BEZOUTIANS AND THE DISCRIMINANT OF A CERTAIN QUADRINOMIALS

SHUICHI OTAKE AND TONY SHASKA

ABSTRACT. We give an explicit formula for the discriminant Af(z) of the quadrinomials of the form
f(x) =z™ +t(2® + ax +b)

The proof uses Bezoutians of polynomials. This paper is an extended version of [31].

1. INTRODUCTION

In [34] Selmer studied polynomials f(z) = 2™ = x £ 1 and proved that ™ — 2 — 1 is irreducible for all > 2,
while 2™ + z + 1 is irreducible for n # 2 mod 3. In the process he proved that the discriminant of f(x) is
(up to a multiplication by —1) A = + (n" +(n— 1)"‘1) , see [34] for precise formulas. He also noticed that
polynomials f(x) have very small discriminants. He checked his results for n < 20. Other mathematicians have
considered trinomials f(x) = 2™ + ax + b for various reasons; see [28], [37]. In general, finding conditions on
the coefficients of a polynomial to have minimal discriminant is a difficult problem. It is related to reduction of
binary forms discussed in [5] and their heights [35]. More generally it is a special case of finding conditions on
the coefficients of a binary form such that the corresponding point in the weighted moduli space of invariants
is normalized; see [26].

This paper is the first of hopefully others to come to determine for what a, b, t the quadrinomial

(1) f(x) = 2™ +t(z* + ax + b)

has minimal discriminant, is reduced in the sense of [5], or has minimal naive height. There have been plenty
of efforts to determine such formulas for certain classes of polynomials. In [17], [36] the authors focus on the
computation of the discriminant of a trinomial which has been carried out in different ways. In this paper, we
determine explicitly a formula for the discriminant of f(z) by using the approach of Bezoutians.

We prove (see Thm. 2) that the discriminant Ay (z) of the polynomials in Eq. (1) is given by the formula

(2) A= (—1)"“15”*1 ((n — 2)"*2(a2 - 4b)t2 4+ Yet — n"b"fl) ,
such that
mo
Ve = Z(_l)n+knk(n _ 1)77,72]@74(” _ 2)kan72k74bk - Sk,
k=0

and mo = [(n—3)/2], m1 = [(n—3)/2] for a # 0 or a = 0 and n even, and 7. = 0 for a = 0 and n odd, and

s _(n1)3<n—k—3>a4 n(n — 1) {5n* — (6k + 23)n + 10k + 24} <n—k—3>a2b+4n2(n2)<n—k—4>b2.

k n—k—-3 k k

Tt is object of further investigation if such result could be generalized to polynomials f(z) = 2" +t-g(x), where

2 2
f(t,x) has no real roots, for any real number ¢ > 0; Cor. 1. While there is an elementary proof of Cor. 1, it is
interesting to check whether out approach would work for any polynomial of type f(¢,z) = 2™ + t - g(z), for
deg g > 3.

It is a quite open problem to determine for what integer values of a, b, and ¢ the quadrinomial f(x) is
irreducible or the discriminant Ay has a minimal value. Moreover, it is our intention to study in the future
for what conditions on a, b, t the quadrinomial is reduced in the sense of [5].

Another motivation of looking at the discriminant of such family of polynomials comes from our efforts to
construct superelliptic Jacobians with large endomorphism rings. We have checked computationally that for

1

g(z) is a general cubic. As a quick application of Thm. 2 we get that for b # 0 and < b the polynomial
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small n and f(t,x) € Q[t, ], for almost all ¢ the Galois group Gal g(f, =) is isomorphic to S,. Due to results of
Zarhin this implies that the superelliptic curve y™ = f(t, ) has large endomorphism ring; see [14] for related
matters. Hence, curves y" = f(x), where f(z) is as above, are smooth curves whose Jacobians are expected
to have large endomorphism rings. This remains the focus of further investigation.

Notation: Throughout this paper n is a positive integer, A denotes the discriminant of a polynomial f(z)
with respect to the variable . The symbol |-] is the floor function and [-] is the ceiling function. B, (f,g)
denotes the level n Bezoutian of two polynomials f and g. For a polynomial f € R[z] the symbol N; denotes
the number of real roots of f(z). We denote by () (n,m € Zx¢) the binomial coefficient.

2. PRELIMINARIES

Let F be a field of characteristic zero and f;(z), f2(x) be polynomials over F'. Then, for any integer n such
that n > max{degf1,degf2}, we put

f1(@) f2(y) — f1(y) fa(x
z—y

M, (f1, f2) : = (ouj)1<ij<n-

The n x n matrix M,(f1, f2) is called the Bezoutian of f; and fo. When fy = f{, the formal derivative of
f1 with respect to the indeterminate x, we often write B, (f1) := Bn(f1, f1), Mn(f1) := M,(f1, f1) and the
matrix M, (f1) is called the Bezoutian of f;. We denote by Ny, the number of distinct real roots of fi(z) and
A(f1) the discriminant of fi(z). Moreover, for any real symmetric matrix M, we denote by o(M) the index
of inertia of M. The following are the list of important properties of Bezoutians.

Bn(flaf?) =

) = Z aijwn_iyn_j € Flz,y],

i,5=1

Lemma 1. Notations as above, we have

(1) M,(f1, f2) is an n x n symmetric matriz over F. (M, (f1, f2) € Sym,,(F)).
) Bn(f1, fo) (M (f1, f2)) is linear in fi and fo, separately.

; Bn(f1, f2) = =Bu(f2, f1) (Mu(f1, f2) = =M (f2, f1))-
)

Ny, = U(Mn({l))-
A(f1) = Wdet M, (f1), where led(f1) is the leading coefficient of fi. In particular, if fy is
1

monic, we have A(f1) = det M, (f1).
(vi) Let A, u,v be integers such that X > p > v > 0. Then My(z*,z") = (m4j)1<i,j<x, where

e — 1 i+j=22—(p+v)+1 A—p+1<4,5<A—v),
Y10 otherwise.

