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Abstract. We give an explicit formula for the discriminant �f (x) of the quadrinomials of the form

f(x) = xn + t(x2 + ax+ b)

The proof uses Bezoutians of polynomials. This paper is an extended version of [31].

1. Introduction

In [34] Selmer studied polynomials f(x) = x
n ± x± 1 and proved that xn � x� 1 is irreducible for all � 2,

while x
n + x + 1 is irreducible for n 6⌘ 2 mod 3. In the process he proved that the discriminant of f(x) is

(up to a multiplication by �1) � = ±
�
n
n ± (n� 1)n�1

�
, see [34] for precise formulas. He also noticed that

polynomials f(x) have very small discriminants. He checked his results for n  20. Other mathematicians have
considered trinomials f(x) = x

n + ax + b for various reasons; see [28], [37]. In general, finding conditions on
the coe�cients of a polynomial to have minimal discriminant is a di�cult problem. It is related to reduction of
binary forms discussed in [5] and their heights [35]. More generally it is a special case of finding conditions on
the coe�cients of a binary form such that the corresponding point in the weighted moduli space of invariants
is normalized; see [26].

This paper is the first of hopefully others to come to determine for what a, b, t the quadrinomial

(1) f(x) = x
n + t(x2 + ax+ b)

has minimal discriminant, is reduced in the sense of [5], or has minimal naive height. There have been plenty
of e↵orts to determine such formulas for certain classes of polynomials. In [17], [36] the authors focus on the
computation of the discriminant of a trinomial which has been carried out in di↵erent ways. In this paper, we
determine explicitly a formula for the discriminant of f(x) by using the approach of Bezoutians.

We prove (see Thm. 2) that the discriminant �f (x) of the polynomials in Eq. (1) is given by the formula

(2) � = (�1)m1t
n�1

�
(n� 2)n�2(a2 � 4b)t2 + �c t� n

n
b
n�1
�
,

such that

�c =
m0X

k=0

(�1)n+k
n
k(n� 1)n�2k�4(n� 2)kan�2k�4

b
k · Sk,

and m0 = b(n� 3)/2c, m1 = d(n� 3)/2e for a 6= 0 or a = 0 and n even, and �c = 0 for a = 0 and n odd, and

Sk =(n� 1)3
 
n� k � 3

k

!
a4 �

n(n� 1)
�
5n2 � (6k + 23)n+ 10k + 24

 

n� k � 3

 
n� k � 3

k

!
a2b+ 4n2(n� 2)

 
n� k � 4

k

!
b2.

It is object of further investigation if such result could be generalized to polynomials f(x) = x
n+t·g(x), where

g(x) is a general cubic. As a quick application of Thm. 2 we get that for b 6= 0 and (n�1)2a2

4n(n�2)  b the polynomial

f(t, x) has no real roots, for any real number t > 0; Cor. 1. While there is an elementary proof of Cor. 1, it is
interesting to check whether out approach would work for any polynomial of type f(t, x) = x

n + t · g(x), for
deg g � 3.

It is a quite open problem to determine for what integer values of a, b, and t the quadrinomial f(x) is
irreducible or the discriminant �f has a minimal value. Moreover, it is our intention to study in the future
for what conditions on a, b, t the quadrinomial is reduced in the sense of [5].

Another motivation of looking at the discriminant of such family of polynomials comes from our e↵orts to
construct superelliptic Jacobians with large endomorphism rings. We have checked computationally that for
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small n and f(t, x) 2 Q[t, x], for almost all t the Galois group Gal Q(f, x) is isomorphic to Sn. Due to results of
Zarhin this implies that the superelliptic curve y

m = f(t, x) has large endomorphism ring; see [14] for related
matters. Hence, curves y

n = f(x), where f(x) is as above, are smooth curves whose Jacobians are expected
to have large endomorphism rings. This remains the focus of further investigation.

Notation: Throughout this paper n is a positive integer, � denotes the discriminant of a polynomial f(x)
with respect to the variable x. The symbol b·c is the floor function and d·e is the ceiling function. Bn(f, g)
denotes the level n Bezoutian of two polynomials f and g. For a polynomial f 2 R[x] the symbol Nf denotes
the number of real roots of f(x). We denote by

�n
m

�
(n,m 2 Z�0) the binomial coe�cient.

2. Preliminaries

Let F be a field of characteristic zero and f1(x), f2(x) be polynomials over F . Then, for any integer n such
that n � max{degf1, degf2}, we put

Bn(f1, f2) : =
f1(x)f2(y)� f1(y)f2(x)

x� y
=

nX

i,j=1

↵ijx
n�i

y
n�j 2 F [x, y],

Mn(f1, f2) : = (↵ij)1i,jn.

The n ⇥ n matrix Mn(f1, f2) is called the Bezoutian of f1 and f2. When f2 = f
0
1, the formal derivative of

f1 with respect to the indeterminate x, we often write Bn(f1) := Bn(f1, f 0
1), Mn(f1) := Mn(f1, f 0

1) and the
matrix Mn(f1) is called the Bezoutian of f1. We denote by Nf1 the number of distinct real roots of f1(x) and
�(f1) the discriminant of f1(x). Moreover, for any real symmetric matrix M , we denote by �(M) the index
of inertia of M . The following are the list of important properties of Bezoutians.

Lemma 1. Notations as above, we have

(i) Mn(f1, f2) is an n⇥ n symmetric matrix over F . (Mn(f1, f2) 2 Symn(F )).
(ii) Bn(f1, f2) (Mn(f1, f2)) is linear in f1 and f2, separately.

(iii) Bn(f1, f2) = �Bn(f2, f1) (Mn(f1, f2) = �Mn(f2, f1)).
(iv) Nf1 = �(Mn(f1)).

(v) �(f1) =
1

led(f1)2
detMn(f1), where led(f1) is the leading coe�cient of f1. In particular, if f1 is

monic, we have �(f1) = detMn(f1).
(vi) Let �, µ, ⌫ be integers such that � � µ > ⌫ � 0. Then M�(xµ

, x
⌫) = (mij)1i,j�, where

mij =

(
1 i+ j = 2�� (µ+ ⌫) + 1 (�� µ+ 1  i, j  �� ⌫),

0 otherwise.

Proof. For (i)–(iv), see [16, Theorem 8.25, 9.2]. For (v), see equation (4) of [15, p.217]. For (vi), see [32, Lemma
2] ⇤

For any vector r = (r0, · · · , rs) 2 Rs+1, let us put

gr(x) = g(r0, · · · , rs;x) =
sX

k=0

rs�kx
s�k 2 R[x],

fr(t;x) = f
(n)(r0, · · · , rs, t;x) = x

n + t · gr(x) 2 R(t)[x].

In the previous paper [32], by using the above properties of Bezoutians, we obtained the next theorem

Theorem 1. [32, Thm. 2] Let r = (r0, · · · , rs) 2 Rs+1
be a vector such that gr(x) is a degree s separable

polynomial satisfying Ngr(x) = � (0  �  s). Let us consider fr(t;x) = f
(n)(r0, · · · , rs, t;x) as a polynomial

over R(t) in x and put

Pr(t) = detMn(fr(t;x)) = detMn(fr(t;x), f
0
r(t;x)),
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where f
0
r(t;x) is a derivative of fr(t;x) with respect to x. Then, for any real number t > ↵r = max{↵ 2 R |

Pr(↵) = 0}, we have

Nfr(t;x) =

8
><

>:

� + 1 n� s : odd

� n� s : even, rs > 0

� + 2 n� s : even, rs < 0.

Then, by using Thm. 1 and Thm. 2, we construct a certain family of totally complex polynomials of the
form f(b,a,1)(t;x); see Cor. 1. Here, note that a real polynomial f(x) to be called totally complex if it has no
real roots, that is, Nf = 0.

Let n � 3 be an integer and a, b be real numbers. Let us put c = (b, a, 1) 2 R3 and

gc(x) = x
2 + ax+ b 2 R[x], fc(t;x) = x

n + tgc(x) 2 R(t)[x].
We denote by

�n
m

�
(n,m 2 Z�0) the binomial coe�cient. Note that

�n
0

�
= 1 for any integer n � 0 and

�n
m

�
= 0

if n < m. Moreover, we define
�n
m

�
= 0 for any n 2 Z�0 and m 2 Z<0.

Our main result is the following.

