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On the field of moduli of superelliptic curves

Ruben Hidalgo and Tony Shaska

ABSTRACT. A superelliptic curve X’ of genus g > 2 is not necessarily defined
over its field of moduli but it can be defined over a quadratic extension of
it. While a lot of work has been done by many authors to determine which
hyperelliptic curves are defined over their field of moduli, less is known for
superelliptic curves.

In this paper we observe that if the reduced group of a genus g > 2
superelliptic curve X is different from the trivial or cyclic group, then X can
be defined over its field of moduli; in the cyclic situation we provide a sufficient
condition for this to happen. We also determine those families of superelliptic
curves of genus at most 10 which might not be definable over their field of
moduli.

1. Introduction

Let k be an algebraically closed field of characteristic zero and X" a genus g > 2,
projective, irreducible algebraic curve defined over k. The field of moduli of X is
the field of definition of the corresponding moduli point p = [X] in the moduli space
M, (see Section 2.1.2 for a formal definition of the field of moduli). In general, to
determine the field of moduli and to decide if it is a field of definition is difficult
task and it is an active research topic. Examples of algebraic curves (for k = C)
which cannot be defined over their field of moduli have been provided by Earle [8],
Huggins [13] and Shimura [24] for the hyperelliptic situation and by the first author
[10] and Kontogeorgis [15] in the non-hyperelliptic situation. In other words, M,
is not a fine moduli space.

By results due to Koizumi [14], there is always a field of definition that is a
finite extension of the field of moduli and if, moreover, the field k has transcendental
numbers over the field of moduli (for instance & = C), then the field of moduli
coincides with the intersection of all the fields of definitions of the curve. On the
other hand, if ¥ = Q, then it might be that the intersection of all fields of definitions
(inside k) is different from the field of moduli.

Investigating the obstruction for the field of moduli to be a field of definition
is part of descent theory for fields of definition and has many consequences in
arithmetic geometry. Many works have been devoted to this problem, most notably
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by Weil [25], Shimura [24] and Grothendieck, among many others. Weil’s criterion
[25] assures that if a curve has no non-trivial automorphisms then its field of moduli
is a field of definition. On the other extreme, if the curve X is quasiplatonic (that is,
when the quotient orbifold X' /Aut(X’) has genus zero and exactly three cone points),
then Wolfart [26] proved that the field of moduli is also a field of definition. Hence,
the real problem occurs when the curve has non-trivial automorphism group but
the quotient orbifold X /Aut(X) has non-trivial moduli.

Mestre [18] provided the first algorithm which determines if the field of moduli
is a field of definition for genus two curves with automorphism group of order 2. The
algorithm gives explicitly an equation of the curve over its field of moduli when such
equation exists. In [22] it is shown that the field of moduli is a field of definition
for genus two curves with automorphism group isomorphic to the dihedral groups
Dy or Dg. Cardona and Quer [6] shows that this is true also for genus two curves
with automorphism group the Klein 4-group D, = V. Most recently Malmendier
and Shaska [17] are able to construct a pair of universal genus two curves defined
over a quadratic number field. In all these papers the moduli point p € My was
computed and an explicit equation of a curve was determined via the invariants of
the binary sextics.

Shaska conjectured in [23] and [9] that all hyperelliptic curves X with extra
automorphisms (i.e. | Aut (X')] > 2) are defined over their field of moduli. This was
proved to be incorrect by Huggins [13] who showed explicit examples of hyperelliptic
curves with reduced automorphism group isomorphic to a cyclic group which cannot
be defined over their field of moduli (curves defined over k¥ = C which cannot be
defined over R and whose field of moduli is contained inside R). In the same paper
Huggins proved that every hyperelliptic curve whose reduced automorphism group
is different from a cyclic group (including the trivial situation) is definable over its
field of moduli; even they are hyperelliptically defined over it. Kontogeorgis [15]
generalized the above result to cyclic p-gonal curves (where p is a prime integer)
and in [12] the first author and Quispe generalized the above for curves admitting
a subgroup of automorphisms being unique up to conjugation (note that in case
of cyclic p-gonal curves, in the case that it is definable over its field of moduli, a
rational model over its field of moduli may not be in a cyclic p-gonal form).

A genus g > 2 smooth algebraic curve (or closed Riemann surface) X is called
superelliptic of level n if there exist an element 7 € Aut (X) of order n such that
(i) 7 is central, (ii) the quotient X/(7) has genus zero, (iii) every cone point has
order n and (iv) the rotation number of 7 at each of its fixed points is the same
(these are very special types of cyclic n-gonal curves); in which case 7 is called a
superelliptic automorphism of level n and H = (1) a superelliptic group of level n.
In Proposition 1 we observe that the superelliptic group of level n is unique.

These superelliptic Riemann surfaces are natural generalizations of hyperel-
liptic Riemann surfaces (in which case n = 2 and 7 is given by the hyperelliptic
involution), but they are in general non-hyperelliptic ones. Superelliptic curves
are the natural cases where one could try to extend the results from hyperelliptic
curves; see [4]. These are, with some exceptions, the only classes of curves for which
we can easily write down equations starting from the automorphism group of the
curve. These curves have equations of the form

-
vy =Tl

i=1
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so that either = 0 mod (n) or ged(n,r) = 1, and we may assume that the
generator of the superelliptic group of level n is generated by 7 : (z,y) — (x,wy),
where w™ = 1 (recall that we are assuming 7 to have the same rotation number
about all of its fixed points, so we may choose a power of it, of the same order n,
for which the rotation number is equal to one).

Beshaj and Thompson [5] have proved that a superelliptic curve can always
be defined over a quadratic extension of its field of moduli. Moreover, they have
provided an equation over an at most quadratic extension of its field of moduli
using the Shaska invariants which has the above particular cyclic gonal form. At
this point, we should remark that if a superelliptic curve S is definable over its field
of moduli, then it might be that it is not definable in a cyclic gonal form over it;
but it will be so definable over a quadratic extension of it.