Proof. For (i)—(iv), see [16, Theorem 8.25, 9.2]. For (v), see equation (4) of [15, p.217]. For (vi), see [32, Lemma
2] O

For any vector = (rg,--- ,75) € RT1 let us put

S

gT‘(‘T) = g(?”o, oy Tsy $> - er_k$87k S R[ZE],
k=0

Fr(tie) = [ (ro, - rs,tz) = 2" + ¢ gu(2) € R(1)[2].
In the previous paper [32], by using the above properties of Bezoutians, we obtained the next theorem

Theorem 1. [32, Thm. 2] Let r = (rg,--- ,rs) € R¥"L be a vector such that g,(z) is a degree s separable
polynomial satisfying Ny, (o) = (0 <y < s). Let us consider fr(t;x) = f™ (rg,--- 7, t;2) as a polynomial
over R(t) in x and put

Pr(t) = det My (fr(t; 2)) = det My (fr (8 2), f7.(t 7)),
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where fl.(t;x) is a derivative of fr(t;x) with respect to x. Then, for any real number t > a, = max{a € R |
P.(o) = 0}, we have
Yy+1 n—s:odd
Nfr(t;r) =97 n—s: even, rs >0
Y+2 n—s: even, rs <O.

Then, by using Thm. 1 and Thm. 2, we construct a certain family of totally complex polynomials of the
form f( 4,1)(t; x); see Cor. 1. Here, note that a real polynomial f(x) to be called totally complex if it has no
real roots, that is, Ny = 0.

Let n > 3 be an integer and a, b be real numbers. Let us put ¢ = (b,a,1) € R® and

ge(2) =2 +ax + b e Rlx], fo(t;r) = 2™ + tge(x) € R(¢)[x].
We denote by (™) (n,m € Zx¢) the binomial coefficient. Note that () = 1 for any integer n > 0 and () =0
if n < m. Moreover, we define (:fl) =0 for any n € Z>¢ and m € Z.
Our main result is the following.

Theorem 2. Putmg = [(n—3)/2], m1 = [(n—3)/2]. Moreover, for any integers n > 4 and k (0 < k < my),
put

k- —1){5n2% — (6k + 23 10k + 24 k- k-
Sk :(n1)3<n ki 3>a4n(n ){ n ( kJr 3)n+ + }(n Z 3>a2b+4n2(n2)<n Z 4>b2.
n—

Here, |-] is the floor function and [-] is the ceiling function.

(1) Suppose n = 3. Then, we have
A (felt;z)) = t2{(a2 — 4b)t? — (4a® — 18ab)t — 27b2}.
(2) Suppose n > 4. Then, we have

A (fe(t;x)) = (—l)mltn_l{(n —2)"72(a® — 4b)t? + el — n"b"_l},

where
mo
Z(—l)’”knk(n — 1) = 2)R RS, (a#£0 ora=0, n: even),
Ye = k=0
0 (a=0, n: odd).

As a corollary of the above we get.

Corollary 1. Suppose n > 4 is an even integer. Moreover, let us suppose b # 0 and (n —1)%a?/4n(n—2) < b.
Then we have Ny, (4,0) = 0 for any positive real number t.

By a direct computation, we have
A (z® +t(2a® + ax + b)) = t* {(a® — 4b)t* — (4a® — 18ab)t — 27b7}
A (2 + t(2* + ax + b)) = —t° {(4a® — 16b)t> + (27a” — 144a°b + 128b°)t — 256)° }
and we get Thm. 2 for n = 3, 4. Moreover, if n = 4 and (n — 1)2a%/4n(n — 2) = b, we have
1 27 ,\°
P.(t) = A (z* + t(2® + az + b)) = 5(12 (t + 8a2> t3

and hence a, = 0, which implies Ny,_(;,,) = 0 for any ¢ > 0 by Thm. 1 since 22 4+ ax + b has no real root in this
case. Then, by considering the graph of the function y = 2* + t(22 + ax + b), we have Ny, (t;z) = 0 whenever
(n —1)2a?/4n(n — 2) < b and t > 0, which is the claim of Cor. 1 for n = 4. Therefore, let us assume n > 5
hereafter.
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In the following, we put
Ae(t) = (a5 (D)r<ijen = Ma(fe(t; 1) € Sym,, (R(1)),
Be = (b5 )1<ij<2 = Ma(ge(r)) € Syms(R),
P.(t) = det Ac(t) = A(fe(t; ).
Then, by Thm. 1, we have the next lemma.

Corollary 2. Suppose n is even and a®/4 < b. Put ae = max{a € R | Ps(a) = 0}. Then, for any real number
t > ae, we have Ny ) = 0.

To prove Thm. 2, we will use the equality A(fe(t;2)) = det A.(¢). Also, to prove Cor. 1, it is enough
to prove ae = 0 when (n — 1)2a?/4n(n —2) < b and (a,b) # (0,0), which implies we need to compute the
polynomial P(t) = det A.(t) precisely. Here, let Q.. (k;c) = (¢ij)1<ij<m, Bm(k,l;¢) = (rij)i<ij<m be m xm
elementary matrices such that

- 1 - 1
1 1 C
Qm(k;c)= c , R (K, 15 0)= ,
1 1
I L] 1
where qx, = ¢, 1 = ¢, respectively and, for any m xm matrices M7, Ms, - - -, M, put H2:1 M;, = M{Ms --- M.

Moreover, put I, = n+ k. Then, as is the case in [32], we inductively define the matrix A.(t); (1 <k <n-—2)
as follows:

(1) Ac(th = (az(;) (6)1)1<ij<n = "Se(t)14c(t)Sc(t)1, where

1
Se(t)1 = Qu(1:1/vn) [ Ba(1,0x — 15-a%), _,(t)/V/n).

k=0
(2) Put
{(n— 1)/2, mn:odd,
Nnog =

n/2, n : even.

Then A ( ) ( (C)(t)khgi’jgn = tSc(t)kAc(t)k,lsc(t)k, where

&)
o
I & (zok,m;% , (2 < k< no)
Sc(t)k: m=lo kot (e) (e)
Ro (1o — by by — Qe (Dt H Ro (1o — by~ BBt} g
" —2( n—2 ok T =2t ) VTS '

(1 <k <n-—2), we have det Ac(t) = ndet Ac(t)n—2. Therefore, to compute the

By the definition of Ae(t)x
t), let us first compute the matrix A.(t),—2 concretely.

polynomial P.(t) = det A(

3. COMPUTATION OF THE MATRIX A¢(t)p—2

By Lem. 1, we have
Be = My (2 + ax + b, 2z + a) = 2My (2, ) + aMy(z?,1) + (a® — 2b) My (z,1) = { c2z o2 i 9% ] .

Here, let us give some examples of the matrices A.(t) and A.(¢); for some small n.