Theorem 2. Put m0 = b(n�3)/2c, m1 = d(n�3)/2e. Moreover, for any integers n � 4 and k (0  k  m0),
put

Sk =(n� 1)3
 
n� k � 3

k

!
a4 �

n(n� 1)
�
5n2 � (6k + 23)n+ 10k + 24

 

n� k � 3

 
n� k � 3

k

!
a2b+ 4n2(n� 2)

 
n� k � 4

k

!
b2.

Here, b·c is the floor function and d·e is the ceiling function.

(1) Suppose n = 3. Then, we have

� (fc(t;x)) = t
2

(
(a2 � 4b)t2 � (4a3 � 18ab)t� 27b2

)
.

(2) Suppose n � 4. Then, we have

� (fc(t;x)) = (�1)m1t
n�1

(
(n� 2)n�2(a2 � 4b)t2 + �ct� n

n
b
n�1

)
,

where

�c =

8
>><

>>:

m0X

k=0

(�1)n+k
n
k(n� 1)n�2k�4(n� 2)kan�2k�4

b
k
Sk (a 6= 0 or a = 0, n : even),

0 (a = 0, n : odd).

As a corollary of the above we get.

Corollary 1. Suppose n � 4 is an even integer. Moreover, let us suppose b 6= 0 and (n� 1)2a2/4n(n� 2)  b.

Then we have Nfc(t;x) = 0 for any positive real number t.

By a direct computation, we have

�
�
x
3 + t(x2 + ax+ b)

�
= t

2
�
(a2 � 4b)t2 � (4a3 � 18ab)t� 27b2

 
,

�
�
x
4 + t(x2 + ax+ b)

�
= �t

3
�
(4a2 � 16b)t2 + (27a4 � 144a2b+ 128b2)t� 256b3

 

and we get Thm. 2 for n = 3, 4. Moreover, if n = 4 and (n� 1)2a2/4n(n� 2) = b, we have

Pc(t) = �
�
x
4 + t(x2 + ax+ b)

�
=

1

2
a
2

✓
t+

27

8
a
2

◆2

t
3

and hence ↵c = 0, which implies Nfc(t;x) = 0 for any t > 0 by Thm. 1 since x
2 + ax+ b has no real root in this

case. Then, by considering the graph of the function y = x
4 + t(x2 + ax + b), we have Nfc(t;x) = 0 whenever

(n � 1)2a2/4n(n � 2)  b and t > 0, which is the claim of Cor. 1 for n = 4. Therefore, let us assume n � 5
hereafter.
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In the following, we put

Ac(t) = (a(c)ij (t))1i,jn = Mn(fc(t;x)) 2 Symn(R(t)),

Bc = (b(c)ij )1i,j2 = M2(gc(x)) 2 Sym2(R),
Pc(t) = detAc(t) = �(fc(t;x)).

Then, by Thm. 1, we have the next lemma.

Corollary 2. Suppose n is even and a
2
/4 < b. Put ↵c = max{↵ 2 R | Pc(↵) = 0}. Then, for any real number

t > ↵c, we have Nfc(t,x) = 0.

To prove Thm. 2, we will use the equality �(fc(t;x)) = detAc(t). Also, to prove Cor. 1, it is enough
to prove ↵c = 0 when (n � 1)2a2/4n(n � 2)  b and (a, b) 6= (0, 0), which implies we need to compute the
polynomial Pc(t) = detAc(t) precisely. Here, let Qm(k; c) = (qij)1i,jm, Rm(k, l; c) = (rij)1i,jm be m⇥m

elementary matrices such that

Qm(k; c)=

2

66666666664

1
. . .

1
c

1
. . .

1

3

77777777775

, Rm(k, l; c)=

2

666666666664

1
. . .

1 c

. . .
1

. . .
1

3

777777777775

,

where qkk = c, rkl = c, respectively and, for anym⇥mmatricesM1,M2, · · · ,Ml, put
Ql

k=1 Mk = M1M2 · · ·Ml.
Moreover, put lk = n+ k. Then, as is the case in [32], we inductively define the matrix Ac(t)k (1  k  n� 2)
as follows:

(1) Ac(t)1 = (a(c)ij (t)1)1i,jn = t
Sc(t)1Ac(t)Sc(t)1, where

Sc(t)1 = Qn(1; 1/
p
n)

1Y

k=0

Rn(1, lk � 1;�a
(c)
1,lk�1(t)/

p
n).

(2) Put

n0 =

(
(n� 1)/2, n : odd,

n/2, n : even.

Then, Ac(t)k = (a(c)ij (t)k)1i,jn = t
Sc(t)kAc(t)k�1Sc(t)k, where

Sc(t)k =

8
>>>><

>>>>:

nY

m=l0�k+1

Rn

 
l0 � k,m;�

a
(c)
km(t)k�1

�(n� 2)t

!
, (2  k  n0)

Rn

 
l0 � k, k;�

a
(c)
kk (t)k�1

�2(n� 2)t

!
nY

m=k+1

Rn

 
l0 � k,m;�

a
(c)
km(t)k�1

�(n� 2)t

!
, (n0 < k  n� 2).

By the definition of Ac(t)k (1  k  n� 2), we have detAc(t) = n detAc(t)n�2. Therefore, to compute the
polynomial Pc(t) = detAc(t), let us first compute the matrix Ac(t)n�2 concretely.

3. Computation of the matrix Ac(t)n�2

By Lem. 1, we have

Bc = M2(x
2 + ax+ b, 2x+ a) = 2M2(x

2
, x) + aM2(x

2
, 1) + (a2 � 2b)M2(x, 1) =


2 a

a a
2 � 2b

�
.

Here, let us give some examples of the matrices Ac(t) and Ac(t)1 for some small n.
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Example 1. (1) Let n = 5. Then,

Ac(t) =

2

66664

5 0 0 2t at

0 0 �3t �4at �5bt
0 �3t �4at �5bt 0
2t �4at �5bt 2t2 at

2

at �5bt 0 at
2 (a2 � 2b)t2

3

77775
, Ac(t)1 =

2

66664

1 0 0 0 0
0 0 �3t �4at �5bt
0 �3t �4at �5bt 0
0 �4at �5bt (6/5)t2 (3/5)at2

0 �5bt 0 (3/5)at2
�
(4/5)a2 � 2b

 
t
2

3

77775
.

(2) Let n = 6. Then,

Ac(t) =

2

6666664

6 0 0 0 2t at
0 0 0 �4t �5at �6bt
0 0 �4t �5at �6bt 0
0 �4t �5at �6bt 0 0
2t �5at �6bt 0 2t2 at2

at �6bt 0 0 at2 (a2 � 2b)t2

3

7777775
, Ac(t)1 =

2

6666664

1 0 0 0 0 0
0 0 0 �4t �5at �6bt
0 0 �4t �5at �6bt 0
0 �4t �5at �6bt 0 0
0 �5at �6bt 0 4

3 t
2 2

3at
2

0 �6bt 0 0 2
3at

2
�
5
6a

2 � 2b
�
t2

3

7777775
.

⇤

Let’s continue our discussion for n � 5. Then, by [32, Prop 4] and [32, Eq. (5)], we have

Ac(t) =

2

666666666666664

n 0 . . . . . . . . . 0 2t at

0 �(n� 2)t �(n� 1)at �nbt

...

... �(n� 1)at �nbt 0
...

... ... �nbt 0
...

...
... ... ... ... ...

...

0 �(n� 2)t �(n� 1)at �nbt

...

0 0
2t �(n� 1)at �nbt 0 . . . 0 2t2 at

2

at �nbt 0 . . . . . . 0 at
2 (a2 � 2b)t2

3

777777777777775

(3)

and hence

Ac(t)1 =

2

666666666666664

1 0 . . . . . . . . . 0 0 0
0 �(n� 2)t �(n� 1)at �nbt

...

... �(n� 1)at �nbt 0
...

... ... �nbt 0
...

...

... ... ... ... ...
...

0 �(n� 2)t �(n� 1)at �nbt

...

0 0
0 �(n� 1)at �nbt 0 . . . 0 2

�
1� 2

n

�
t
2

�
1� 2

n

�
at

2

0 �nbt 0 . . . . . . 0
�
1� 2

n

�
at

2
��

1� 1
n

�
a
2 � 2b

 
t
2

3

777777777777775

.(4)

Here, similar to Ac(t)k (2  k  n � 2), we inductively define the matrix W (t)k = (wij(t)k)1i,jn (2  k 
n� 2) as follows;

(1) W (t)1 = (wij(t)1)1i,jn, where

wij(t)1 =

8
>>><

>>>:

qt, i+ j = n, 2  i, j  n� 2,

rt, i+ j = n+ 1, 2  i, j  n� 1,

st, i+ j = n+ 2, 2  i, j  n,

0, otherwise.