In general, the field of moduli of a superelliptic curve X is not a field of defini-
tion, but we will see (cf. Thm. 3) that if | Aut (X)| > n, where n is the order of T,
for the majority of cases, the field of moduli is a field of definition.

A superelliptic descent over a field k means that we may find a defining curve
with equation y™ = f(z) where f € k[x], which is a slightly more restricted class
than the typical descent that ask for a curve over k not necessarily of the above
form; see for example [16] for the typical descent for hyperelliptic situation for
g = 3 (in there there is an example of a hyperelliptic curve of genus three, which is
definable over Q, but it cannot be hyperelliptically defined over Q).

The main goal of this paper is to (partially) describe which superelliptic curves
of genus g < 10 are definable over their field of moduli. In each genus (see Tables
1,2 and 3), we describe those ones which might not be definable over their field of
moduli; all cases which are not in blue are defined over their field of moduli and
the blue ones might or not be definable over the field of moduli.

The results of this paper can be very easily extended to positive characteristic
in the case when the covering X — X /(7) is tame. The list of full automorphisms
groups in positive characteristic (chark = p > 0) was determined in [20] and
the rest of the proofs should follow easily when (n,p) = 1. We only focus in
characteristic zero.

The paper is organized as follows. In Section 2 we give a brief review of su-
perelliptic curves and their automorphism groups. Such groups were fully classified
in [20] and the equations of each parametric curve for any given group are given in
[21] for any given genus g > 2; in Section 5 we provide such a list for 5 < g < 10
(see also [3] and [19]). In Section 3 we recall some known results which provide
sufficient conditions for a curve to be definable over its field of moduli. Using such
conditions, we give the list of all possible superelliptic curves of genus 2 < g < 10
which might not be definable over the field of moduli (in particular, the comple-
mentary ones are definable over them). Let us note that the case of genus g = 2,3
are already well known and g = 4 can be obtained by [4].

Notation: Throughout this paper, k denotes an algebraically closed field of char-
acteristic zero and X a genus g > 2, smooth, projective, irreducible, algebraic curve
defined over k. We will keep the notation used in [20] to denote certain groups (i.e,
C,, is the cyclic group of order n, D,, the dihedral group of order m, Vy = D, the
4-Klein group, etc).
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2. Preliminaries

In this section, k will be a fixed algebraically closed field of characteristic zero
and we denote by Gal(k) its group of field automorphisms.

2.1. The field of moduli and fields of definition. Let & be a genus g
projective, irreducible, algebraic curve defined over k, say given as the common
zeroes of the polynomials Pj, ..., P., and let us denote by G = Aut (X) the full
automorphism group of X.

If o € Gal(k), then X° will denote the curve defined as the common zeroes
of the polynomials Py,..., P7, where P7 is obtained from P; by applying o to its
coefficients. In particular, if 7 is also a field automorphism of k, then X7 = (X7)7.

2.1.1. Field of definition. A subfield kg of k is called a field of definition of X if
there is a curve ), defined over kg, which is isomorphic to X. It is clear that every
subfield of k containing kg is also a field of definition of it. In the other direction,
a subfield of kg might not be a field of definition of X.

Weil’s descent theorem [25] provides sufficient conditions for a subfield kg of & to
be a field of definition. Let us denote by Gal(k/kg) the group of field automorphisms
of k acting as the identity on k.

THEOREM 1 (Weil’s descent theorem [25]). Assume that for every o € Gal(k/ko)
there is an isomorphism fs : X — X7 so that

fro = fr o fr, Vo,m € Gal(k/ko).

Then there is a curve Y, defined over ko, and there is an isomorphism R :
X — Y, defined over a finite extension of ko, so that R = R o f,, for every
o € Gal(k/kg).

Clearly, the sufficient conditions in Weil’s descent theorem are trivially satisfied
if X has non-trivial automorphisms (a generic situation for X of genus at least
three).

COROLLARY 1. If X has trivial group of automorphisms and for every o €
Gal(k/ko) there is an isomorphism fy : X — X9, then X can be defined over k.

2.1.2. Field of moduli. The notion of field of moduli was originally introduced
by Shimura for the case of abelian varieties and later extended to more general
algebraic varieties by Koizumi. If Gy is the subgroup of Gal(k) consisting of those
o so that X7 is isomorphic to X, then the fixed field My of Gy is called the field
of moduli of X.

As we are assuming that k is algebraically closed and of characteristic zero,
we have that Gy consists of all automorphisms of Gal(k) acting as the identity on
My.

It is known that every curve of genus g < 1 can be defined over its field of
moduli. If ¢ > 2, then (as already said in the Introduction) there are known
examples of curves which cannot be defined over their field of moduli. A direct
consequence of Corollary 1 is the following.

COROLLARY 2. Every curve with trivial group of automorphisms can be defined
over its field of moduli.

As a consequence of Belyi’s theorem [2], every quasiplatonic curve X’ can be
defined over Q (so over a finite extension of Q).
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THEOREM 2 (Wolfart [26]). Ewvery quasiplatonic curve can be defined over its
field of moduli (which is a number field).

2.2. Two practical sufficient conditions. When the curve X has a non-
trivial group of automorphisms, then Weil’s conditions (in Weil’s descent theorem)
are in general not easy to check. Next we consider certain cases for which it is
possible to check for X to be definable over its field of moduli.

2.2.1. Sufficient condition 1: unique subgroups. Let H be a subgroup of Aut (X).
In general it might be another different subgroup K which is isomorphic to H and
with X/K and X' /H having the same signature. For instance, the genus two curve
X defined by y? = x(x —1/2)(x — 2)(z — 1/3)(x — 3) has two conformal involutions,
71 and 79, whose product is the hyperelliptic involution. The quotient X'/(7;) has
genus one and exactly two cone points (of order two).

We say that H is is unique in Aut (X)) if it is the unique subgroup of Aut (X))
isomorphic to H and with quotient orbifold of same signature as X'/H. Typical
examples are (i) H = Aut (X) and (ii) H being the cyclic group generated by the
hyperelliptic involution for the case of hyperelliptic curves.

