
, t3 =

J5
6

J3
10

The moduli point p= (t1, t2, t3) is defined everywhere in M2.

Remark 6. All our previous papers about genus 2 curves have used the invariants
i1, i2, i3. However, our genus 2 package in Sage and the tables of genus 2 curves are done
using invariants t1, t2, t3.

9.2. Genus 2 curves with height 1

Next we want to study genus 2 curves with height 1. Such curves will have minimal
equations with coefficients 0 or ±1. We list all of such curves and then group them
according to the moduli point. In this paper we do not list all the twists of a given height.

By the algorithm of the previous section we get 230 such curves listed in the Ta-
bles 1-4. The curves are labeled 1-230 and presented by the vector of their coefficients
[a0, . . . ,a6]. They are organized in a dictionary in Sage, where the key is the triple
(t1, t2, t3). Indeed, our database of curves in Sage has over one million curves and can
easily be accessed.

Next, we briefly discuss all the cases according to their automorphism group.

9.2.1. Curves with automorphism group of order 2

There are 186 genus 2 curves of height 1 which have automorphism groups G isomorphic
to the group of order 2. They are all displayed in Table 1.



1 -1,-1,-1,-1,-1,-1,0 2 -1,-1,-1,-1,-1,1,0 3 -1,-1,-1,-1,0,-1,0 4 -1,-1,-1,-1,0,1,0
5 -1,-1,-1,-1,1,-1,0 6 -1,-1,-1,-1,1,1,0 7 -1,-1,-1,0,-1,-1,0 8 -1,-1,-1,0,-1,1,0
9 -1,-1,-1,0,0,-1,0 10 -1,-1,-1,0,0,1,0 11 -1,-1,-1,0,1,-1,0 12 -1,-1,-1,0,1,1,0
13 -1,-1,-1,1,-1,-1,0 14 -1,-1,-1,1,-1,1,0 15 -1,-1,-1,1,0,-1,0 16 -1,-1,-1,1,0,1,0
17 -1,-1,-1,1,1,-1,0 18 -1,-1,0,-1,-1,-1,0 19 -1,-1,0,-1,-1,1,0 20 -1,-1,0,-1,0,-1,0
21 -1,-1,0,-1,0,1,0 22 -1,-1,0,-1,1,-1,0 23 -1,-1,0,-1,1,1,0 24 -1,-1,0,0,-1,-1,0
25 -1,-1,0,0,-1,1,0 26 -1,-1,0,0,0,-1,0 27 -1,-1,0,0,0,1,0 28 -1,-1,0,0,1,-1,0
29 -1,-1,0,1,-1,-1,0 30 -1,-1,0,1,-1,1,0 31 -1,-1,0,1,0,-1,0 32 -1,-1,0,1,0,1,0
33 -1,-1,0,1,1,-1,0 34 -1,-1,0,1,1,1,0 35 -1,-1,1,-1,-1,-1,0 36 -1,-1,1,-1,-1,1,0
37 -1,-1,1,-1,0,-1,0 38 -1,-1,1,-1,0,1,0 39 -1,-1,1,-1,1,-1,0 40 -1,-1,1,-1,1,1,0
41 -1,-1,1,0,-1,-1,0 42 -1,-1,1,0,-1,1,0 43 -1,-1,1,0,0,-1,0 44 -1,-1,1,0,0,1,0
45 -1,-1,1,0,1,-1,0 46 -1,-1,1,0,1,1,0 47 -1,-1,1,1,-1,-1,0 48 -1,-1,1,1,-1,1,0
49 -1,-1,1,1,0,-1,0 50 -1,-1,1,1,0,1,0 51 -1,-1,1,1,1,-1,0 52 -1,-1,1,1,1,1,0
53 -1,0,-1,-1,-1,-1,0 54 -1,0,-1,-1,-1,1,0 55 -1,0,-1,-1,0,-1,0 56 -1,0,-1,-1,0,1,0
57 -1,0,-1,-1,1,-1,0 58 -1,0,-1,-1,1,1,0 59 -1,0,-1,0,-1,-1,0 60 -1,0,-1,0,1,-1,0
61 -1,0,0,-1,-1,-1,0 62 -1,0,0,-1,-1,1,0 63 -1,0,0,-1,0,-1,0 64 -1,0,0,-1,0,1,0
65 -1,0,0,-1,1,-1,0 66 -1,0,0,-1,1,1,0 67 -1,0,1,-1,-1,-1,0 68 -1,0,1,-1,-1,1,0
69 -1,0,1,-1,0,-1,0 70 -1,0,1,-1,1,-1,0 71 -1,0,1,-1,1,1,0 72 -1,0,1,0,-1,-1,0
73 -1,0,1,0,1,-1,0 74 0,-1,-1,-1,-1,1,0 75 0,-1,-1,-1,0,-1,0 76 0,-1,-1,-1,0,1,0
77 0,-1,-1,-1,1,1,0 78 0,-1,-1,0,0,-1,0 79 0,-1,-1,0,0,1,0 80 0,-1,-1,1,0,-1,0
81 -1,-1,-1,-1,-1,-1,1 82 -1,-1,-1,-1,-1,0,-1 83 -1,-1,-1,-1,-1,0,1 84 -1,-1,-1,-1,-1,1,-1
85 -1,-1,-1,-1,-1,1,1 86 -1,-1,-1,-1,0,-1,-1 87 -1,-1,-1,-1,0,-1,1 88 -1,-1,-1,-1,0,0,-1
89 -1,-1,-1,-1,0,0,1 90 -1,-1,-1,-1,0,1,-1 91 -1,-1,-1,-1,0,1,1 92 -1,-1,-1,-1,1,-1,-1
93 -1,-1,-1,-1,1,0,1 94 -1,-1,-1,-1,1,1,-1 95 -1,-1,-1,-1,1,1,1 96 -1,-1,-1,0,-1,-1,1
97 -1,-1,-1,0,-1,0,-1 98 -1,-1,-1,0,-1,0,1 99 -1,-1,-1,0,-1,1,1 100 -1,-1,-1,0,0,-1,-1