(2) W (t)k = (wij(t)k)1i,jn (2  k  n� 2) = t
S(t)kW (t)k�1S(t)k, where

S(t)k =

8
>>>><

>>>>:

nY

m=n�k+1

Rn

✓
n� k,m;�wkm(t)k�1

qt

◆
(2  k  n0),

Rn

✓
n� k, k;�wkk(t)k�1

�2qt

◆ nY

m=k+1

Rn

✓
n� k,m;�wkm(t)k�1

qt

◆
, (n0 < k  n� 2).
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Example 2. (1) Let n = 5. Then,

W (t)1 =

2

66664

0 0 0 0 0
0 0 qt rt st

0 qt rt st 0
0 rt st 0 0
0 st 0 0 0

3

77775
, W (t)n0 =

2

66664

0 0 0 0 0
0 0 qt 0 0
0 qt rt (qs� r

2)t/q �rst/q

0 0 (qs� r
2)t/q �(2qs� r

2)rt/q2 �(qs� r
2)st/q2

0 0 �rst/q �(qs� r
2)st/q2 rs

2
t/q

2

3

77775
,

W (t)n�2 =

2

66664

0 0 0 0 0
0 0 qt 0 0
0 qt 0 0 0
0 0 0 �(2qs� r

2)rt/q2 �(qs� r
2)st/q2

0 0 0 �(qs� r
2)st/q2 rs

2
t/q

2

3

77775
.

(2) Let n = 6. Then,

W (t)1 =

2

6666664

0 0 0 0 0 0
0 0 0 qt rt st

0 0 qt rt st 0
0 qt rt st 0 0
0 rt st 0 0 0
0 st 0 0 0 0

3

7777775
,

W (t)n0 =

2

6666664

0 0 0 0 0 0
0 0 0 qt 0 0
0 0 qt 0 0 0
0 qt 0 (qs� r

2)t/q �(2qs� r
2)rt/q2 �(qs� r

2)st/q2

0 0 0 �(2qs� r
2)rt/q2 �(q2s2 � 3qr2s+ r

4)t/q3 (2qs� r
2)rst/q3

0 0 0 �(qs� r
2)st/q2 (2qs� r

2)rst/q3 (qs� r
2)s2t/q3

3

7777775
,

W (t)n�2 =

2

6666664

0 0 0 0 0 0
0 0 0 qt 0 0
0 0 qt 0 0 0
0 qt 0 0 0 0
0 0 0 0 �(q2s2 � 3qr2s+ r

4)t/q3 (2qs� r
2)rst/q3

0 0 0 0 (2qs� r
2)rst/q3 (qs� r

2)s2t/q3

3

7777775
.

In the same way, let us compute the matrix W (t)n�2 for any integer n � 7.

Lemma 2. Suppose n � 7. Let {xm}, {ym} be sequences defined by the next recurrence relations;

x0 = 0, x1 = �qt, x2 = rt, xm+2 = �r

q
xm+1 �

s

q
xm (m � 1),

y0 = y1 = 0, ym+1 = �s

q
xm (m � 1)

and put

n1 =

(
n0 � 1 n : odd,

n0 � 2 n : even.

Then, for any integer k such that 2  k  n1, we have

wij(t)k =

8
>>>>>>>><

>>>>>>>>:

0 (i, j) = (k, `) or (`, k) (n� k + 1  `  n),

x`�n+k+2 (i, j) = (k + 1, `) or (`, k + 1) (n� k  `  n� 1),

y`�n+k+2 (i, j) = (k + 2, `) or (`, k + 2) (n� k  `  n� 1),

� sxk
q (i, j) = (k + 1, n) or (n, k + 1),

� syk

q (i, j) = (k + 2, n) or (n, k + 2),

wij(t)k�1 otherwise.
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Proof. Let us prove this lemma by induction on k. First, suppose k = 2. Then, by the definition of W (t)2, we
have

W (t)2 =

2

6666666666666666666666664

0 · · · · · · . . . . . . . . . 0 0 0 0
... qt 0 0
... qt rt

(qs�r2)t
q � rst

q
...

...

rt st � rst
q � s2t

q
...

... ...

st 0 0 0
...

... ... ... ... ... ... ...

0 0 qt rt st

... ... ... ...

0 qt rt st 0

... ... ...

0 0 (qs� r
2) tq � rst

q 0
... ...

0 0 � rst
q � s2t

q 0 · · · · · · · · · · · · 0

3

7777777777777777777777775

,

which implies the claim of Lem. 2 for k = 2 since

x2 = rt, x3 =
(qs� r

2)t

q
, y2 = st, y3 = �rst

q
.

Next, suppose Lem. 2 is true for k = 2, · · · ,m� 1 (m� 1 < n1). Then, since

W (t)m�1 =

2

666666666666666666666666666666664

0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 0 0
...

... ... ...
...

... qt 0 · · · 0 0

... qt x2 x3 · · · xm �sxm�1/q

...

...

rt y2 y3 · · · ym �sym�1/q

...

... ...

st 0 0 · · · 0 0
...

... ... ... ... ... ... ...
... qt rt st

... ... ... ...
... qt x2 y2 0

... ... ...
...

... 0 x3 y3 0

... ...
...

... ...
...

...
...

... ...

0 · · · 0 xm ym 0

... ...
0 · · · 0 �sxm�1/q �sym�1/q 0 · · · · · · · · · · · · · · · · · · 0

3

777777777777777777777777777777775

,

we have

W (t)m =

2

666666666666666666666666666666664

0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 0 0
...

... ... ...
...

... qt 0 · · · 0 0

... qt 0 0 · · · 0 0

...

...

rt x
0
2 x

0
3 · · · x

0
m x

0
m+1

...

... ...

st y
0
2 y

0
3 · · · y

0
m y

0
m+1

...

... ... ... ... ... ... ...
... qt rt st

... ... ... ...
... qt 0 x

0
2 y

0
2

... ... ...
...

... 0 0 x
0
3 y

0
3

... ...
...

... ...
...

...
...

... ...

0 · · · 0 0 x
0
m y

0
m

... ...
0 · · · 0 0 x

0
m+1 y

0
m+1 · · · · · · · · · · · · · · · · · · 0

3

777777777777777777777777777777775

,
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where

x
0
` = y` �

x`

qt
· rt = �r

q
x` �

s

q
x`�1 = x`+1 (2  `  m),

y
0
` = �x`

qt
· st = �s

q
x` = y`+1 (2  `  m),

x
0
m+1 = �s

q
ym�1 +

✓
�r

q

◆
·
✓
�s

q
xm�1

◆
= �s

q

✓
�r

q
xm�1 �

s

q
xm�2

◆
= �s

q
xm

y
0
m+1 =

✓
�s

q

◆
·
✓
�s

q
xm�1

◆
= �s

q
ym.

This completes the proof of Lem. 2. ⇤

Proposition 1. For any integer n � 5, we have

wij(t)n�2 =

8
>>>>>><

>>>>>>:

qt i+ j = n (2  i, j  n� 2),

xn�1 (i, j) = (n� 1, n� 1),

yn�1 (i, j) = (n� 1, n) or (n, n� 1),

(�s/q)yn�2 (i, j) = (n, n),

0 otherwise.

Proof. Prop. 1 has been proved for n = 5, 6 in Example 2. Thus, we suppose n � 7. First, by solving the
recurrence relation given in Lem. 2, we have

xm =

8
>><

>>:

(�1)mmrm�1

2m�1qm�2 t (r2 � 4qs = 0),

(�1)m
n⇣

r+
p

r2�4qs
⌘m

�
⇣
r�

p
r2�4qs

⌘mo

2mqm�2
p

r2�4qs
t (r2 � 4qs 6= 0).