If H is unique in Aut (X'), then it is a normal subgroup; so we may consider
the reduced group Aut (X) = Aut (X)/H, which is a group of automorphisms of
the quotient orbifold X'/H. In [12] the following sufficient condition for a curve to
definable over its field of moduli was obtained.

THEOREM 3 (Hidalgo and Quispe [12]). Let X be a curve of genus g > 2
admitting a subgroup H which is unique in Aut (X) and so that X/H has genus
zero. If the reduced group of automorphisms Aut (X) = Aut (X)/H is different
from trivial or cyclic, then X is definable over its field of moduli.

If X is a hyperelliptic curve, then a consequence of the above is the following
result (originally due to Huggins [13]).

COROLLARY 3. Let X be a hyperelliptic curve with extra automorphisms and
reduced automorphism group Aut (X) not isomorphic to a cyclic group. Then, the
field of moduli of X is a field of definition.

2.2.2. Sufficient condition 2: Odd signature. Another sufficient condition of a
curve X to be definable over its field of moduli, which in particular contains the
case of quasiplatonic curves, was provided in [1]. We say that X has odd signature
if X/Aut(X) has genus zero and in its signature one of the cone orders appears an
odd number of times.

THEOREM 4 (Artebani and Quispe [1]). Let X be a curve of genus g > 2. If
X has odd signature, then it can be defined over its field of moduli.

2.3. The locus of curves with prescribed group action, moduli dimen-
sion of families. Fix an integer ¢ > 2 and a finite group G. Let Ci,...,C, be
nontrivial conjugacy classes of G. Let C = (C4,...,C,), viewed as an unordered
tuple, where repetitions are allowed. We allow r to be zero, in which case C is
empty. Consider pairs (X, u), where X' is a curve and p : G — Aut (X) is an injec-
tive homomorphism. We will suppress u and just say X is a curve with G-action, or
a G-curve. Two G-curves X and X’ are called equivalent if there is a G-equivariant
conformal isomorphism X — X”.

We say a G-curve X is of ramification type (g,G,C) (for short, of type
(9,G,0)) if
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i) g is the genus of X,
i) G < Aut(X),
iii) the points of the quotient X' /G that are ramified in the cover X — X' /G
can be labeled as p1,...,p, such that C; is the conjugacy class in G of
distinguished inertia group generators over p; (for i =1,...,7).

If X is a G-curve of type (g, G, C), then the genus go of X /G is given by the
Riemann-Hurwitz formula

T
2(9—1) =2/Gl(g0 — 1) + |G| >_(1—1Cy| 7).
j=1

Define H = H(g, G, C) to be the set of equivalence classes of G-curves of type
(g9,G, C). By covering space theory, H is non-empty if and only if G can be gener-
ated by elements a1, f1, ..., 0tgy, Bgo> V1, -+, Yr With v, € C; and Hj laj, 8] TL,v =
1, where [o, 8] = a7 tag.

Let Mg be the moduli space of genus g curves, and My, , the moduli space of
genus gg curves with r distinct marked points, where we view the marked points as
unordered. Consider the map

®: H — Mg,

forgetting the G-action, and the map ¥ : H — M, , mapping (the class of) a
G-curve X to the class of the quotient curve X'/G together with the (unordered)
set of branch points p1,...,p:.

If H # 0, then ¥ is surjective and has finite fibers, by covering space theory.
Also ® has finite fibers, since the automorphism group of a curve of genus > 2 is
finite. The set H carries a structure of quasi-projective variety (over C) such that
the maps ® and ¥ are finite morphisms. If # # (), then all (irreducible) components
of H map surjectively to My, , (through a finite map), hence they all have the same
dimension

3(9,G,C):= dim Mg, = 3g0—3+r
Let M(g, G, C) denote the image of @, i.e., the locus of genus g curves admitting a
G-action of type (g, G, C). Since ® is a finite map, if this locus is non-empty, each
of its (irreducible) components has dimension (g, G, C).
Theorem 2 can be written as follows.

THEOREM 5. If (g, G, C) = 0, then every curve in M(g, G, C) is defined over
its field of moduli.

The last part of the above is due to the fact that § = 0 ensures that the quotient
orbifold X' /G must be of genus zero and with exactly three conical points, that is,
X is a quasiplatonic curve.

3. Field of moduli of superelliptic curves

3.1. Automorphism groups of superelliptic curves. Let X be a superel-
liptic curve of level n with G = Aut(X’). By the definition, there is some 7 € G, of
order n and central, so that the quotient X' /(7) has genus zero, that is, it can be
identified with the projective line, and all its cone points have order n. As, in this
case, the cyclic group H = (1) =& C,, is normal subgroup of G, we may consider
the quotient group G' := G/H, called the reduced automorphism group of X with
respect to H; so G is a degree n central extension of G.
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In the particular case that n = p is a prime integer, Castelnuovo-Severi’s in-
equality [7] asserts that for g > (p — 1) the cyclic group H is unique in Aut (X).
In [11] it is observed that if n = p > 5(r — 1) is prime, where r > 3 denotes the
number of cone points of the quotient X' /H, then H is again unique. The following
result shows that the superelliptic group of level n is unique.

PRrROPOSITION 1. A superelliptic curve of level n and genus g > 2 has a unique
superelliptic group of level n.