101 -1,-1,-1,0,0,-1,1 102 -1,-1,-1,0,0,0,-1 103 -1,-1,-1,0,0,0,1 104 -1,-1,-1,0,0,1,-1
105 -1,-1,-1,0,0,1,1 106 -1,-1,-1,0,1,-1,-1 107 -1,-1,-1,0,1,0,-1 108 -1,-1,-1,0,1,0,1
109 -1,-1,-1,0,1,1,-1 110 -1,-1,-1,1,-1,-1,1 111 -1,-1,-1,1,-1,0,-1 112 -1,-1,-1,1,-1,0,1
113 -1,-1,-1,1,-1,1,1 114 -1,-1,-1,1,0,-1,-1 115 -1,-1,-1,1,0,-1,1 116 -1,-1,-1,1,0,0,-1
117 -1,-1,-1,1,0,0,1 118 -1,-1,-1,1,0,1,-1 119 -1,-1,-1,1,0,1,1 120 -1,-1,-1,1,1,-1,-1
121 -1,-1,-1,1,1,0,-1 122 -1,-1,-1,1,1,0,1 123 -1,-1,-1,1,1,1,-1 124 -1,-1,0,-1,-1,-1,1
125 -1,-1,0,-1,-1,0,-1 126 -1,-1,0,-1,-1,0,1 127 -1,-1,0,-1,-1,1,1 128 -1,-1,0,-1,0,0,-1
129 -1,-1,0,-1,0,0,1 130 -1,-1,0,-1,0,1,-1 131 -1,-1,0,-1,0,1,1 132 -1,-1,0,-1,1,-1,-1
133 -1,-1,0,-1,1,0,-1 134 -1,-1,0,-1,1,0,1 135 -1,-1,0,-1,1,1,-1 136 -1,-1,0,0,-1,-1,1
137 -1,-1,0,0,-1,0,-1 138 -1,-1,0,0,-1,0,1 139 -1,-1,0,0,-1,1,1 140 -1,-1,0,0,0,0,-1
141 -1,-1,0,0,0,0,1 142 -1,-1,0,0,1,-1,-1 143 -1,-1,0,0,1,0,-1 144 -1,-1,0,0,1,0,1
145 -1,-1,0,0,1,1,-1 146 -1,-1,0,1,-1,-1,1 147 -1,-1,0,1,-1,0,-1 148 -1,-1,0,1,-1,0,1
149 -1,-1,0,1,-1,1,1 150 -1,-1,0,1,0,0,-1 151 -1,-1,0,1,0,0,1 152 -1,-1,0,1,1,-1,-1
153 -1,-1,0,1,1,0,-1 154 -1,-1,0,1,1,0,1 155 -1,-1,0,1,1,1,-1 156 -1,-1,1,-1,-1,0,-1
157 -1,-1,1,-1,-1,0,1 158 -1,-1,1,-1,-1,1,1 159 -1,-1,1,-1,0,0,-1 160 -1,-1,1,-1,0,0,1
161 -1,-1,1,-1,1,0,-1 162 -1,-1,1,-1,1,0,1 163 -1,-1,1,-1,1,1,-1 164 -1,-1,1,0,-1,0,-1
165 -1,-1,1,0,-1,0,1 166 -1,-1,1,0,0,0,-1 167 -1,-1,1,0,0,0,1 168 -1,-1,1,0,1,0,-1
169 -1,-1,1,0,1,0,1 170 -1,-1,1,1,-1,0,-1 171 -1,-1,1,1,-1,0,1 172 -1,-1,1,1,0,0,-1
173 -1,-1,1,1,0,0,1 174 -1,-1,1,1,1,0,-1 175 -1,-1,1,1,1,0,1 176 -1,0,-1,-1,-1,0,1
177 -1,0,-1,-1,0,0,-1 178 -1,0,-1,-1,0,0,1 179 -1,0,-1,-1,1,0,-1 180 -1,0,0,-1,-1,0,1
181 0,-1,-1,1,0,1,0 182 -1,-1,0,1,0,0,-1 183 -1,0,-1,0,0,-1,0 184 -1,0,0,0,-1,-1,0
185 -1,0,0,0,1,-1,0 186 -1,0,1,0,0,-1,0