ON THE DISCRIMINANT OF A CERTAIN QUADRINOMIALS 5

Example 1. (1) Let n=>5. Then,

5 0 0 2t at 1 0 0 0 0
0 0 =3t —dat —5bt 0 0 =3t —dat —5bt
Ac(t)=1 0 =3t —dat —5bt 0 , Aty =0 -3t —dat  —5bt 0
2t —dat —5bt 2t at? 0 —4at —5bt (6/5)t? (3/5)at?
at —5bt 0 at?  (a® — 2b)t? 0 —5bt 0  (3/5)at* {(4/5)a* —2b} t?
(2) Let n=6. Then,
6 0 0 0 2t at 1 0 0 0 0 0
0 0 0  —4t —5at —6bt 0 0 0  —4t —5at —6bt
| 0o o -4 —5at —6bt 0 _|lo o -4 —5at —6bt 0
Ae®)=1| o _4 _sat —ebt 0 0 cAM =10 g st —ebt 0 0
2t —5at —6bt 0 2t> at’ 0 —5at —6bt 0O i Zat?
at —6bt 0 0 at’>  (a® —2b)t? 0 —6bt 0 0 Z2at® (24°-2b)¢°

Let’s continue our discussion for n > 5. Then, by [32, Prop 4] and [32, Eq. (5)], we have

n 0 . .. .. 0 2t at
0 —(n—=2)t —(n—1)at —nbt
: —(n—1)at —nbt 0
(3) )= | S
0 —(n—-2)t —(n—1)at —nbt 0 0
2t —(n—1)at —nbt 0 0 2t2 at?
| at —nbt 0 e e 0 at? (a® = 2b)¢ |
and hence
1 0 . U 0 0 0 1
—(n—=2)t —(n—1at —nbt
—(n—1)at —nbt 0
@ A= | oo
0 —(n—=2)t —(n—1)at —nbt 0 0
0 —(n—1)at —nbt 0 0 2(1—2)¢2 1-2)q?
L0 —nbt 0 U 0 (1-2a2 {(1-1)a®-2}e |

Here, similar to Ac(t)r (2 < k < n — 2), we inductively define the matrix W (t)r = (wi;(t)k)1<ij<n (2 < k <
n — 2) as follows;

(1) W(t)1 = (wij(t)1)1<i,j<n, Where
qt, i+j=n,2<i4,j<n-—2,
i, i4+j=n+1,2<ij<n—1,

st, i1+j=n+2,2<1475<n,
0, otherwise.

wij(t) =

(2) W)k = (wij )r)i<ij<n 2 <k <n—2)="8#)W(t)—15(t)x, where

H R, (n—k’,m;—wkm(t)k_l> (2 <k < ng),

- qt
S(t)k — m=n—k+1

i . ()
R, n—k,k;—w H R, n—k, ;—M ,(ng <k <n-—2).
72(]75 m=k+1 qt
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Example 2. (1) Let n=>5. Then,
0 0 0 0 O 0 0 0 0 0
0 0 qt rt st 0 0 qt 0 0
Wit)yr=10 g rt st 0|, W)y, =10 qt rt (gs —7)t/q —rst/q
0 rt st 0 O 0 0 (gs—r)t/q —(2q5 —r>)rt/q> —(qs —r?)st/q?
0 st 0 0 O 0 0 —rst/q —(gs — r?)st/q* rs’t/q>
0 0 0 0 0
0 0 gqt 0 0
W(t)no=|0 q 0 0 0
0 0 0 —(2gs—rH)rt/q®> —(gs—1r?)st/q?
0 0 0 —(gs—rHst/q? rs?t/q>
(2) Let n=6. Then,
[0 0 0 0 0 O
0 0 0 gqt rt st
|0 0 g rt st O
W(t)h = 0 gt rt st 0 0 |’
0 st 0 0 O
[0 st 0 0 0 0
[0 0 0 0 0 0
00 0 gt 0 0
1o oo ¢ 0 0 0
Wlna =10 gt 0 (gs-)t/g _(gs— )t/ —(as— st/ |
0 0 0 —(2gs—712)rt/q®> —(¢*s® —3qris+rH)t/q® (2gs —r?)rst/q?
L0 0 0 —(gs—1%)st/q? (2gs — r?)rst/q3 (g5 —12)s%t/q®
[0 0 0 0 0 0
0 0 0 ¢ 0 0
o o0 g o0 0 0
W(th—2=| gt 0 0 0 0
0 0 0 0 —(¢?s?—3¢%s+rMt/¢® (2gs—r?)rst/q®
|0 0 0 0 (2gs — r¥)rst/q® (gs — ?)s%t/q®

In the same way, let us compute the matrix W (¢),_s for any integer n > 7.

Lemma 2. Suppose n > 7. Let {xn}, {ym} be sequences defined by the next recurrence relations;

T S
ro =0, x1 = —qt, T2 =71t, Typpo = ——Tymy1 — 7 (m>1),

s
Yo=y1=0, Ymy1 = —m (m>1)

and put

{no—l n : odd,
ny =

ng—2 n: even.

Then, for any integer k such that 2 < k < ny, we have

0 (i,5) = (k,€) or ({,k) (n—k+1<¢<n),

Tp—nikre (LJ)=((E+1,0) or (Lk+1) (n—k<L<n-1),
wis (B — yg;;:rk” (,§) = (k+2,0) or ((,k+2) (n—k<{L<n-1),

— =tk (i,7) = (k+1,n) or (n,k+ 1),

= (1,5) = (k+2,n) or (n,k+2),

w;j(t)g—1  otherwise.
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Proof. Let us prove this lemma by induction on k. First, suppose k = 2. Then, by the definition of W (t)s, we
have

0 0 0 0 0
qt 0 0
(qe—rz)t _rst
qg rt . .
rt st _mt gt
q q
t 0 0 0
W (t)e = i ,
0 0 qt rt st
0 qt rt st 0
2\t st
0 0 (gs=7); - 0 .
0 0 _rst Sty 0
L q q ]
which implies the claim of Lem. 2 for k£ = 2 since
—r)t t
xg =Tt 33327@8 ) , Y2 = st, y3=—E~
q