(5)

Note that

(�1)m
n⇣

r +
p
r2 � 4qs

⌘m
�
⇣
r �

p
r2 � 4qs

⌘mo

2mqm�2
p
r2 � 4qs

t =
(�1)mt

2mqm�2
· 2

bm�1
2 cX

k=0

✓
m

2k + 1

◆
r
m�2k�1(r2 � 4qs)k

and hence, by putting r
2 � 4qs = 0, we have

(�1)m
n⇣

r +
p
r2 � 4qs

⌘m
�
⇣
r �

p
r2 � 4qs

⌘mo

2mqm�2
p
r2 � 4qs

t =
(�1)mmr

m�1

2m�1qm�2
t,

the solution for the case of r2 � 4qs = 0. Here, suppose n is odd. Then, we have n1 = n�3
2 and hence by

Lem. 2,

wij(t)n1 =

8
>>>>>>>><

>>>>>>>>:

0 (i, j) = ((n� 3)/2, `) or (`, (n� 3)/2) ((n+ 5)/2  `  n),

x`�(n�1)/2 (i, j) = ((n� 1)/2, `) or (`, (n� 1)/2) ((n+ 3)/2  `  n� 1),

y`�(n�1)/2 (i, j) = ((n+ 1)/2, `) or (`, (n+ 1)/2) ((n+ 3)/2  `  n� 1),

�sx(n�3)/2/q (i, j) = ((n� 1)/2, n) or (n, (n� 1)/2),

�sy(n�3)/2/q (i, j) = ((n+ 1)/2, n) or (n, (n+ 1)/2),

wij(t)(n�5)/2 otherwise.
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Therefore, we have the next expression of the matrix W (t)n1 ;

W (t)n1 =

2

666666666666666666666664

0 · · · · · · · · · · · · · · · · · · · · · 0 0
...

... ...
...

... qt 0 · · · 0 0

... qt x2 x3 · · · x(n�1)/2 �sx(n�3)/2/q

... qt rt y2 y3 · · · y(n�1)/2 �sy(n�3)/2/q

... qt x2 y2 0
...

...

... 0 x3 y3

...
...

...
...

...
...

0 · · · 0 x(n�1)/2 y(n�1)/2

...
0 · · · 0 �sx(n�3)/2/q �sy(n�3)/2/q · · · · · · · · · · · · 0

3

777777777777777777777775

.

Then, since W (t)n1+1 = t
S(t)n1+1W (t)n1S(t)n1+1, where

S(t)n1+1 =
nY

m=(n+3)/2

Rn

✓
n+ 1

2
,m;�

w(n�1)/2,m(t)n1

qt

◆

and wn�1,(n+1)/2(t)n1+1 = w(n+1)/2,n�1(t)n1+1 = x(n+1)/2, we have

wn�1,n�1(t)n1+1 = �
x(n�1)/2

qt
· y(n�1)/2 �

x(n�1)/2

qt
· x(n+1)/2

= �
x(n�1)/2

qt
·
✓
�s
q
x(n�3)/2

◆
�

x(n�1)/2

qt
· x(n+1)/2

= � 1
qt

·
(�1)(n�1)/2

⇢⇣
r +

p
r2 � 4qs

⌘(n�1)/2
�
⇣
r �

p
r2 � 4qs

⌘(n�1)/2
�

2(n�1)/2q(n�5)/2
p

r2 � 4qs
t

⇥
✓
�s
q

◆
·
(�1)(n�3)/2

⇢⇣
r +

p
r2 � 4qs

⌘(n�3)/2
�
⇣
r �

p
r2 � 4qs

⌘(n�3)/2
�

2(n�3)/2q(n�7)/2
p

r2 � 4qs
t

� 1
qt

·
(�1)(n�1)/2

⇢⇣
r +

p
r2 � 4qs

⌘(n�1)/2
�
⇣
r �

p
r2 � 4qs

⌘(n�1)/2
�

2(n�1)/2q(n�5)/2
p

r2 � 4qs
t

⇥
(�1)(n+1)/2

⇢⇣
r +

p
r2 � 4qs

⌘(n+1)/2
�
⇣
r �

p
r2 � 4qs

⌘(n+1)/2
�

2(n+1)/2q(n�3)/2
p

r2 � 4qs
t

= �s

⇢⇣
r +

p
r2 � 4qs

⌘n�2
� (4qs)(n�3)/2

⇣
r +

p
r2 � 4qs

⌘

� (4qs)(n�3)/2
⇣
r �

p
r2 � 4qs

⌘
+
⇣
r �

p
r2 � 4qs

⌘n�2
�
t

��
2n�2qn�4(r2 � 4qs)

 

+

⇢⇣
r +

p
r2 � 4qs

⌘n
� (4qs)(n�1)/2

⇣
r +

p
r2 � 4qs

⌘

� (4qs)(n�1)/2
⇣
r �

p
r2 � 4qs

⌘
+
⇣
r �

p
r2 � 4qs

⌘n
�
t

��
2nqn�3(r2 � 4qs)
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=

(⇣
r +

p
r2 � 4qs

⌘n�2
⇢⇣

r +
p

r2 � 4qs
⌘2

� 4qs

�

+
⇣
r �

p
r2 � 4qs

⌘n�2
⇢⇣

r �
p

r2 � 4qs
⌘2

� 4qs

�)
t

��
2nqn�3(r2 � 4qs)

 

=

2
p

r2 � 4qs

⇢⇣
r +

p
r2 � 4qs

⌘n�1
�
⇣
r �

p
r2 � 4qs

⌘n�1
�

2nqn�3(r2 � 4qs)
t

=

⇢⇣
r +

p
r2 � 4qs

⌘n�1
�
⇣
r �

p
r2 � 4qs

⌘n�1
�

2n�1qn�3
p

r2 � 4qs
t = xn�1.

Similarly, we have

wn�1,n(t)n1+1 = wn,n�1(t)n1+1 = �
x(n�1)/2

qt
·
�sy(n�3)/2

q
�

�sx(n�3)/2

q2t
x(n+1)/2

= � s
2

q3t
·
(�1)(n�1)/2

⇢⇣
r +

p
r2 � 4qs

⌘(n�1)/2
�
⇣
r �

p
r2 � 4qs

⌘(n�1)/2
�

2(n�1)/2q(n�5)/2
p

r2 � 4qs
t

⇥
(�1)(n�5)/2

⇢⇣
r +

p
r2 � 4qs

⌘(n�5)/2
�
⇣
r �

p
r2 � 4qs

⌘(n�5)/2
�

2(n�5)/2q(n�9)/2
p
r2 � 4qs

t

+
s

q2t
·
(�1)(n�3)/2

⇢⇣
r +

p
r2 � 4qs

⌘(n�3)/2
�
⇣
r �

p
r2 � 4qs

⌘(n�3)/2
�

2(n�3)/2q(n�7)/2
p
r2 � 4qs

t

⇥
(�1)(n+1)/2

⇢⇣
r +

p
r2 � 4qs

⌘(n+1)/2
�
⇣
r �

p
r2 � 4qs

⌘(n+1)/2
�

2(n+1)/2q(n�3)/2
p
r2 � 4qs

t

= �s
2

q
·
⇢
(r +

p
r2 � 4qs)n�3 � (4qs)(n�5)/2(r +

p
r2 � 4qs)2

� (4qs)(n�5)/2(r �
p
r2 � 4qs)2 + (r �

p
r2 � 4qs)n�3

�
t

��
2n�3

q
n�5(r2 � 4qs)

 

+
s

q
·
⇢
(r +

p
r2 � 4qs)n�1 � (4qs)(n�3)/2(r +

p
r2 � 4qs)2

� (4qs)(n�3)/2(r �
p
r2 � 4qs)2 + (r �

p
r2 � 4qs)n�1

�
t

��
2n�1

q
n�4(r2 � 4qs)

 

=
s

q
· (r +

p
r2 � 4qs)n�2 � (r �

p
r2 � 4qs)n�2

2n�2qn�4
p
r2 � 4qs

t

= �s

q
xn�2 = yn�1.
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Moreover, since wn,(n+1)/2(t)n1+1 = w(n+1)/2,n(t)n1+1 = �sx(n�1)/2/q, we have

wn,n(t)n1+1 = �
�sx(n�3)/2

q2t
·
�sy(n�3)/2

q
�

�sx(n�3)/2

q2t
·
�sx(n�1)/2

q

=
s
3

q4t
·
(�1)(n�3)/2

⇢⇣
r +

p
r2 � 4qs

⌘(n�3)/2
�
⇣
r �

p
r2 � 4qs

⌘(n�3)/2
�

2(n�3)/2q(n�7)/2
p
r2 � 4qs

t

⇥
(�1)(n�5)/2

⇢⇣
r +

p
r2 � 4qs

⌘(n�5)/2
�
⇣
r �

p
r2 � 4qs

⌘(n�5)/2
�

2(n�5)/2q(n�9)/2
p
r2 � 4qs

t

� s
2

q3t
·
(�1)(n�3)/2

⇢⇣
r +

p
r2 � 4qs

⌘(n�3)/2
�
⇣
r �

p
r2 � 4qs

⌘(n�3)/2
�

2(n�3)/2q(n�7)/2
p
r2 � 4qs

t

⇥
(�1)(n�1)/2

⇢⇣
r +

p
r2 � 4qs

⌘(n�1)/2
�
⇣
r �

p
r2 � 4qs

⌘(n�1)/2
�

2(n�1)/2q(n�5)/2
p
r2 � 4qs

t

= �s
3

q2
·
⇢
(r +

p
r2 � 4sq)n�4 � (4qs)(n�5)/2(r +

p
r2 � 4qs)

� (4qs)(n�5)/2(r �
p
r2 � 4qs) + (r �

p
r2 � 4qs)n�4

�
t

��
2n�4

q
n�6(r2 � 4qs)

 

+
s
2

q2
·
⇢
(r +

p
r2 � 4sq)n�2 � (4qs)(n�3)/2(r +

p
r2 � 4qs)

� (4qs)(n�3)/2(r �
p
r2 � 4qs) + (r �

p
r2 � 4qs)n�2

�
t

��
2n�2

q
n�5(r2 � 4qs)

 

=
s
2

q2
· (r +

p
r2 � 4sq)n�3 � (r �

p
r2 � 4qs)n�3

2n�3qn�5
p
r2 � 4qs

t

= �s

q

✓
�s

q
xn�3

◆
= �s

q
yn�2.