PROOF. Let X be a superelliptic curve of level n and assume that (r) and (1)
are two different superelliptic groups of level n. The condition that the cone points
of both quotient orbifolds X' /(r) and X /(n) are of order n asserts that a fixed
point of a non-trivial power of 7 (respectively, of ) must also be a fixed point of 7
(respectively, n). In this way, our previous assumption asserts that no non-trivial
power of 1 has a common fixed point with a non-trivial power of 7. In this case,
the fact that 7 and 1 are central asserts that nT = 75 and that (1,7) = C2 (see
also [20]). Let m : X — P} be a regular branched cover with (7) as deck group.
Then the automorphism 7 induces a automorphism p € PGLy(k) (also of order n)
so that ™y = pm. As p is conjugated to a rotation x — w,x, where w) = 1, we
observe that it has exactly two fixed points. This asserts that 1 must have either
n or 2n fixed points (forming two orbits under the action of (7)). As this is also
true by interchanging the roles of 7 and n, the same holds for the fixed points of 7.
It follows that the cone points of 7 consists of (i) exactly two sets of cardinality n
each one or (ii) exactly one set of cardinality n, and each one being invariant under
the rotation p. Up to post-composition by a suitable transformation in PGLy(k),
we may assume these in case (i) the 2n cone points are given by the n roots of unity
and the n roots of unity of a point different from 1 and 0 and in case (ii) that the
n cone points are the n roots of unity. In other words, X can be given either as

Xy =" -1)(z"—-d"), a€k—-{0,1}
or as the classical Fermat curve
Xo:yt=2"—-1
and, in these models,

(2, y) = (x,wny), 0z, y) = (Wn,y).

As the genus of X7 is at least two, we must have that n > 3. But such a curve

also admits the order two automorphism
a ay
W) = (2.5)

which does not commute with 7, a contradiction to the fact that n was assumed to
be central.

In the Fermat case, the full group of automorphisms is C2 x S3 and it may be
checked that it is not superelliptic.

O

3.2. Most of superelliptic curves are definable over their field of mod-
uli. The group G is a subgroup of the group of automorphisms of a genus zero field,
so G < PGLy(k) and G is finite. It is a classical result that every finite subgroup
of PGLy(k) (since we are assuming k of characteristic zero) is either the trivial
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group or isomorphic to one of the following: C,,, D,,, A4, S4, As. All automor-
phisms groups of superelliptic curves and their equations were determined in [20)]
and [21]. Determining the automorphism groups G, the signature C of the covering
X — X/G, and the dimension of the locus M(g, G, C) for superelliptic curves is
known (see, for instance, [20]).

We have seen in Theorem 1 that its superelliptic group of level n is unique. As
a consequence of Theorem 3, we obtain the following fact concerning the field of
moduli of superelliptic curves.

THEOREM 6. Let X be a superelliptic curve of genus g > 2 with superelliptic
group H = C,. If the reduced group of automorphisms Aut (X) = Aut (X)/H is
different from trivial or cyclic, then X is definable over its field of moduli.

As a consequence of the above, we only need to take care of the case when the
reduced group G' = G/H is either trivial or cyclic. As a consequence of Theorem 4
we have the following fact.

THEOREM 7. Let X' be a superelliptic curve of genus g > 2 with superelliptic
group H = C,, so that G = G/H is either trivial or cyclic. If X has odd signature,
then it can be defined over its field of moduli.

As a consequence, the only cases we need to take care are those superelliptic
curves with reduced group G = G/H being either trivial or cyclic and with X /G
having not an odd signature.

4. Superelliptic curves of genus at most 10

Using the list provided in Section 5 and the previous results, we proceed, in
each genus 2 < g < 10, to describe those superelliptic curves which are definable
over their field of moduli. Observe that in the left cases (which might or might not
be definable over their field of moduli) the last column provides an algebraic model
y™ = f(x), where f(z) is defined over the algebraic closure and not necessarily over
a minimal field of definition. The branched regular covering 7 : X — P} defined by
m(x,y) = x as deck group H = (7(x,y) = (z,€,y)) = C,.

4.0.1. Genus 2. The case of genus g = 2 is well known since in this case every
curve X such that | Aut (X')| > 2 the field of moduli is a field of definition. There
are examples of genus two curves, whose reduced group is trivial, which are not
definable over their field of moduli.

4.0.2. Genus 3. There are 21 signatures for genus g = 3 from which 12 of
them are hyperelliptic and 3 are trigonal.

LEMMA 1. FEvery superelliptic curve of genus 3, other than Nr. 1 and 2 in
Table 1, is definable over its field of moduli.

PROOF. If Aut (X) is isomorphic to A4 or S; then the corresponding locus
consists of the curves y* = 2! + 22 + 1 and y? = 2® 4 142% + 1 which are both
defined over their field of moduli.

If Aut (X) is isomorphic to a dihedral group and X is not hyperelliptic, then
Aut (X) is isomorphic to Vi x Cy, G5, Dg x C5, and Gg. These cases G5, Dg x Cs,
and Gg correspond to y* = 2% — 1, 4 = x(2® — 1), and y* = x(2? — 1), which are
all defined over the field of moduli.

If Aut (X) is isomorphic to a cyclic group, then in the cases when it is isomor-
phic to Ci4,C12 there are two cases which correspond to the curves 3% = 27 + 1
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TABLE 1. Genus 3 curves No. 1 and 2 are the only one whose field
of moduli is not necessarily a field of definition

’Nr. ‘é ‘ G ‘n‘m‘sig. ‘6 ‘Equation y" = f(x) ‘
1 {1y ] o 2 [1 |28 5| (28 + S0 awi +1)
2 Cy |V, 212 |26 3| a8+ a12? + asxt +asxb +1
3 Cy | Cy 212 (238,42 |22 (a:ﬁ +a122 + aqxt + 1)
4 | oy | 312 12,3261 |a*+a2+1
5 Vi | VaxCyl4]2 |23,4 1zt +a122+1

and y> = % 4+ 1. The left cases are given in Table 1. The curve No. 5 is definable
over its field of moduli by Theorem 6. All the other cases, with the exception of
Nr. 1 and 2, the curves are of odd signature, so they are definable over their field
of moduli by Theorem 7.

O

4.0.3. Genus 4.

LEMMA 2. Every superelliptic curve of genus 4, other than Nr. 1, 8 and 5 in
Table 2, is definable over its field of moduli.

PROOF. There is only one case when the reduced automorphism group Aut (&)
is not isomorphic to a cyclic or a dihedral group, namely G = Sy. In this case, the
curve is ¢ = z(2? — 1) and is defined over the field of moduli. If G is isomorphic to
a dihedral group, then there are only 6 signatures which give the groups Dg x Cj,
D4 X 03, D12 X C3, D4 X 03, Dg X 03, and D4 X 05. The groups D12 X 03, Ds X 03,
and Dy x Cs correspond to curves 3° = 2% — 1, y3 = x(2* — 1), and 3° = 2(2? — 1)
respectively. The remaining three cases are given by Nrs. 7, 8 and 9 in Table 2
which are definable over their field of moduli by Theorem 6.