Table 1. Curves with height 1 and automorphism group of order 2



9.2.2. Curves with automorphism group the Klein 4-group

In Table tab2 we display all genus 2 curves with automorphism group V4 and height
1. The curves of genus 2 with automorphism group V4 are uniquely determine by the
pair of Shaska-invariants (u,v) as defined in [16]. There are 28 of such curves (up to
isomorphism over C) which are displayed in Table 2. In the last column of the Table 2
we display the moduli height of these curves.

Table 2. Genus 2 curves with height 1 and automorphism group V4

# curve sh-invariants (u, v) mod. height
187 1 1 -1 -1 -1 1 1 -855 , -84266 2576

188 0 1 1 -1 -1 1 0 53/13 , -410/169 34 ·132 ·315

189 1 0 1 0 1 0 -1 -1 , 0 25 ·113 ·1995

190 1 1 1 0 -1 1 -1 281 , 7430 27 ·325 ·135

191 1 1 0 -1 0 1 -1 73 , 201702/169 22 ·134 ·375 ·435

192 1 0 1 0 0 0 1 0 , 1 24 ·35 ·49995

193 0 1 1 -1 1 1 0 -55 , -8794/9 32 ·75 ·115

194 1 1 -1 0 1 1 -1 221/5 , 12406/25 27 ·3 ·710 ·135

195 1 1 -1 0 -1 1 1 -231 , -7930 796

196 1 1 1 1 1 1 1 105 , 2198 35 ·375

197 1 1 -1 -1 1 1 -1 833/25 , 239414/625 35 ·415 ·4675

198 1 1 1 -1 1 1 1 41 , 74546/75 3 ·54 ·9775

199 1 1 0 1 0 1 -1 1069/5 , 112966/25 26 ·295 ·475

200 1 1 0 1 0 1 1 -851/5 , 10182/25 26 ·56 ·175 ·372

201 1 1 1 1 -1 1 -1 1193 , 75478 1040215

202 0 1 1 1 1 1 0 9 , -754/5 35 ·53

203 1 1 0 -1 0 1 1 731/3 , 94246/9 29 ·75 ·1675

204 1 1 -1 1 1 1 -1 953/17 , 118806/289 52 ·73 ·135 ·235

205 1 1 1 -1 -1 1 -1 1073/9 , 42322/27 313 ·1310 ·195

206 1 1 -1 1 -1 1 1 -325/3 , -43694/27 32 ·1076

207 1 0 1 1 -1 0 -1 1033 , -18378 437595

208 1 0 1 1 1 0 1 155/3 , 39166/45 52 ·75 ·3135

209 1 0 -1 1 1 0 -1 793/17 , 155510/289 35 ·147975

210 1 1 1 0 1 1 1 57 , 9046/9 27 ·312 ·435

211 0 1 1 0 -1 1 0 13 , -18 211 ·79

212 1 0 1 0 0 0 -1 0 , -1 24 ·35 ·75 ·233 ·315

213 1 0 -1 1 -1 0 1 -1015 , 18486 2292 ·3375

214 0 1 1 1 -1 1 0 173/5 , -58/25 52 ·114 ·315

For all genus 2 curves with automorphism group V4 the field of moduli is a field of
definition, which implies that there exists an equation of the curve given in terms of the
Shaska-invariants u,v). Such equation is given explicitly in [2]. However, this equation
does not give a curve with minimal height, indeed far from it. For example, if we take
curve C187 and find it equation over Q based on u = �885 and v = �84266 we get a
curve with Weierstrass equation

y2 =6656217643t6 �1147848127638528t5 �224255457441933127680t4 +53110079755708767288688640t3

�2153046205567184961085196206080t2 �105804731365461509857731916760875008t +5890586015659177610234918599810915237888



This equation is obviously far from the equation of height 1

y2 = x6 + x5 � x4 � x3 � x2 + x+1

even though these two curves are isomorphic.