Therefore, we can express the matrix W (t)n0 (= W (t)n1+1) as follows;

W (t)n0 =

2

6666666666666666666664

0 · · · · · · · · · · · · · · · · · · · · · 0 0
...

... ...
...

... qt 0 · · · 0 0

... qt 0 0 · · · 0 0

... qt ⇤ ⇤ ⇤ · · · ⇤ ⇤

... qt 0 ⇤ ⇤ ⇤ · · · ⇤ ⇤

...

... 0 0 ⇤ ⇤ ⇤ · · · ⇤ ⇤
...

...
...

...
...

...
. . .

...
...

0 · · · 0 0 ⇤ ⇤ ⇤ · · · xn�1 yn�1

0 · · · 0 0 ⇤ ⇤ ⇤ · · · yn�1 (�s/q)yn�2

3

7777777777777777777775

.
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Then, by the definition of the matrix Wk (n0 < k  n� 2), we have

W (t)n�2 =

2

66666666666666666664

0 · · · · · · · · · · · · · · · · · · 0 0
...

... ...
...

... qt 0 · · · 0 0

... qt 0 0 · · · 0 0

... qt 0 0 0 · · · 0 0

...

... 0 0 0 0 · · · 0 0
...

...
...

...
...

. . .
...

...
0 0 0 0 0 · · · xn�1 yn�1

0 · · · 0 0 0 0 · · · yn�1 (�s/q)yn�2

3

77777777777777777775

,

which completes the proof of Prop. 1 for odd n.
Next, suppose n is even. Then, we have n1 = (n� 4)/2 and hence by Lem. 2, we have

wij(t)n1 =

8
>>>>>>>><

>>>>>>>>:

0 (i, j) = ((n� 4)/2, `) or (`, (n� 4)/2) ((n+ 6)/2  `  n),

x`�n/2 (i, j) = ((n� 2)/2, `) or (`, (n� 2)/2) ((n+ 4)/2  `  n� 1),

y`�n/2 (i, j) = (n/2, `) or (`, n/2) ((n+ 4)/2  `  n� 1),

�sx(n�4)/2/q (i, j) = ((n� 2)/2, n) or (n, (n� 2)/2),

�sy(n�4)/2/q (i, j) = (n/2, n) or (n, n/2),

wij(t)(n�6)/2 otherwise.

Thus, we have the next expression of the matrix W (t)n1 ;

W (t)n1 =

2

666666666666666666666666664

0 · · · · · · · · · · · · · · · · · · · · · · · · 0 0
...

... ...
...

... qt 0 · · · 0 0

... qt x2 x3 · · · x(n�2)/2 �sx(n�4)/2/q

... qt rt y2 y3 · · · y(n�2)/2 �sy(n�4)/2/q

... qt rt st 0 0 · · · 0 0

... qt x2 y2 0 0
...

...

... 0 x3 y3 0
...

...
...

...
...

...
...

0 · · · 0 x(n�2)/2 y(n�2)/2 0
...

0 · · · 0 �sx(n�4)/2/q �sy(n�4)/2/q 0 · · · · · · · · · · · · 0

3

777777777777777777777777775

.

Then, for any integer ` ((n+ 4)/2  `  n), let us put

V (t)` = (vij(t)`)1i,jn = t
R(t)`W (t)n1R(t)`,

where

R(t)` =
Ỳ

m=(n+4)/2

Rn

✓
(n+ 2)/2,m;�

w(n�2)/2,m(t)n1

qt

◆
.

Note that we have V (t)n = W (t)n1+1.
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Claim . For any integer `
0 ((n+ 4)/2  `

0  n� 1), we have

vij(t)`0 =

8
>>>>>>>>>>><

>>>>>>>>>>>:

0 (i, j) = ((n� 2)/2, `) or (`, (n� 2)/2) ((n+ 4)/2  `  `
0),

x`�(n�2)/2 (i, j) = (n/2, `) or (`, n/2) ((n+ 2)/2  `  `
0),

y`�(n�2)/2 (i, j) = ((n+ 2)/2, `) or (`, (n+ 2)/2) ((n+ 2)/2  `  `
0),�

�x`�n/2/qt
�2

y2 (i, j) = (`, `) ((n+ 4)/2  `  `
0),

(�xm�n/2/qt)

⇥y`�(n�2)/2 (i, j) = (`,m) or (m, `) ((n+ 4)/2  ` < m  `
0),

wij(t)(n�4)/2 otherwise.

Proof. To ease notation, let us put k = (n� 2)/2. Then, by definition,

V (t)(n+4)/2 =

2

666666666666666666666666664

0 · · · · · · · · · · · · · · · · · · · · · · · · 0 0
...

... ...
...

... qt 0 · · · 0 0

... qt 0 x3 · · · xk �sxk�1/q

... qt x2 x3 y3 · · · yk �syk�1/q

... qt x2 y2 y3 0 · · · 0 0

... qt 0 x3 y3 (�x2/qt)
2
y2

...
...

... 0 x3 y3 0
...

...
...

...
...

...
...

0 · · · 0 xk yk 0
...

0 · · · 0 �sxk�1/q �syk�1/q 0 · · · · · · · · · · · · 0

3

777777777777777777777777775

and we get Claim for V (t)(n+4)/2. Here, suppose Claim is true for V (t)`0�1 and hence

V (t)`0�1 =

2

66666666666666666666666664

0 · · · · · · · · · · · · · · · · · · · · · 0 0 · · ·
...

... ...
...

... qt 0 0 · · · 0 x`0�k�1 · · ·

... qt x2 x3 x4 · · · x`0�k�1 y`0�k�1 · · ·

... qt x2 y2 y3 y4 · · · y`0�k�1 0 · · ·

...

... 0 x3 y3 (�x2/qt)
2
y2 (�x3/qt) y3 · · · (�x`0�k�2/qt)y3 0 · · ·

... 0 x4 y4 (�x3/qt) y3 (�x3/qt)
2
y2 · · · (�x`0�k�2/qt)y4 0 · · ·

...
...

...
...

...
...

. . .
...

...
0 0 x`0�k�1 y`0�k�1 (�x`0�k�2/qt)y3 (�x`0�k�2/qt)y4 · · · (�x`0�k�2/qt)2y2 0 · · ·
0 · · · x`0�k�1 y`0�k�1 0 0 0 · · · 0 0 · · ·
...

...
...

...
...

...
...

...

3

77777777777777777777777775

.
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Thus, by a direct computation, we have

V (t)`0 =

2

66666666666666666666666664

0 · · · · · · · · · · · · · · · · · · · · · 0 0 · · ·
...

... ...
...

... qt 0 0 · · · 0 x`0�k · · ·

... qt x2 x3 x4 · · · x`0�k y`0�k · · ·

... qt x2 y2 y3 y4 · · · y`0�k 0 · · ·

...

... 0 x3 y3 (�x2/qt)
2
y2 (�x3/qt) y3 · · · (�x`0�k�1/qt)y3 0 · · ·

... 0 x4 y4 (�x3/qt) y3 (�x3/qt)
2
y2 · · · (�x`0�k�1/qt)y4 0 · · ·

...
...

...
...

...
...

. . .
...