TABLE 2. Genus 4 curves No. 1, 3 and 5 are the only ones whose
field of moduli is not necessarily a field of definition

’Nr. \é \ G \n\m\sig. ‘5\Equation y" = f(x) ‘
1 I 2[1 [20 [7]a(a®+ Sl i +1)
2 Vi 2|2 |27 412043 a1
3 Cr, | Cy 212 [ 2442 | 3] z(2® + azxb + aga* + a12% + 1)
4 Cs 213 1233,6|2]|a2°+a123+ag2®+1
5 Cs 311 |3 3| x(2* + a1 + ag2® + azz® + 1)
6 CoxCs3 3121223 |2|a8+ax*+a12?2+1
7 DgxC3 |33 2237 [1|a8+a125+1
8 | Dom | VaxCs |3]2 (223,61 (22-1)(2*+arz?+1)
9 VaxCs [312 223,61 2(2*+az®+1)

If Aut (X) is isomorphic to a cyclic group, then there are two signatures for
each of the groups C1g and C5. In each case, both signatures give the same curve,
namely y? = 2% + 1 and y® = 2% + 1 respectively. The left cases are given by Nrs.
1 to 6 in Table 2. As all cases, with the exception of Nrs. 1, 3 and 5, the curves
are of odd signature; so definable over their field of moduli by Theorem 7.
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d

4.0.4. Genus 5 < g < 10. We proceed to indicate which cases in the table
provided in Section 5 are definable over the field of moduli.

(1)

Genus 5: We may see from the table in Section 5 that, for ¢ = 5, there
are 20 cases to consider. By Theorem 6 all cases, from Nr. 8 to Nr. 20,
are definable over their field of moduli. The left cases, with the exception
of Nrs. 1, 2 and 6, are of odd signature, so they are definable over their
field of moduli.

Genus 6: We see from the table in Section 5 that, for g = 6, there are 36
cases to consider. By Theorem 6 all cases, from Nr. 17 to Nr. 36, are
definable over their field of moduli. The left cases, with the exception of
Nrs. 9, 10, 13 and 15, are of odd signature, so they are definable over
their field of moduli.

Genus 7: We see from the table in Section 5 that, for g = 7, there are 27
cases to consider. By Theorem 6 all cases, from Nr. 14 to Nr. 27, are
definable over their field of moduli. The left cases, with the exception of
Nrs. 1, 2 and 11, are of odd signature, so they are definable over their
field of moduli.

Genus 8: We see from the table in Section 5 that, for g = 8, there are
22 cases to consider. By Theorem 6 all cases, from Nr. 9 to Nr. 22, are
definable over their field of moduli. The left cases, with the exception of
Nrs. 2, 6, 7 and 8, are of odd signature, so they are definable over their
field of moduli.

Genus 9: We see from the table in Section 5 that, for g = 9, there are 50
cases to consider. By Theorem 6 all cases, from Nr. 23 to Nr. 50, are
definable over their field of moduli. The left cases, with the exception of
Nrs. 1, 3, 4, 14, 16 and 20, are of odd signature, so they are definable
over their field of moduli.

Genus 10: We see from the last table in Section 5 that, for g = 10, there are
55 cases to consider. From them, there are 18 hyperelliptic, 18 trigonal,
and 4 quintagonal. By Theorem 6 all cases, from Nr. 24 to Nr. 55, are
definable over their field of moduli. The left cases, with the exception of
Nrs. 2, 3, 16, 17, 19, 20 and 23, are of odd signature, so they are definable
over their field of moduli.

5. Tables of superelliptic curves of genus 5 < g < 10

The following tables are taken from [19, Table 1]. The first column of the
tables is simply a counter for each genus 5 < g < 10. The second column is the
reduced automorphism group and the third column some information about the
full automorphism group. Notice that such column is left mostly empty, but a
presentation of the group via its generators can be found in [20] for all the cases.
In the fourth column is the level n of the superelliptic curve. Hence, the equation of
the curve is given by y™ = f(x), where f(x) is the polynomial displayed in the last
column. Columns 5 and 6 respectively represent the order of an automorphism in
the reduced automorphism group and the signature of the covering X — X /G. The
seventh column represents the dimension of the corresponding locus in the moduli
space M.
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TABLE 3. Superelliptic curves for genus 5 < g < 10