9.2.3. Curves with automorphism group the dihedral group of order 8

The D8-locus is 1-dimensional in M2, which implies that such curves can be described
by a single invariant s which we display in the last column of Table 3. The equations of
such curves for a given s is given by

y2 = x5 + x3 + sx

There are 11 such curves as displayed in Table 3. It can be seen from the table that only
curves C218 and C220 have height 1 when we use the equation given from s as above.

Table 3. Genus 2 curves with height 1 and automorphism group D8

# curve mod. height s
215 0 1 1 0 -1 -1 0 29 ·32 � 3

4
216 1 1 0 0 0 1 -1 35 ·55 ·135 ·2335 13

100
217 1 1 0 0 0 -1 -1 515 1

20
218 0 1 0 1 0 1 0 24 ·32 ·235 1
219 1 1 -1 0 -1 -1 1 27 ·3835 5

16
220 0 1 0 1 0 -1 0 24 ·54 ·175 �1
221 0 1 1 0 1 -1 0 29 ·5 ·75 5

4
222 1 1 1 0 1 -1 1 214 ·4095 1

18
223 1 0 1 0 1 0 1 211 ·975 1

36
224 1 1 1 0 -1 -1 -1 27 ·3 ·515 3

16
225 1 1 0 0 0 -1 1 33 ·55 ·2335 13

100

9.2.4. Curves with automorphism group of order � 10

The rest of the curves with larger automorphism group are displayed in Table 4. In the
form column we have displayed the Gap identity of the group; see [2] for details. In the
last column is displayed the rational model of the curve obtained with methods in [2].

Table 4. Genus 2 curves with height 1 and automorphism group |G|� 10

# curve mod. height Aut(C) y2 = f (t)
226 1 0 0 1 0 0 -1 33 ·6775 [12, 6] t6 + t3 �745849/194481
227 1 0 0 1 0 0 1 33 ·895 [12, 6] t6 + t3 +11389/2601
228 1 0 0 0 0 0 1 24 ·33 ·55 ·375 [24, 8] t6 �1
229 0 1 0 0 0 1 0 28 ·55 [48, 5] t5 � t
230 1 0 0 0 0 1 0 1 [10, 1] t6 � t

From the previous Lemma 20 when H(C)= 1 we get that for any curve C, the moduli
height is H(C) M2. Indeed the biggest moduli height for all 230 curves of height 1 is



H(C126) = 27 ·32 ·52 ·1512 ·3863 < M2 = 228 ·39 ·55 ·7 ·11 ·13 ·17 ·43

which occurs for curve C126 on the table. The curve with smallest moduli height is the
curve C230 with H(C) = 1. In [3] we classify all curves with ”small” moduli height and
give some estimates on the number of curves with bounded moduli height.

Remark 7. There are 96660 C-isomorphism classes of genus 2 curves defined over Z
and height  3. From those, 230 have height 1, 8830 have height 2, and 88600 have
height 3.

9.3. Genus 3 case

Let C be a genus 3 curve defined over an algebraic number field K. Then there is a degree
2 map p : C ! P1(K), which is called the hyperelliptic projection. Let the equation of C
be given by

y2 = a8x8 + · · ·+a1x+a0

where a0, . . . ,a8 2 K, and D( f ) 6= 0. The invariant ring R8 is generated by nine SL2(K)-
invariants J2, . . . ,J10; see [22] for details.

Let M3 be the moduli space of genus 3 curves considered as a projective variety,
and t1, . . . , t6 be GL(2,k)-invariants given as follows

t1 :=
J2

3
J3

2
, t2 :=

J4

J2
2
, t3 :=

J5

J2 · J3
, t4 :=

J6

J2 · J4
, t5 :=

J7

J2 · J5
, t6 :=

J8

J4
2
,

Let

p=
⇥
J2J2

3 J4J5, J2
2 J3J2

4 J5, J3
2 J4J2

5 , J3
2 J3J5J6, J3

2 J3J4J7, J3J4J5J8,J4
2 J3J4J5

⇤

be a point in M3. Each p[i] is a degree 20 polynomial evaluated at f , i.e degree 20
polynomial given in k[a0, . . . ,a8]. Denote with Fi( f ) = p[i]. Then, from Lemma 15 we
have

H(Fi( f )) c0 ·H(Fi) ·H( f )20

where c0 = is the number of monomials of a degree 20 homogenous polynomial in nine
variables.

The proof of the following lemma is provided in [3]

Lemma 21. For a genus 3 curve with equation y2 = f (x), where f (x) is a degree 8
polynomials the moduli height is bounded as follows

H( f ) c ·H( f )20

We denote the above constant by M3. From now on we write that H(H)  M3 ·
H( f )20. Since the above result holds for any binary form equivalent to f then we have
that H( f ) M3 · H̃( f )20.



10. Final remarks

A continuation of this work and proving some of the results here is intended in [3] and
[4], where we also improve the algorithm to find an equation of the curve with minimal
height.
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