Next, suppose Lem. 2 is true for k =2,--- ,m —1 (m — 1 < ny). Then, since

[ oo --- 0] 0 1
¢¢ 0 - 0 0
gtz xy o Ty —STmo1/q
toye  Ys o Ym —SYm-1/9
st 0 0 0 0
W(t)m1 =
qt rt st
qt T2 Y2 0
0 T3 Y3 0
0 -~ 0 Ty Ym 0 :
L0 -+ 0 —szp_1/q —Sym-1/q O 0 ]
we have
[0 0 0
qt 0 0 0
qt 0 0 0 0
rtooxh w o T, T
styy Yzt YUm Ympa
W () = . o
qt Tt st
gt 0 @y
0 0 =@z oy
0 0 0 xl, yh,
L 0 0 0 @iy Yhpq e e e e e e 0 |
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where
z%:yefﬂ.rt:fiwffu_l =41 (2<0<m),
qt q q
’ Ty S
yp=——-st=——xp=ypr1 (2 <€ <m),
gt q
, s r s s r s s
Tmy1 = _gym—l + —g : —gxm—l = _6 —gxm—l - &xm—2 = —gl"m
, s s s
Ym+1 = 4] —?Umﬂ = —5ym.
This completes the proof of Lem. 2. d

Proposition 1. For any integer n > 5, we have

qt i+j=n(2<i,j<n-2),
Tp-1 (i,j)=(n—1,n—1),

Wi (t)n—2 = § Yn—1 (i,7) = (n—1,n) or (n,n—1),
(=s/@yn-2  (i,5) = (n,n),
0 otherwise.

Proof. Prop. 1 has been proved for n = 5, 6 in Example 2. Thus, we suppose n > 7. First, by solving the
recurrence relation given in Lem. 2, we have

(_1)7nm7,_7n71 t

S =Tgm=2 (r? —4qs = 0),

(5) Ty =
(=1)™< (r++/r2—4qs) —(r—+/72—4gs
{( Qqu2)\/r2(4qs ) }t (r? — 4qs # 0).
Note that

m m m—1
(—1)™ {(7’ 4+ /72 — 4q5) — (T - M) }t B (=1)™¢ 9 LXZ:J ( m >rm_2k_1(7“2 _ 4q8)k
amgm=2, /r2 _ 4gs 2mgmTt i 2kt

and hence, by putting 2 — 4gs = 0, we have

m

T (R e M Ve W

t,
2mgm=2, /r2 — 4qs 2am—lgm=2

the solution for the case of 2 — 4¢gs = 0. Here, suppose n is odd. Then, we have n; = % and hence by
Lem. 2,

0 (i,7) = ((n—3)/2,¢) or ({,(n—3)/2) (n+5)/2<¢<n),
veenys (d) = (1= D/2.0) or (6 (n—1)/2) (n+3)/2 < £ <n— 1),
e, = Lt )= (4 D/20 or (6 (0 1)/2) (0+3)/2 < £ <= 1),
W =0 a syl (d) = (0= 1)/2,m) or (n, (n — 1)/2),
syl () = ((n+1)/2,m) or (. (0 +1)/2),
wij(t)(n—5)/2 otherwise.




ON THE DISCRIMINANT OF A CERTAIN QUADRINOMIALS

Therefore, we have the next expression of the matrix W (t),,;

g¢¢ 0 - 0 0
qt Ty &y T(no1y2 —ST(n—3)/2/q
W (t)n, = qt Tt Y2 Y3t Ym-1)/2 _Sy(nTB)/?/q
qt Z2 Y2 0 :
0 Z3 Y3
0o -+ 0 T(n-1)/2 Y(n—1)/2 :
L0 o 0 —8T(m-3)/2/q —SYm-3)/2/q -+ e 0 |

Then, since W(t)n,+1 = *S()n, +1W (t)n, S(t)n, +1, where

z n+1 W(n-1 2,m(t)n
S(t)nlJrl = H Rn ( 9 , My — ( )/qt -
m=(n+3)/2

and Wy, 1, (n41)/2(t)ny 41 = Wint1)/2,n—1(E)ny 41 = T(ny1)/2, We have

_Zn=n/2 Tn=1)/2

n—1,n—1(t)n = . _ — cX(n
Win—1,n—1(t)n; +1 qt Y(n—1)/2 pm T(n+1)/2
T(n—1)/2 S L(n—1)/2
= —— . —_— _ Bl
qt ( qx(" 3)/2> qt (n+1)/2

e {(r ey ags) " (v T ) (”*”/Q}
_ L t

qt 2("*1)/2(1("*5)/2, /r2 — 4q3

. (n—3)/2 (n—3)/2
(=1)(n=3)/2 {(r + /12— 4qs) - (7" —4/r? - 4qs> }
s
X —_—— .
( q) 2(n—3)/2q(n—7)/2 /r2 — 4(]8

(n—1)/2 (n—1)/2
1 (—1)(n=1/2 {(r+ V2 —4qs) - (r— r? —4qs) }
_ . t
qt 2("*1)/2q("*5)/2w/r2 — 4qs
(n+1)/2

(n+1)/2
(—1)(n+D/2 {(r + /2 — 4qs) - (r — /T2 — 4qs> }
2(n+1)/2¢(n=3)/2, /12 _ 4gs

n—2
= 73{ (r 4+ /1?2 — 4qs) - (4qs)("73)/2 (r + /1?2 — 4qs)

— (gs) Y (= ag) (= V) e (6 - )

t

X t

+ {(7‘ + /72 — 4qs)n - (élq.s)("fl)/2 (r + /72— 4qs)

~ (09) "% (v = T aa8) o+ (r = V) b (20— a0)
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_“H_ﬁ_@g"q@+ ) o
(o= vir=m) ™ { (- Vi) —@§}/m%“%%4w}
2= g { (r+ V= aas)" = (- Vi)

t

2ngn=3(r2 — 4qs)

{@+TL@J“_@_TL@J“}

- on—1qn=3./r2 — dgs e
Similarly, we have
Wne10()ny 41 = W1 (D1 = _m(n;tl)ﬂ . _5?/(:;73)/2 B _395((;21;3)/2 nt1))2
SIS {(T T (n-1)/2 (r- m)m—l)/z}
Tt 2(n=1)/2¢(n=5)/2, /12 — 4qs !
(n— 5)/2{ 4qs)(n_5)/2 — (r— — qs (n e
8 2n5)/24n-9/2\ /72 —dgs '
) (n— 3)/2{ — qs)(n_3)/2— (r— — qs (n e
+ﬁ 2(n=3)/2¢(n=7)/2, /12 _ 4qs !
n+1)/2{ — qs) (men)/2 (r - M) (n+1)/2}
QD 2g D2 [17 — Igs !
S

2
=——" {(r + /12 — 4gs)" % — (4qs) O/ 2 (r 4 /12 — 4¢s)?
— (dgs) "2 (r = /r? — 4gs)* + (r — /12 — 4@9)"3}f/{2”3q”5(1"2 —4gs)}
+ 2 . {(r + /12 —4gs)" 1 — (4gs) I3 (r 4 \/r2 — 4gs)?