Nr. [ G [ G [ n [ m [ sig. [ 5 [ Equation y™ = f(z)
Genus 5
1 Vi 2 [2 [28 5 [ 22437 @ +1
2 |, |C3xCp |2 |3 |243 3 | 22430 aa® 1
3 CoxCy |2 |4 |23,42 2 x12+a2x +arzt+1
4 Ca2 2 [11]2,11,22 [0 |2 +1
5 Caa 1112 [2,22,22|0 |z2+41
6 Ca 2 |1 |22 9 (210 + Z?:l a;xt + 1)
7 Cy 2 |2 |27 42 4 (@0 + 31 a4 1)
8 2 |2 [26 3 Hle(x‘l + a;z? +1)
9 D 2 |3 | 243 2 | (2% +ara® +1)(28 + azz® + 1)
10 2m 2 |6 |2%6 1 x12+a1:c +1
11 2 |4 |22 42 1 | (@* =18+ a1z +1)
12 2 122,412 |0 |=22-1
13 2 |5 2310 1 | z(2'® +a12® + 1)
14 2 |2 |23,42 2 | (2% = 1) (z* + a1z + 1) (a* + agx? + 1)
15 2 13 123,42 |1 | @-1D@b+a1z®+1)
16 2 |2 |23,42 2 | z(x? — 1)(z* + arx? + 1) (2* + az2? + 1)
17 2 110]2,4,20 |0 |z(z'°—-1)
18 | Ag 2 22 32 1 | fi(z)
19 | S4 2 [0 |3, 42 0 | 212 -3328-332%2+1
20 | As 2 2,3,10 0 [ z(z™+112° —1)
Genus 6
1 Vi 2 [2 [2° 6 [T +30  ai? +1
2 Ca 2 [13]2,13,26 |0 |a®+41
Cm -
3 Co1 3 |7 13721 |0 |27+1
4 C20 4 |5 4,520 [0 |z5+1
5 Cho 5 |2 12,5510 |1 | z*+az?+1
6 Cao 5 |4 4,520 |0 |2*+1
7 Co1 7 13 [3,7,21 |0 |2+1
8 Ca6 132 (213,26 |0 | 2241
9 Ca 2 |1 | 2™ 11| z(@2+ 328 aa? +1)
10 Cy 2 |2 | 2642 5 (22 + 30, az? + 1)
11 Cs 2 |3 23,3262 |3 | a(@2+37 a4 1)
12 Cs 2 |4 |2382 2 (2 + 37 aa +1)
13 Cs 3 |1 |38 5 xG + 2;7’:1 a;izt +1
14 Ce 3 |2 |3362 2 | 2% 4+ agz? +ajz? +1
15 Cy 4 |1 |45 3 ac +33 1a,ac+1
16 Cs 5 |1 |5 2 | 234+ a1xtax®+1
17 DiuxCo |2 |7 |23,7 1 [ ™+ alm7 +1)
18 Gs 2 |2 |2%4 3 | (@2 =DI[_(@*+a;z®2 +1)
19 Gs 2 |14 2,4,14 0 |z%—-1
20 DioxCa |5 |5 |25/10 0 |z°—-1
21 Dsg 2 |2 | 254 3 |z T, (@* 4+ az® 4+ 1)
22 DgxCy |2 |3 |26 2 |zl (a* +a1w +1)
23 Doy 2 |6 |23 12 1 | x(2'? + alx +1)
24 |, DgxCsz |3 |3 |223,9 1 | x(2®+ alx +1)
25 m | Dig 4 |2 22,48 |1 |z(*+az?+1)
26 Gs 2 |4 122,48 |1 | z(@@*—1)(a®+arz*+1)
27 Gs 2 122,424 |0 |z(z?2-1)
28 VuxCs |3 |2 (23,62 |1 |=z@®-1)(z*+a12®2+1)
29 Di2xCs |3 |6 [2,6,18 |0 |=z(xf-1)
30 Gs 4 |4 2,816 |0 |=xx*-1)
31 DgxCs |5 |3 [2,10,15 |0 | z(z®—1)
32 VuxCr |7 |2 |2, 142 0 | z(z2-1)
33 Go 2 |2 |22 43 2 | z(zt — )~Hf 1(:(: +a;z? +1)
34 Go 2 |3 |24%6 1 | x(2® —1)(28 + a123 + 1)
35 | S4 G1s 4 10 [2,3,16 [0 [z@?-1)
36 Gio 2 |0 |268 0 | x(z* —1)(28 + 142* + 1)
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TaBLE 3. (Cont.)
l Nr. [ G [ G n [ m [ sig. [ é [ Equation y" = f(z)
Genus 7
1 Vi 2 [2 |20 7 [T a1
2 |4 CoxCy |2 |4 | 2442 3 |20+ a1
3 ™o 032 3 |3 |3° 2 | 2% 4+ a2a® + a1z +1
4 Cs 2 |3 [25,3,6 |4 |24+t a1a®+1
5 Cho 2 |5 123510 |2 |z +aiad +asxlO+1
6 Cs0 2 |1502,15,30 |0 |2 +1
7 Cs 3 12 12346 3 | 28 +azxb +agrt +arx?+1
8 C12 3 |4 32,412 |1 |28 4+az*+1
9 Ca4 3 |8 3824 |0 |a8+1
10 C30 1502 21530 |0 |z2+1
11 Ca 2 |1 |26 13 | z(@™ + 2, a? +1)
12 Cy 2 |2 | 27,42 6 | 2"+ 30 aa® +1)
13 Cs 3 |1 |3 6 | 2" +38 at+1
14 | Dom | VaxCy |2 |2 |27 4 @t a® 1)
15 DgxCs |2 |4 |2%4 2 | (2% +arz* +1)(28 + azazt + 1)
16 DigxCo |2 |8 | 238 1 |28 +a28+1
17 D Gs 2 |16 | 2,4, 16 0 | z6—-1
18 M I DgxCs |3 |3 2,326 |1 | (@ —1)(f+a23+1)
19 DigxCs |3 |9 [26,9 0 |z2—-1
20 DiaxCo |2 |7 |23 14 1 | z(z™ +a12” +1)
21 Gr 2 |2 |24 42 3 | (@* =) T2, (@* + az® 4+ 1)
22 Gr 2 (4 |243 1 | (28 = 1)(a® 4+ arz* +1)
23 Gs 2 |2 |24 42 3 | 2(2® - 1) [T, (e* + aa® +1)
24 Gs 2 | 1412, 4,28 0 | z(z'*—-1)
25 DiyxCs |3 |7 |26,21 0 | z(x™=1)
26 Gs 8 |2 |2,162 0 | z(z?—-1)
27 | As K 2 [0 |22,3,6 1 | (@*+2v=322+1) fi(x)
Genus 8
1 Vi 2 [2 [211 8 [2a®+37  aix® +1
2 |4 CyxCs |2 |3 |2632 5 |2+ 300 aiad +1
3 m Co x Cg 2 6 23,62 2 218 + a128 + anxl?2 +1
4 C3q 2 | 171]12,17,34 |0 | 2'7+1
5 C34 1712 [2,17,34(|0 |z2+1
6 Co 2 |1 |28 15 | z(a'0 + 1, 5azat + 1)
7 Cy 2 |2 |28 42 7 | 2@ 4 a4 1)
8 Cs 2 4 24 82 3 x(x'% + arx* + aza® + azx!? + 1)
9 DexC> |2 [3 |25 3 3 5 (@8 +az®+1)
10| 5 DigxC2 |2 |9 |23%9 1 | 2¥®+a12®+1
11 m | Gy 2 |2 |26 4 4 | (@ =D, (e* + az? + 1)
12 Gs 2 |6 |224,6 1 | (2% - 1)(@"? +a120 +1)
13 Gs 2 | 1812, 4,18 0 |z8—-1
14 Ds 2 |2 |25,4 4 | 2Tl @ +az® +1)
15 D6 2 |4 |28 2 | z(2® + a1z +1)(2® + azz* + 1)
16 D32 2 |8 |23 16 1 | x(x'® +a12® +1)
17 Go 2 [3 223,42 |2 | (25— 1)(2% + a12® + 1)(a® + aga® + 1)
18 Gs 2 |16 | 2,4, 32 0 | z(z16—1)
19 Go 2 |2 | 2343 3 | @ [13 (a8 + aix® +1)
20 Gl 2 |4 |24%8 1 | x(@®—1)(28 +a1z* +1)
21 | Ay K 2 [0 [23%4 1 [ z@*=1) fi(x)
22 | Sy Gao 2 [0 [3,4,8 0 [ x(@?—1)(z™ —332% — 3327 1)
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TABLE 3. (Cont.)