...
0 0 x`0�k y`0�k (�x`0�k�1/qt)y3 (�x`0�k�1/qt)y4 · · · (�x`0�k�1/qt)2y2 0 · · ·
0 · · · x`0�k y`0�k 0 0 0 · · · 0 0 · · ·
...

...
...

...
...

...
...

...

3

77777777777777777777777775

and we get Claim by induction on `
0. ⇤

By above Claim,

V (t)n�1 =

2

6666666666666666666664

0 · · · · · · · · · · · · · · · · · · · · · 0 0
...

... ...
...

... qt 0 0 · · · 0 �sxk�1/q

... qt x2 x3 x4 · · · xk+1 �syk�1/q

... qt x2 y2 y3 y4 · · · yk+1 0

...

... 0 x3 y3 (�x2/qt)
2
y2 (�x3/qt) y3 · · · (�xk/qt)y3 0

... 0 x4 y4 (�x3/qt) y3 (�x3/qt)
2
y2 · · · (�xk/qt)y4 0

...
...

...
...

...
...

. . .
...

...
0 0 xk+1 yk+1 (�xk/qt)y3 (�xk/qt)y4 · · · (�xk/qt)2y2 0
0 · · · �sxk�1/q �syk�1/q 0 0 0 · · · 0 0

3

7777777777777777777775

and hence, by the definition of V (t)n, we have

W (t)n1+1 = V (t)n =
2

66666666666666666666664

0 · · · · · · · · · · · · · · · · · · · · · 0 0
...

... ...
...

... qt 0 0 · · · 0 0

... qt x2 x3 x4 · · · xk+1 �sxk/q

... qt x2 y2 y3 y4 · · · yk+1 �syk/q

...

... 0 x3 y3 (�x2/qt)
2
y2 (�x3/qt) y3 · · · (�xk/qt)y3 (xk�1/q

2
t
2)y2y3

... 0 x4 y4 (�x3/qt) y3 (�x3/qt)
2
y2 · · · (�xk/qt)y4 (xk�1/q

2
t
2)y2y4

...
...

...
...

...
...

. . .
...

...
0 0 xk+1 yk+1 (�xk/qt)y3 (�xk/qt)y4 · · · (�xk/qt)2y2 (xk�1/q

2
t
2)y2yk+1

0 · · · 0 �sxk/q �syk/q (xk�1/q
2
t
2)y2y3 (xk�1/q

2
t
2)y2y4 · · · (xk�1/q

2
t
2)y2yk+1 (xk�1/q

2
t
2)2y32

3

77777777777777777777775

.
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Therefore, by the definition of the matrix W (t)n1+2 = W (t)n0 , we have

wn�1,n�1(t)n0 =

✓
�
x(n�2)/2

qt

◆2

y2 �
�
xn/2

�2

qt

=

s

⇢⇣
r +

p
r2 � 4qs

⌘n�2
+
⇣
r �

p
r2 � 4qs

⌘n�2
� 2(4qs)(n�2)/2

�

2n�2qn�4 (r2 � 4qs)
t

�

⇣
r +

p
r2 � 4qs

⌘n
+
⇣
r �

p
r2 � 4qs

⌘n
� 2(4qs)n/2

2nqn�3 (r2 � 4qs)
t

=

⇣
r +

p
r2 � 4qs

⌘n�2
⇢
4qs�

⇣
r +

p
r2 � 4qs

⌘2
�

2nqn�3 (r2 � 4qs)
t

+

⇣
r �

p
r2 � 4qs

⌘n�2
⇢
4qs�

⇣
r �

p
r2 � 4qs

⌘2
�

2nqn�3 (r2 � 4qs)
t

=

⇣
r +

p
r2 � 4qs

⌘n�2 ⇣
�2

p
r2 � 4qs

⌘⇣
r +

p
r2 � 4qs

⌘

2nqn�3 (r2 � 4qs)
t

+

⇣
r �

p
r2 � 4qs

⌘n�2 ⇣
2
p

r2 � 4qs
⌘⇣

r �
p

r2 � 4qs
⌘

2nqn�3 (r2 � 4qs)
t = xn�1.

Similarly, we have

wn�1,n(t)n0 = wn,n�1(t)n0 =
x(n�4)/2

q2t2
y2yn/2 +

sx(n�2)/2xn/2

q2t

=
x(n�4)/2

q2t2
y2

✓
�s

q
x(n�2)/2

◆
+

sx(n�2)/2xn/2

q2t

= �s
2

q3
·
�
⇢⇣

r +
p
r2 � 4qs

⌘n�3
+
⇣
r �

p
r2 � 4qs

⌘n�3
� 2r (4qs)(n�4)/2

�

2n�3qn�7 (r2 � 4qs)
t

+
s

q2
·
�
⇢⇣

r +
p
r2 � 4qs

⌘n�1
+
⇣
r �

p
r2 � 4qs

⌘n�1
� 2r (4qs)(n�2)/2

�

2n�1qn�5 (r2 � 4qs)
t

=

s

⇢
4qs

⇣
r +

p
r2 � 4qs

⌘n�3
+ 4qs

⇣
r �

p
r2 � 4qs

⌘n�3
� 2r (4qs)(n�2)/2

�

2n�1qn�3 (r2 � 4qs)
t

�
s

⇢⇣
r +

p
r2 � 4qs

⌘n�1
+
⇣
r �

p
r2 � 4qs

⌘n�1
� 2r (4qs)(n�2)/2

�

2n�1qn�3 (r2 � 4qs)
t

=
s

⇣
r +

p
r2 � 4qs

⌘n�3 ⇣
�2
p
r2 � 4qs

⌘⇣
r +

p
r2 � 4qs

⌘

2n�1qn�3 (r2 � 4qs)
t

+
s

⇣
r �

p
r2 � 4qs

⌘n�3 ⇣
2
p
r2 � 4qs

⌘⇣
r �

p
r2 � 4qs

⌘

2n�1qn�3 (r2 � 4qs)
t

= �s

q
·

⇣
r +

p
r2 � 4qs

⌘n�2
�
⇣
r �

p
r2 � 4qs

⌘n�2

2n�2qn�4
p
r2 � 4qs

t = yn�1,
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wn,n(t)n0 =

✓
x(n�4)/2

q2t2

◆2

y3
2 �

s2
�
x(n�2)/2

�2

q3t

=

s3
⇢⇣

r +
p

r2 � 4qs
⌘n�4

+
⇣
r �

p
r2 � 4qs

⌘n�4
� 2(4qs)(n�4)/2

�

2n�4qn�4(r2 � 4qs)
t

�
s2
⇢⇣

r +
p

r2 � 4qs
⌘n�2

+
⇣
r �

p
r2 � 4qs

⌘n�2
� 2(4qs)(n�2)/2

�

2n�2qn�3(r2 � 4qs)
t

=

s2
⇢
4qs

⇣
r +

p
r2 � 4qs

⌘n�4
+ 4qs

⇣
r �

p
r2 � 4qs

⌘n�4
� 2(4qs)(n�2)/2

�

2n�2qn�3(r2 � 4qs)
t

�
s2
⇢⇣

r +
p

r2 � 4qs
⌘n�2

+
⇣
r �

p
r2 � 4qs

⌘n�2
� 2(4qs)(n�2)/2

�

2n�2qn�3(r2 � 4qs)
t

=
s2
⇣
r +

p
r2 � 4qs

⌘n�4 ⇣
�2

p
r2 � 4qs

⌘⇣
r +

p
r2 � 4qs

⌘

2n�2qn�3 (r2 � 4qs)
t

+
s2
⇣
r �

p
r2 � 4qs

⌘n�4 ⇣
2
p

r2 � 4qs
⌘⇣

r �
p

r2 � 4qs
⌘

2n�2qn�3 (r2 � 4qs)
t

=

✓
�s
q

◆
·
✓
�s
q

◆
·
�
⇢⇣

r +
p

r2 � 4qs
⌘n�3

�
⇣
r �

p
r2 � 4qs

⌘n�3
�

2n�3qn�5
p

r2 � 4qs
t = �s

q
yn�2.

Therefore, we can express the matrix W (t)n0 as follows;

W (t)n0 =

2

66666666666666666664

0 · · · · · · · · · · · · · · · · · · 0 0
...

... ...
...

... qt 0 · · · 0 0

... qt 0 0 · · · 0 0

... qt 0 ⇤ ⇤ · · · ⇤ ⇤

...

... 0 0 ⇤ ⇤ · · · ⇤ ⇤
...

...
...

...
...

. . .
...