— (4gs) "2 (r — /12 — 4gs)® + (r — /12 — 4q8)”_1}t/{2”‘1Q”‘4(7‘2 — 4qs)}

s (r4+/r2 —4gs)" 2 — (r —\/r2 — 4qs)"‘2t
q 2n—2gn—4, /r2 — 4qs
s
= ——Tp—-2 = Yn-1-
q
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Moreover, since wy, (nt1)/2(t)n,+1 = Wint1)/2,n()ny+1 = —8T(n—1)/2/¢, we have
—ST(n-3)/2 —SYn-3)/2 —8T(n-3)/2 TS5T(n-1)/2
n.n 4 n - - . - .
Wn, ( ) 1+1 th q q2t q
) (n=3)/2 (n—3)/2
3 (71)("7‘3)/2 {(r + /12 — 4q5) - (7’ — /72— 4qs) }
s

=2 . t

q*t 2(n73)/2q(n77)/2 /r2 — 4qs

(—1)(n=p)/2 {(r + /72 — 4qs> o (7" 2 4qs) (n5)/2}

2(n=5)/24(n—9)/2. /12 _ 4gs

o2 (—1)(n=3)/2 {(r N 4qs> (n=3)/2 (r _Ee 4qs> (n3)/2}
_ 5 t

g3t 2(n73)/2q(n77)/2 /r2 — 4qs
(n—1)/2 (n—1)/2
(—1)(n=1)/2 {(r + /72— 4qs) - (7“ —\/r2 = 4qs) }

2(n—1)/2q(n—5)/2m
3

=2 e+ 2 — 4sq)" " — (4¢s) "2 (r 4 \/r2 — 4gs
e

— (4qs)("_5)/2(r — /2 —4gs)+ (r—/r? — 4qs)"_4}t/{2"_4q"_6(r2 — 4qs)}

2
+ 8—2 : {(T + /12 —4sq)" 2 — (4¢5) "I/ (r + /12 — 4gs)
q

— (4qs)("*3)/2(r — /12 —4gs)+ (r— /12 — 4qs)"2}t/{2”2q”5(r2 — 4qs)}

B 82 (r+/r2—4sq)" 3 — (r — /12 — 4qs)"‘3t
2 2n73qn75 7/.2 _ 4(]8

s ( s > s
=\ ———Tpn-3 | = ——Yn-2-
q q q

Therefore, we can express the matrix W (t)n, (= W (t)n,+1) as follows;

t

X t

)

R P 0 0 7
qgt O 0 0
qgt O o - 0 0
W(t)n, = qt  * * * * *
qgt 0 * * * e * *
0 0 * * * * *
o -~ 0 0 =*= = ¥ e Tpoq Yn—1
LO -+ 0 0 * x  x  yp1 (=8/@Q)Yn—2 |

11
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Then, by the definition of the matrix Wy, (ng < k < n — 2), we have

[0
qt
qt 0
W(th-2=| : gt 0 0
0 0 0
0 0 0 0
L0 0 0

which completes the proof of Prop. 1 for odd n.

o o o O

S e

0 0 T
0 0
0 0
0 0 )
0 0

Tp—1 Yn—1

Yn—1 (_S/q)yn—Q i

Next, suppose n is even. Then, we have n; = (n — 4)/2 and hence by Lem. 2, we have

0 (4,7) = ((
Lp—ny/2 (Z7j) = ((
Wi — Ye—n/2 (Zvj):(
(B —sZ(n-ays2/q (i,7) = (
—5Ym-ay/2/q (i,7) = (n/2,n) or (n,n/2),
w;j(t)(n—g)/2 Otherwise.

Thus, we have the next expression of the matrix W (¢)n,;

0
qt
qt rt
W(t)a, = a S
qt T9 Y2 0
0 T3 Y3 0
0 -~ 0 T(n-2)/2 Yn-2)/2 0
_0 e 0 —sx(n_4)/2/q _Sy("—4)/2/q 0

Then, for any integer ¢ ((n 4+ 4)/2 < ¢ <n), let us put

qt
T2

Y2

n—4)/2,0) or (£, (n — 4)/2) ((n+6)/2 < £ < n),
n—2)/2,0) or ({,(n—2)/2) (n+4)/2<l<n-1),
n/2,0) or ({,n/2) (n+4)/2<{<n-1),
(n—2)/2,n) or (n,(n—2)/2),

0 0

0o - 0 0
T3 T(n-2)/2 —Sl‘(n74)/2/q
Yz Ym-2)/2 —Sy(n—4)/2/q

0o - 0 0

0

V(t)e = (vij(t)e)i<ij<n = "RE) W (£)n, R()e,

where

£
Rty =[] Rn<(n+2)/2,m;—

m=(n+4)/2

Note that we have V (t),, = W(t)n,+1.

Wn—2)/2,m(t)n,

qt )
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Claim . For any integer ¢' ((n+4)/2 < ¢ <n—1), we have

0 (i) = (M =2)/2,0) or (£,(n—2)/2) (n+4)/2< <),

To—(n-2)/2 (i,3) = (n/2,€) or (£,n/2) ((n+2)/2 <L <),

Yo (n—2)/2 (1,5) = (n +2)/2,0) or (£,(n+2)/2) (n+2)/2 <L),
vij(Oe = (~2emnso/at)’ y2 (0,5) = (L,6) (n+4)/2<0<0),

(_xmfn/Z/qt)
Yo—nozyya (i) = (€;m) or (m,0) (n+4)/2 <L <m <),
Wi () (n—a)/2 otherwise.