Nr. [ G [ G [ n [ m [ sig. [ 0 [ Equation y" = f(z)
Genus 9

1 Vi 2 [2 [2™2 9 [P0+ aa® +1
2 |4 CoxCy |2 |4 | 25,42 4 [ 22045 a1
3 ™ 1 CoxCs |2 |5 |2%52 3 | 220 4+ a12% + asz® + azz® + 1
4 Cy x Oy 4 2 22 44 3 28 + a122 + aszt + aza® + 1
5 Css 2 [19]2/19,38 |0 |2¥+1
6 Ceg 3 2 2,356 4 210 + a122 + asat + azxb + agx® + 1
7 Cis 3 |5 |32,5 15 |1 |20 4a2®+1
8 C30 3 |10 3,102 0 | z19+1
9 Cas 4 |7 | 4,7 0 |z7+1
10 Cia 712 12,714 |1 |zt4+ax?2+1
11 Cos 7Tl 4 | 4%, 7 0 |z*+1
12 C30 10 |3 |32 10 0 |z3+1
13 Css 192 | 22,19 0 |z2+41
14 Co 2 |1 | 220 17 | a(@™® + 307 azzt + 1)
15 Ca 2 |2 | 2942 8 | z(@® 4+ % aza® +1)
16 Ce 2 |3 | 2662 5 | x(2®+ Zle a;z3 + 1)
17 Cia 2 |6 | 23122 2 | x(z'® 4 a12% + agz!? + 1)
18 Cs 3 |1 |31 8 | 2%+ 3% at 41
19 Co 3 |3 | 3392 2 | 2% +agxb +ajad+1
20 Cy 4 |1 |48 5 | 28+ 30 a1
21 Cs 4 |2 | 43,82 2 | 28 +asxt+arx?+1
22 Cr 7|1 |7 2 |23 +a1z+axx®+1
23 VixCy |2 |2 [28 5 5 (et +a;z® + 1))
24 DioxCe |2 |5 | 245 2 | (219 4+ a125 + 1)(210 + a225 + 1)
95 | P2 | pooxcn |2 |10 28 10 1 | 220 4 ay20 41

20 2 ’ 1
26 VyxCyq |4 |2 | 23,42 2 | (z* +a12? + 1)(z* +az? + 1)
27 DgxCy |4 |4 |2242 1 | 28 +az*+1
28 Gs 2 |4 |23 42 2 | (@* = 1)(2® + a1zt + 1) (2® + a2zt + 1)
29 Gs 2 202,420 |0 |220-1
30 Gs 4 |8 |28 0 |28—-1
31 DegxCo |2 |3 | 256 3 | @ [T2 (20 + a;2® + 1)
32 DigxCo |2 |9 |23 18 1 | z(@'® +a12® + 1)
33 DexCy |4 |3 [22,4,12 |1 |z +a1x®+1)
34 Gr 2 |2 |25 42 4 | (@* =D, (e* + a2 + 1)
35 G 2 |5 24,5 |1 | (%=1 (204 a12%+1)
36 G 4 12 12,48 |1 | @*—-D@E*+az?+1)
37 Gs 2 |2 |25 42 4 | 2@ - DI, @* +az? +1)
38 Gg 2 (6 | 22,412 |1 | 2(28—1) (22 +a12® +1)
39 Gs 2 182,43 |0 |x=x®-1)
40 DexCs |3 |3 [2,3,6,9]1 |x@@—1)(ab+a2®+1)
41 DigxCs |3 |9 [2,6,27 [0 |z(z®-1)
42 Gs 4 |2 2,48 |1 |z@®-1D(*+ax?+1)
43 Gs 4 |6 2,824 [0 |=x(2-1)
44 DexCr; |7 |3 214,21 |0 | z(z®—1)
45 Gs 102 |2, 202 0 | z(z?2-1)
46 Gy 2 (3 22426 |2 | 2(2%—1)(28+ a1z + 1)(a + aga® + 1)
47 | A4 K 2 [0 |22, 62 1 | (2% + 142 + 1) fi(x)
48 | Sy G17 4 10 [2,4,12 [0 [28+142T+1
49 Go1 2 |0 |4%6 0 | (28 + 142 + 1)(2'? — 3328 — 332% + 1)
50 | As 2 2,5,6 0 | 2?0 —2282™% + 494210 4 22845 + 1
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TABLE 3. (Cont.)