...
0 0 0 ⇤ ⇤ · · · xn�1 yn�1

0 · · · 0 0 ⇤ ⇤ · · · yn�1 (�s/q)yn�2

3

77777777777777777775

.

Then, by the definition of the matrix Wk (n0 < k  n� 2), we have

W (t)n�2 =

2

66666666666666666664

0 · · · · · · · · · · · · · · · · · · 0 0
...

... ...
...

... qt 0 · · · 0 0

... qt 0 0 · · · 0 0

... qt 0 0 0 · · · 0 0

...

... 0 0 0 0 · · · 0 0
...

...
...

...
...

. . .
...

...
0 0 0 0 0 · · · xn�1 yn�1

0 · · · 0 0 0 0 · · · yn�1 (�s/q)yn�2

3

77777777777777777775

,

which completes the proof of Prop. 1 for even n. ⇤
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In the end, let us apply Prop. 1 to the matrix Ac(t)1 (n � 5). Then, by the definition of the matrix Ac(t)k
(2  k  n� 2) and Prop. 1, we have

Ac(t)n�2 =

2

666666666666664

1 0 . . . . . . . . . 0 0 0
0 �(n� 2)t 0 0
...

... ...

0 0
...

... ... ... ...
...

...

... ... ... ... ...
...

0 �(n� 2)t

... ... ...

0 0

0 0 0 . . . . . . 0 a
(c)
n�1,n�1(t)n�2 a

(c)
n�1,n(t)n�2

0 0 0 . . . . . . 0 a
(c)
n,n�1(t)n�2 a

(c)
n,n(t)n�2

3

777777777777775

,(6)

where
8
>>><

>>>:

a
(c)
n�1,n�1(t)n�2 = 2 (1� 2/n) t2 + x̄n�1

a
(c)
n�1,n(t)n�2 = a

(c)
n,n�1(t)n�2 = (1� 2/n) at2 � (nbx̄n�2)/(n� 2)

a
(c)
n,n(t)n�2 =

�
(1� 1/n) a2 � 2b

 
t
2 + (n2

b
2
x̄n�3)/(n� 2)2.

Here, for any integer m � 0, we denote

x̄m =
(�1)m (Am �B

m)

2m{�(n� 2)}m�2
p

(n� 1)2a2 � 4n(n� 2)b
t,

A = �(n� 1)a+
p
(n� 1)2a2 � 4n(n� 2)b,

B = �(n� 1)a�
p
(n� 1)2a2 � 4n(n� 2)b.

4. Proof of Theorems

By a direct computation, we have

det

"
a
(c)
n�1,n�1(t)n�2 a

(c)
n�1,n(t)n�2

a
(c)
n,n�1(t)n�2 a

(c)
n,n(t)n�2

#

=

✓
1� 2

n

◆
(a2 � 4b)t4

+
2(n� 2)

n
t
2 · n

2
b
2
x̄n�3

(n� 2)2
+

⇢✓
n� 1

n
a
2 � 2b

◆�
t
2 · x̄n�1 +

2(n� 2)

n
at

2 · nbx̄n�2

n� 2

+
n
2
b
2

(n� 2)2
x̄n�1x̄n�3 �

n
2
b
2

(n� 2)2
x̄
2
n�2

=
(n� 2)(a2 � 4b)

n
t
4 +

(
2nb2x̄n�3

n� 2
+

�
(n� 1)a2 � 2nb

 
x̄n�1

n
+ 2abx̄n�2

)
t
2(7)

+
n
2
b
2

(n� 2)2
�
x̄n�1x̄n�3 � x̄

2
n�2

�
.

Here, let us put

↵(t) =

(
2nb2x̄n�3

n� 2
+

�
(n� 1)a2 � 2nb

 
x̄n�1

n
+ 2abx̄n�2

)
t
2
,

�(t) =
n
2
b
2

(n� 2)2
�
x̄n�1x̄n�3 � x̄

2
n�2

�
.
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Lemma 3. Suppose n � 5 and put

Sk =(n� 1)3
✓
n� k � 3

k

◆
a
4 �

n(n� 1)
�
5n2 � (6k + 23)n+ 10k + 24

 

n� k � 3

✓
n� k � 3

k

◆
a
2
b

+ 4n2(n� 2)

✓
n� k � 4

k

◆
b
2
.

Then, we have

↵(t) =

8
><

>:

m0X

k=0

(�1)n+k
n
k(n� 1)n�2k�4(n� 2)kan�2k�4

b
k
Sk

n(n� 2)n�3
t
3 (a 6= 0, or a = 0, n : even),

0 (a = 0, n : odd).

�(t) = � n
n�1

b
n�1

(n� 2)n�3
t
2
.

To carry out these computations, we need some combinatorial identities.

Lemma 4. [33, Chapter 2, Problem 18 (c), Chapter 6, Problem 18 (a)] Let N (� 0) be an integer and put

m = bN/2c, m = dN/2e = b(N + 1)/2c. Then, we have

mX

j=k

✓
N + 1

2j + 1

◆✓
j

k

◆
= 2N�2k

✓
N � k

k

◆
(k 2 Z, 0  k  m),

mX

j=k

✓
N + 1

2j

◆✓
j

k

◆
= 2N�2k


2

✓
N + 1� k

k

◆
�
✓
N � k

k

◆�

= 2N�2k

✓
N + 1� k

k

◆
+

✓
N � k

k � 1

◆�
(k 2 Z, 0  k  m).

Proof. We omit the proof of the first identity and let us prove the second one. By using the convention

✓
n

n+m

◆
= 0 (n 2 Z�0, m 2 Z�1),

we have

mX

j=k

✓
N + 1

2j + 1

◆✓
j

k

◆
=

mX

j=k

✓
N + 1

2j + 1

◆✓
j

k

◆

and hence

mX

j=k

✓
N + 1

2j

◆✓
j

k

◆
+

mX

j=k

✓
N + 1

2j + 1

◆✓
j

k

◆
=

mX

j=k

✓
N + 1

2j

◆✓
j

k

◆
+

mX

j=k

✓
N + 1

2j + 1

◆✓
j

k

◆

=
mX

j=k

⇢✓
N + 1

2j

◆
+

✓
N + 1

2j + 1

◆�✓
j

k

◆

=
mX

j=k

✓
N + 2

2j + 1

◆✓
j

k

◆

for any k (0  k  m). Thus, by using the first identity, we get the second one. ⇤
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Proof of Lem. 3. We first prove the second equality. Then, by the definition of x̄m, we have

�(t) =
n
2
b
2

(n� 2)2
· �A

n�1
B

n�3 �A
n�3

B
n�1 + 2An�2

B
n�2

22n�4(n� 2)2n�8 {(n� 1)2a2 � 4n(n� 2)b} t
2

= �
n
2
b
2
n
(4n(n� 2)b)n�3 �

A
2 +B

2
�
� 2 (4n(n� 2)b)n�2

o

22n�4(n� 2)2n�6 {(n� 1)2a2 � 4n(n� 2)b} t
2

= �
22n�6

n
n�1(n� 2)n�3

b
n�1 · 4

�
(n� 1)2a2 � 4n(n� 2)b

 

22n�4(n� 2)2n�6 {(n� 1)2a2 � 4n(n� 2)b} t
2

= � n
n�1

b
n�1

(n� 2)n�3
t
2
,

which is the second equality. For the first equality, let us first suppose a = 0. Then, we have

x̄m =
(�1)m

n
{�4n(n� 2)b}m/2 � (�1)m {�4n(n� 2)b}m/2

o

2m {�(n� 2)}m�2 {�4n(n� 2)b}1/2
t

=

8
><

>:

2 {�4n(n� 2)b}(m�1)/2

2m(n� 2)m�2
t (m : odd),

0 (m : even)

=

8
<

:

(�nb)(m�1)/2

(n� 2)(m�3)/2
t (m : odd),

0 (m : even)

and hence we have

↵(t) =

⇢
2nb2x̄n�3

n� 2
� 2bx̄n�1

�
t
2

=

8
<

:

⇢
2nb2

n� 2
· (�nb)(n�4)/2

(n� 2)(n�6)/2
t� 2b(�nb)(n�2)/2

(n� 2)(n�4)/2
t

�
t
2 (n : even),

0 (n : odd)

=

8
<

:

(�1)n/24n(n�2)/2
b
n/2

(n� 2)(n�4)/2
t
3 (n : even),

0 (n : odd),

which is the claim of Lem. 3 for the case a = 0 since for even n (n � 6),

Pm0

k=0(�1)n+k
n
k(n� 1)n�2k�4(n� 2)kan�2k�4

b
k
Sk

n(n� 2)n�3
t
3

=
(�1)(3n�4)/2

n
(n�4)/2(n� 2)(n�4)/2

b
(n�4)/2 · 4n2(n� 2)b2

n(n� 2)n�3
t
3

=
(�1)n/24n(n�2)/2

b
n/2

(n� 2)(n�4)/2
t
3
.