Proof. To ease notation, let us put k = (n — 2)/2. Then, by definition,

0 0 0
gt 0 - 0 0
qt 0 T3 o Tk —STpo1/q
qt 9 3 Ys o Yk —SUk-1/¢
V) mtay2 = | gt W " 0 0 0
qt 0 T3 ys (—a/gt) g .
0 3 3 0
0 - 0 Tk Yk 0 .
|0 - 0 —szpo1/q —sye-a/qg O e e 0

and we get Claim for V'(t)(,,44)/2. Here, suppose Claim is true for V()1 and hence

0 0 0

gt 0 0 0 Topeq o

qt ) x3 Ty Ty —k-1 Yo—k-1
v qt Iy Yo Y3 Y B Yo k-1 0

t)y_1 =

(B 0w ow o (w/)’n (wl)s o (Cmee/ids 0
0 m owm (w/dw (Cawfe)n o oo/t 0
0 0wk Yook—1 (—ze—ka/a@tlys (—ze—p—a/qtlys -+ (~zo_p—a/q)y 0
0 - Tp_p—1 Yo—p—1 0 0 0 0 0




14

Thus, by a direct computation, we have
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[0 0 0
qt 0 0 0 Tor_k
gt @ 3 Iy ax Ty Yok
¢z P Y3 Ya ax Yok 0
V(t)y =
®) 0 a5y (~w/at)p (—x3/qt) y3 (—zp_k-1/qtlys 0
0z oy (-u/gt)ys (~a3/qt)’ o (~zo-k-1/gtlys 0
0 0 ok yoox (—zoope1/@ys (~me—k—1/gtlys - (~vo_er/qt)yy 0
0 - zpg g O 0 0 0 0
and we get Claim by induction on ¢'.
By above Claim,
ro 0 0
: qt 0 0 0 —sTh-1/q
: qt 2 3 T4 B Tht1 —syk—1/4
V(t) -1 = : qt T2 Y2 Y3 Y4 Yr+1 0
: 0 z3 ys  (—22/qt)’y2  (—ms/at)ys -+ (—an/qt)ys 0
: 0 T4 ys  (~wsfat)ys  (—23/q)’ye - (—an/qt)ys 0
0 0 T e (—ok/gt)ys (—ae/q)ya o (—a/qt)?ye 0
L O —szk-1/q —sys—1/q¢ 0 0 0 0 0
and hence, by the definition of V'(t),,, we have
W(t)m-i-l = V(t)n =
o 0 0
qt 0 0 0 0
qt T 3 T4 Tht1 —sz/q
qt T2 Y2 Y3 i Yh+1 —syk/q
0 3 Ys (—x2/qt)* o (—a3/qt)ys (—ar/qt)ys (zk—1/*)y2ys
0 Ty m (—a3/qt) ys (—3/qt)* yo (—a/qt)ys (zk—1/0*)y2ys
0 0 zk'ﬁ»l yk‘+1 (kakqt)yg (kakqt)y4 (*Ik/'qt)zyQ (kal/qz.t2>y2yk+l
L0 - 0 —szx/q —sy/q (Tr-1/tD)y2ys  (Th-1/a%)yays (Tom1 /Pt y2yksr  (zro1/q?t2)%y3
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Therefore, by the definition of the matrix W (), +2 = W(t)n,, we have

to-22\’ (@)’
e e R

n—2 n—2
s { (T + /12— 4qs) + (r — M) — 2(4qs)(”_2)/2}
= t
2n—2qn—4 (?"2 _ 4q3)

(r+ V2 =4gs)" + (r— /2 —4gs)" — 2(4gs)""?

t

2ngn=3 (r2 — 4gs)

(r + /72— 4qs>ni2 {4qs — (r + /72— 4q$)2}

= t
annfii (7"2 _ 4q8)

n—2 2
(r = V/r* = 1as) {4qs— (r = V/r? = 4as) }
+ ann—S (7,2 _ 4qs)
n—2
(r + /72 — 4qs> (72 r2 — 4qs) (r + /72 — 4qs)

= t
2nqn73 (7"2 _ 4q8)

(- vy ) - )

t

+ annf?: (7.2 _ 4(]5)
Similarly, we have
— _ T(n-4)/2 ST (n—2)/2%n/2
’wn—l,n(t)no = wﬂ,n—l(t)no = WyQyn/Q + T
_Ta-np (s 52 (n-2)/2%n/2
T T e Y2 ( qx(n2)/2> + 2t
n—3 n—3
2 {(r + /72 — 4qs) + (7’ — \/7T4qs) - 2r (4qs)("4)/2}
= —— t
¢ 2n=3gn=T (r2 — 4qs)
n—1 n—1
s {(r + /72 — 4qs) + (r — M) _ 9 (4q5)(n*2)/2
i 21-1¢"=5 (r2 — 4gs)

n—3 n—3
s {493 (7‘ + /12— 4qs> + 4qs (r - M) _ 9 (4q3)(n—2)/2}

= t

Qn—lqn—S (7"2 _ 4(]8)
—2r (4qs)("_2)/2}

5{(T+ r2 —4q5:)n71 + (T - M)

- 2n=1gn=3 (r2 — 4qs)

s (7“ + M) " (—2 r2 — 4qs> (r + /2 — 4qs)
2n—1qn=3 (r2 — 4qs) t

n—3
s (7" - M) (2 r? — 4qs) (r —r? - 4qs)
2n—1qn—3 (7‘2 _ 4q3)
n—2 n—2
s (r—!— T2—4qs) —(T_M)

=T t:ynflv

q 2n72qn74 m

n—1

+ t

)

t

t= LTn—1-

15
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2
(T2 s 8 (Ta)0)
wn,n(t)no - W y2 - T

e

n—4

_ 2(4qs)("_4)/2}

2n—4qn—4 (T’2 _ 4q3)

n—2
32{(r+ r274qs) +(r7\/r274qs)

t

_ 2(4q3)(n—2)/2}

2n72qn73 (’l"2 _ 4qs)

s2 {4qs (r + /12 — 4qs)rh4 + 4qs (r — M)n%l —

t

2(4q8)(n72)/2}

Qn—2 n73(,r.2 _ 4q5)

t

_ 2(4q8)(n—2>/2}

t

2"_2(]"_3(7‘2 _ 4(]8)

{rﬂ/%) + (= "= 4gs)
(-

n—4
52 (r + — 4qs) 24/1r2 — 4qs) ( — 4qs

on— 2q7L 3 (7"2 _ 4q5)

—4
s2 (rf\/r274qs>n ( r2 —4qs

t

)
(r — 4qs)

Qn—2

qn 3 (7"2 4qS

r Vi)

S

(). () A

2n73qn75 7‘2 _ 4q$

Therefore, we can express the matrix W (t),, as follows;

gt 0 .- 0

qgt 0 0o .- 0

W(t)TLu: qgt O * ke *
0 0 * * *

0 0 0 * * R s |

L0 - 0 0 * * e Yp_1

Then, by the definition of the matrix W}, (ng < k < n — 2), we have

qt 0 0

g¢ 0 0 0

W(t)n—2 = g¢ 0 0 0 0
0 0 0 0 0

0 0 0 0 0 Tp_1

_0 0 0 0 0 e Yn

which completes the proof of Prop. 1 for even n.