Nr [ G [ G [ n [ m [ sig. [ ) [ Equation y" = f(z)
Genus 10

1 Vi 2 [2 [28 10 [ 222+ 370 a2® +1
2 |4 CaxCs |3 |2 |22,36 5 | #2430 a1
3 m C’g 3 3 36 3 212 + a12% + aox® + azx® + 1
4 C3xCy |3 |4 |3342 2 | 224+ a12t +aga®+1
5 Co x Cg 6 2 22 63 2 28 + a12? + agzt + 1
6 Cs 2 |3 [27,3,6 |6 |22 +3%  a®+1
7 Ciya 2 7 237,14 | 2 22 4 a127 +asxt + 1
8 Cyo 2 |211]2,421 |0 |z2141
9 Cs3 3 |11 3,112 0 | zt+1
10 Cho 5 12 12,5510 |2 |20 +azt+aiz?+1
11 Cis 5 [3 (13,5215 |1 |20 4+aa3+1
12 C3o 5 |6 |5,62 0 | 2641
13 C30 6 |5 |56 0 |z°4+1
14 Cs3 1113 |32 11 0 |z34+1
15 Cu2 212 |2,21,42 |0 | 22+1
16 Ca 2 |1 |22 19 | z(20 + 372, azz? + 1)
17 Cy 2 |2 | 21042 9 | 2@+ aa® +1)
18 Cg 2 4 25,82 4 CC(IQO + a1zt + a2z® + azzt? + aqzl® + 1)
19 C1o 2 5 24,102 3 (2?0 + a12® + agx'0 4 azx'® + 1)
20 Cs 3 |1 |32 9 | 20439 aat +1
21 Ceg 3 2 35,62 4 210 4+ a122 + asat + azxb + aqx® + 1
22 Cs 5 |1 |57 4 | 2P+ art 1
23 Ceg 6 1 66 3 zt + a1z + aszZazz® + 1
24 Dao xCo |2 [ 1123, 11 1 [ 22 +azt+1
25 | VaxCs |3 |2 |2338 3 3 (et +az®+1)
26 M\ DgxCs |3 |3 |22 33, 2 | (@5 +a12® + 1)(28 + agad + 1)

6 3 ) 1
27 DioxCs |3 |6 |2236 1 | (@2 +a12®+1
28 DgxCs |6 |3 |223,6 1 |28 +a1z3+1
29 Gs 2 |2 |27,4 5 | (22— DI, (z* +az® +1)
30 Gs 2 122(2,4,22 [0 |222-1
31 DgxCs |3 |4 [2,3,46]|1 | (z*—1)(2®+arz*+1)
32 DoyyxCs |3 |12]2,6,12 |0 |22-1
33 G5 6 226,12 |1 | (22— 1) (z* +a12?+1)
34 Gs 6 |6 |2,6,12 |0 |26-1
35 Ds 2 |2 |27,4 5 | 222, (@* + aa® 4 1)
36 DioxCe |2 |5 |24 10 2 | 2(2'0 4+ a12® + 1)(210 + a2a® + 1)
37 Dao 2 |10 | 23,20 1 | (220 +a12'0 + 1)
38 DioxCs |3 |5 [22,3,15 |1 |x@@0+axd+1)
39 Doy 6 |2 |22,6,12 |1 |z(@*+a1x?+1)
40 VaxCs |3 |2 [2,32,62 |2 | (221 (z*+a12?+1)(z* 4+ a22? +1)
41 DexCs |3 |3 |3262 1 | (2% = 1)(2% + a123 + 1)
42 Gs 2 |4 |23%4,8 2 | z(z* — 1)(2® + arz* + 1) (a® + aga* + 1)
43 Gs 2 (202,440 |0 | x(z20-1)
44 VaxCs |3 |2 (232,62 |2 |ax@®-1)(z*+a12?+1)(z* + a2z +1)
45 DyoxCs |3 |10]2,6,30 |0 | z(z°—1)
46 DioxCs |5 |5 [2,10,25 |0 | z(z®—1)
47 Gs 6 |4 |212,24 |0 |x(z*-1)
48 VixCip |11 |2 |2, 222 0 | x(z®-1)
49 Gy 2 |2 | 2448 4 | 2@t = DI (@* + a2 + 1)
50 Gl 2 |5 |2,4210 |1 | z(z°—1)(2'® +arx® +1)
51 | A4 3 1o [233 1 | fi(z)
52 2 [0 23,461 |z@*-=1)(@*+2/-322+1) fi(z)
53 | S4 G1s 6 [0 2,324 [0 [z@E*=1)
54 SixCs |3 |0 |3,4,6 0 | 2'? —332% —332* +1
55 | As AsxCsz [3 [0 [2,3,15 [0 [ax@E@P+1125-1)
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In [19], the authors create a database of superelliptic curves. Moreover, they
display all curves of genus g < 10 in [19, Table 1]. We present such tables below.
The first column of the table represents the case from Table 1 of [20], the second
column is the reduced automorphism group. In the third column is the full au-
tomorphism group. Such groups are well known and only the ’obvious’ cases are
displayed, for full details one can check [20] and [21].

In the fourth column is the level n of the superelliptic curve; see [3]. Hence,
the equation of the curve is given by y™ = f(z), where f(z) is the polynomial
displayed in the last column. Columns 5 and 6, respectively, represent the order
of the superelliptic automorphism in the reduced automorphism group and the
signature of the covering X — X /G. The sixth column represents the dimension of
the corresponding locus in the moduli space M,. Throughout these tables fi(z) is
as follows

fi(z) = 2'? — a1 — 332% 4 2a,2° — 33zt — a2 + 1

for a; € C. In [19, Table 1] the signatures of the coverings are not fully given.
Indeed, for a full signature (o1,...,0,), we know that o, = a;_ll e 01_1. Hence,
the authors present only (o1, ...,0,—1). In our Table 3 that follows, we present the
full signature (o1, ...,0.).

For example, in the case g = 5, Nr.1, we have a signature of eight branch points,
each corresponding to a double transposition. Such signature is presented as 22.
Another clue for the reader must be that the moduli dimension is always 6 = r — 3,

where 7 is the number of branch points of the covering.

REMARK 1. It is worth mentioning, to avoid any confusion, that the equations
of the curves in column eight are not over the field of moduli of the corresponding
curve. They are used only to help identify the corresponding family.

Acknowledgements. The authors want to thanks Jeroen Sijsling for his com-
ments and suggestions to a previous version which help us to correctly state some
points of this paper.
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