Next, we suppose a 6= 0 and let us put

F = (n� 1)2a3 � 2n(2n� 3)ab, G = (n� 1)a2 � 2nb,

H = (n� 1)2a2 � 4n(n� 2)b.
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Then, we have

2nb2x̄n�3

n� 2
+

�
(n� 1)a2 � 2nb

 
x̄n�1

n
+ 2abx̄n�2

=
2nb2

n� 2

�
A

n�3 �B
n�3
�

2n�3(n� 2)n�5
p
H

t+
(n� 1)a2 � 2nb

n

�
A

n�1 �B
n�1
�

2n�1(n� 2)n�3
p
H

t

+
2ab(An�2 �B

n�2)

2n�2(n� 2)n�4
p
H

t

=
8n2(n� 2)b2(An�3 �B

n�3)

2n�1n(n� 2)n�3
p
H

t+

�
(n� 1)a2 � 2nb

 
(An�1 �B

n�1)

2n�1n(n� 2)n�3
p
H

t

+
4n(n� 2)ab(An�2 �B

n�2)

2n�1n(n� 2)n�3
p
H

t

=
8n2(n� 2)b2 +

�
(n� 1)a2 � 2nb

 
A

2 + 4n(n� 2)abA

2n�1n(n� 2)n�3
p
H

A
n�3

t

�
8n2(n� 2)b2 +

�
(n� 1)a2 � 2nb

 
B

2 + 4n(n� 2)abB

2n�1n(n� 2)n�3
p
H

B
n�3

t

and

8n2(n� 2)b2 +
�
(n� 1)a2 � 2nb

 
A

2 + 4n(n� 2)abA

= 8n2(n� 2)b2 +
�
(n� 1)a2 � 2nb

 n
2(n� 1)2a2 � 4n(n� 2)b� 2(n� 1)a

p
H

o

+ 4n(n� 2)ab
n
�(n� 1)a+

p
H

o

= �2
�
(n� 1)2a3 � 2n(2n� 3)ab

 p
H + 2

�
(n� 1)a2 � 2nb

 
H

= �2F
p
H + 2GH,

8n2(n� 2)b2 +
�
(n� 1)a2 � 2nb

 
B

2 + 4n(n� 2)abB

= 8n2(n� 2)b2 +
�
(n� 1)a2 � 2nb

 n
2(n� 1)2a2 � 4n(n� 2)b+ 2(n� 1)a

p
H

o

+ 4n(n� 2)ab
n
�(n� 1)a�

p
H

o

= 2
�
(n� 1)2a3 � 2n(2n� 3)ab

 p
H + 2

�
(n� 1)a2 � 2nb

 
H,

= 2F
p
H + 2GH.

Hence, by putting

A
n�3 =

n
�(n� 1)a+

p
(n� 1)2a2 � 4n(n� 2)b

on�3
= I + J

p
H,

we have

2nb2x̄n�3

n� 2
+

�
(n� 1)a2 � 2nb

 
x̄n�1

n
+ 2abx̄n�2

=

n
�2F

p
H + 2GH

o⇣
I + J

p
H

⌘
�
n
2F

p
H + 2GH

o⇣
I � J

p
H

⌘

2n�1n(n� 2)n�3
p
H

t

=
�FI +GHJ

2n�3n(n� 2)n�3
t.
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Then, by using Lem. 4, we have

I =
m0X

`=0

✓
n� 3

2`

◆
{�(n� 1)a}n�2`�3 �(n� 1)2a2 � 4n(n� 2)b

 `

=
m0X

`=0

✓
n� 3

2`

◆
{�(n� 1)a}n�2`�3

(
X̀
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which implies,
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Therefore, we finally obtain

↵(t) =
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2nb2x̄n�3

n� 2
+

�
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n
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where
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which completes the proof of Lem. 3. ⇤

Proof of Thm. 2. Theorem 3 has been proved for n = 3, 4 and hence let us assume n � 5. Then, by the
definition of Ac(t)n�2 and equations (6), (7), we have

� (fc(t;x)) = detAc(t) = n · detAc(t)n�2

= n · (�1)d(n�3)/2e(n� 2)n�3
t
n�3 · det

"
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a
(c)
n,n�1(t)n�2 a

(c)
n,n(t)n�2

#
.

Therefore, by Lem. 3, we have

� (fc(t;x)) = (�1)m1t
n�1

(
(n� 2)n�2(a2 � 4b)t2 + �ct� n

n
b
n�1

)
,

where

�c =

8
><

>:

m0X

k=0

(�1)n+k
n
k(n� 1)n�2k�4(n� 2)kan�2k�4

b
k
Sk (a 6= 0, or a = 0, n : even),

0 (a = 0, n : odd),

which completes the proof. ⇤

Now we are ready to prove Cor. 1.
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Proof of Cor. 1. Put Q(t) = (n�2)n�2(a2�4b)t2+�ct�n
n
b
n�1 and suppose b = (n�1)2a2/4n(n�2). Then,

by equation (7) and Lem. 3, we have
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.

Here, by equation (5), we have
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and hence, by completing the square, we have
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.
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Thus, if n is even, we have ↵c = 0 and hence by Thm. 1, we haveNfc(t;x) = 0 for any positive real number t since
x
2+ax+ b has no real root in this case. Then, by considering the graph of the function y = x

n+ t(x2+ax+ b)
(t > 0), we can conclude that Nfc(t;x) = 0 whenever (n� 1)2a2/4n(n� 2)  b. ⇤

Remark 1. It was pointed out to us by J. Gutierrez that the proof of the Cor. 1, it is elementary and all the

machinery of Thm. 2 is not needed. However, we decided to present it here with the intention that perhaps

such techniques can be generalized to polynomials f(x) = x
n + t · g(x), deg g � 3.

References

[1] Oz Ben-Shimol, On Galois groups of prime degree polynomials with complex roots, Algebra Discrete Math. 2 (2009), 99–107.
MR2589076

[2] Victor Beresnevich, Vasili Bernik, and Friedrich Götze, Integral polynomials with small discriminants and resultants, Adv.
Math. 298 (2016), 393–412. MR3505745

[3] L. Beshaj, R. Hidalgo, S. Kruk, A. Malmendier, S. Quispe, and T. Shaska, Rational points in the moduli space of genus two,
Higher genus curves in mathematical physics and arithmetic geometry, 2018, pp. 83–115. MR3782461

[4] Lubjana Beshaj, Singular locus on the space of genus 2 curves with decomposable Jacobians, Albanian J. Math. 4 (2010),
no. 4, 147–160. MR2755393

[5] , Reduction theory of binary forms, Advances on superelliptic curves and their applications, 2015, pp. 84–116.
MR3525574

[6] , Reduction theory of binary forms, Advances on superelliptic curves and their applications, 2015, pp. 84–116.
MR3525574

[7] , Integral binary forms with minimal height, ProQuest LLC, Ann Arbor, MI, 2016. Thesis (Ph.D.)–Oakland University.
MR3579531

[8] , Minimal integral Weierstrass equations for genus 2 curves, Higher genus curves in mathematical physics and arith-
metic geometry, 2018, pp. 63–82. MR3782460

[9] A. Bialostocki and T. Shaska, Galois groups of prime degree polynomials with nonreal roots, Computational aspects of
algebraic curves, 2005, pp. 243–255. MR2182043

[10] David W. Boyd, Greg Martin, and Mark Thom, Squarefree values of trinomial discriminants, LMS J. Comput. Math. 18
(2015), no. 1, 148–169. MR3303602

[11] Karl Dilcher and Kenneth B. Stolarsky, Resultants and discriminants of Chebyshev and related polynomials, Trans. Amer.
Math. Soc. 357 (2005), no. 3, 965–981. MR2110427

[12] Carrie Finch and Lenny Jones, On the irreducibility of {�1, 0, 1}-quadrinomials, Integers 6 (2006), A16, 4. MR2247810
[13] V. Flammang, The Mahler measure of trinomials of height 1, J. Aust. Math. Soc. 96 (2014), no. 2, 231–243. MR3194146
[14] G. Frey and T. Shaska, Abelian variaties and cryptography, Algebraic curves and their applications, 2018.
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