(=5/0)yn—2 |

t= ——Yn—2.
q

Yn—1

- O [e=) [e=) (=)

Yn—1

(_S/q)yan d
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In the end, let us apply Prop. 1 to the matrix A.(t); (n > 5). Then, by the definition of the matrix A.(¢)g
(2 <k <n-2)and Prop. 1, we have

ri 0 0 0 0
0 —(n—2)t 0 0
’ ” 0 0
(6) Ac(t)n—Q —
0 —(n—2)t 0 0
0 0 0 0 af’tc—)l,n—l(t)"—Q aEz,c—)l,n(t)n—Q
Lo 0 0o 0 A (Ona Ao ]
where
ach—)l,n—l(t)n—Q =2(1-2/n)t* + &
) (On—z = al, ()2 = (1 —2/n) at? — (nbZ,_2)/(n — 2)

alh (o = {(1 = 1/n)a® — 20} 2 + (n20%%, _3)/(n — 2)2.

Here, for any integer m > 0, we denote
_ (_1)m (A’H’L _ B’m) ;
2m{—(n —2)}m=2/(n — 1)2a2 — 4n(n — 2)b

Tm

A=—(n—1)a++/(n—1)2a2 — 4n(n — 2)b,

B=—(n—1)a—+/(n—1)2a% —4n(n — 2)b.

4. PROOF OF THEOREMS
By a direct computation, we have

det aizc—)l,n—l(t)N—Z a’ch—)l,n(t)n—Q
a(C) (t)n—Q a1(1?21 t)n—2

n,n—1

= (1 - Z) (a® — 4b)t*

2(n —2 202 T -1 2(n —2 Ty
N (n )tz-n b*Tp_3 (et g N (n )atg_nbxn 2
n (n—2)2 n n

n2b? n2b>

—2)(a® -4 b2 Ty —1)a® —2nb} z,_
(7) _(p=2)(a"—4b) b)t4+{ W Ins | {tn = Va? — 2nb} 70y +2abxn2}t2
n—2 n
n2b?
+ (n_ 2)2 (xn,lxn,g —SL'n_Q)

Here, let us put

2nb2fn,3 {(n - 1)@2 - an} Tp—1
a(t) = n—2 + n

+ 2ab£n,2 } t2,

2b2
ﬂ(t) = (nn_72)2 (En—li’n—3 - ‘fi—Z) .
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Lemma 3. Suppose n > 5 and put

n—k—3 nn—1){5n% — (6k+23)n+ 10k +24} /n—k —3
T ) [ S LI (At (=

—k—4
+4n2(n—2)(n )bz.
k
Then, we have

o (_1)n+knk(n _ 1)n—2k—4(n _ 2)kan_2k_4bk5k

3 e .
at) = kZ:O n(n — 2)n=3 t° (a#0, ora=0, n: even),
0 (a=0, n: odd).
nn—lbn—l

To carry out these computations, we need some combinatorial identities.

Lemma 4. [33, Chapter 2, Problem 18 (c), Chapter 6, Problem 18 (a)] Let N (> 0) be an integer and put
m = |N/2|, m=[N/2] = |(N+1)/2]. Then, we have

N+1\/(j Nook (N =k
=92 A < k<
<2j+1)<k) b (keZ 0<k<m)

()@= -00)

2N2’“{<N+kl_k>+<]:__lk>] (keZ, 0<k<m).

N

J

Il
™

M=

J

Proof. We omit the proof of the first identity and let us prove the second one. By using the convention

( " ):0 (n € Zsq, m € Zs1),

n+m
we have
20560
= 2i4+1)\k = 2j+1)\k
and hence

()G
> (1))

for any k (0 < k <m). Thus, by using the first identity, we get the second one. O
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Proof of Lem. 3. We first prove the second equality. Then, by the definition of Z,,, we have

7’L2b2 _Anlen73 _ An73Bn71 + 2An72Bn72

B(t) = (n—2)2 22n—4(p — 2)2n-8 {(n — 1)2a2 — dn(n — 2)b}t

n2b2 {(471(71 —2)b)"? (A% + B?) — 2 (4n(n — 2)b)n_2}
22n—4(p — 2)2n=6 {(n —1)2a2 — 4n(n — 2)b}

B 22"_6n"_1(n _ 2)71—3[)71—1 -4 {(n — 1)2(12 —4n(n — 2)b} 9

- 22n—4(p — 2)2n=6 {(n —1)2a2 — 4n(n — 2)b}

nnflbnfl

L A A—
(n—2)n=3""

2

which is the second equality. For the first equality, let us first suppose a = 0. Then, we have

(_1)m {{—4n(n — Z)b}m/Q _ (_1)m {—4TL(TL _ 2)b}m/2}

T = .
om {—(TL _ 2)}771*2 {_4n(n _ 2)b}1/2
_ _ (m—1)/2
2 {—4n(n — 2)b} b (msodd),
- 2m(n — 2)m—2
0 (m : even)
(—nb)(m=1)/2 .
_ gt (m : odd),
0 (m : even)
and hence we have
2nb3T,_ B
a(t) = {n_23 _ szn—l}tQ
2nb?  (—nb)"Y/2 2b(—nb)*R/2 ),
= {n -2 ’ (n — 2)(n—6)/2 o (n _ 2)(n—4)/2 t} 3 n: even),
0 (n: odd)

(71)n/24n(n72)/26n/2
_ (=27 t3 (n: even),

0 (n : odd),

which is the claim of Lem. 3 for the case a = 0 since for even n (n > 6),

leoo(_l)nJrknk(n _ 1)"72’“74(77, _ Z)kan72k74bk5k
n(n — 2)n=3
(_1)(37174)/2”(%4)/2(” _ 2)(n74)/2b(n74)/2 -4n?(n — 2)b?
n(n —2)n=3
(_1)71/24“(”*2)/2()%/2 5
(n — 2)(n—4)/2

t3

tS

Next, we suppose a # 0 and let us put

F=(n—1)2a—2n(2n —3)ab, G = (n —1)a® — 2nb,
H = (n—1)%a* — 4n(n — 2)b.

19
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Then, we have

2nb3T,,_3 n {(n —1)a® - 2nb} Tn_1

+ 2abx,_o
n—2 n
_onb? (AP — B ; (n—1)a®> —2nb (A""'—B"1) ;
n —22n=3(n — 2)n=5/[] n 2n=1(n — 2)n=3\/H

N 2ab(A"? — B"?)
on=2(pn — 2)n—4\/H
_ 8n(n— 2)b°(A" % — B"—?’)t+ {(n—1)a® — 2nb} (A"~! — B"71)
2n=1n(n — 2)n=3/H m=1n(n — 2)n=3H
. dn(n — 2)ab(A"=2 — B"72)
2n—ln(n — 2)n=3yH

t

82 (n—2)b? + {(n— 1)a® — 2nb} A + 4n(n — 2)abA
B 2n—1n(n — 2)n=3VH
8n?(n —2)b? + {(n — 1)a* — 2nb} B + 4n(n — 2)abB
- on—1In(n — 2)n—3H

Am3¢

Bn—Bt

and
8n?(n —2)b% + {(n — 1)a® — 2nb} A% + dn(n — 2)abA
=8n*(n —2)b* + {(n — 1)a® — 2nb} {Q(n —1)%a® — 4n(n — 2)b — 2(n — 1)a\/ﬁ}
+4n(n — 2)ab {—(n —Da+ \/ﬁ}
=-2{(n—1)%® — 2n(2n — 3)ab} VH +2 {(n—1)a® —2nb} H
= —2FVH +2GH,
8n*(n —2)b° + {(n — 1)a® — 2nb} B? + 4n(n — 2)abB
=8n*(n —2)b* + {(n — 1)a* — 2nb} {Q(n —1)%a® —4n(n — 2)b+2(n — l)a\/ﬁ}
+ 4n(n — 2)ab {—(n —1)a— \/ﬁ}
=2{(n—1)%¢* - 2n(2n — 3)ab} VH + 2 {(n — 1)a* — 2nb} H,
=2FVH +2GH.
Hence, by putting

An—3: {—(n—l)a+ \/(n_1)2a2_4n<n—2>b} ’ :I+J\/ﬁ,

we have
6%z, 3 {(n—1)a* —2nb} T,
n—2 + n
{~2FVH + 260} (1+JVA) - {2PVH + 260} (1- V)
2n—1p(n — 2)n=3vH

+ 2(1()5’”_2

t

_ —FI+GHJ
a 2n=3p(n — 2)n—3"




ON THE DISCRIMINANT OF A CERTAIN QUADRINOMIALS 21

Then, by using Lem. 4, we have

1= (") 00 {1 a2’

14

_ g; (") vy {Z () (= 0%} ™ (- tnta - 2>b}’“}

k=0

_ ZZ (TLQ—E 3) (2) (_1)n+k+122knk(n _ 1)n—2k—3(n _ Q)kan_2k_3bk

k=0 ¢=k

S {0 )

% (_1)n,+k+122knk(n _ 1)n—2k—3(n _ Q)kan—Qk—Bbk’

0 n—3 [nm—k—3
_ )tk lgn—d k(, _ {yn—2k=3(, _ o)k n—2k—3k
3 e (e (e Ly P

and

J = ; (;é+31> {—(n—1)a}" " {(n - 1)%a% — dn(n — 2)b}’

14

- :; (503 3) {-(n =Dyt {Z () (= 02y f-ano - 2)b}k}

k=0
ax~ (n=3Y) (¢ n+ko2k, k n—2k—4 k n—2k—4pk

=> 3 or s 1) L ) (DT (= 1) (n—2)%a b
k=0 ¢=k
i n—k—4

— Z 2n—2k—4( . )(_1>n+k22knk(n _ 1)n—2k—4(n _ 2)kan—2k—4bk
k=0

— —k—4
_ Z(_l)n+k2n74nk(n _ 1)n72k74(n _ 2)k (” . )anzk4bk7
k=0

which implies,
—FI+GHJ
= —{(n—1)%a® — 2n(2n — 3)ab}I + {(n — 1)%a* — 2n(n — 1)(3n — 5)a?b + 8n?*(n — 2)b*}J

mo
_ Z(il)n+k2n74nk(n _ 1)n72k74(n o Q)kan72k74bk
k=0

3. n—3 (n—k—=3\ , B _ n—3 (n—k—3\ 5
x{(n 1) n—k‘—3< i )a 2n(n —1)(2n 3)77]_]{_3 i a“b

+(n1)3<n]]:4)a4Zn(n1)(3n5)<n:4>a2b+8n2(n2)(n:4>b2}
_ (71)n+k2n73nk(n o 1)n72k74(n o Q)kzan72k74bk
k=0
B n(nfl){5n27(6k+23)n+10k+24} n—k—3
13" 4 _ 2y
o )< k )“ n—k—3 Eoo)!

+4n2(n2)(n:4>b2}



22 SHUICHI OTAKE AND TONY SHASKA

Therefore, we finally obtain

Oé(t) _ {2nb2fn3 n {(n _ 1)a2 _ 2nb} i'n_l

—FI
n 2ab:fn_2} 12 = +GHT
n—2 n

- 2”_377,(77, _ 2)n—3

t3

B % (_1)n+knk(n _ 1)n—2k—4(n _ 2)’“@”‘2k—4kak
N prt n(n —2)n=3

where
n—k—3 n(n—l){5n2—(6k—|—23)n—|—10k—|—24} n—k—3
—(n—1)3 4 _ 2y
S = (n )< k )a n—k—3 ko)
+4n2(n2)<nk4)b2,
k
which completes the proof of Lem. 3. O

Proof of Thm. 2. Theorem 3 has been proved for n = 3,4 and hence let us assume n > 5. Then, by the
definition of A.(t),—2 and equations (6), (7), we have

A (fe(t;z)) =det Ac(t) = n - det Ae(t)n—2

() ()
—n. (71)[(n73)/2] (n _ 2)n73tn73 . det l anfl,nfl(t)n*2 an_1 n(t)n*Q ] )

o ((Bna alh (B

Therefore, by Lem. 3, we have

A(fultiz)) = <1>m1t"1{<n —2)"2(a® — 4D)L2 + et nb}

where
mo
Z(—l)”*knk(n — 1) 2R = 2)R RS, (a #£ 0, 0r a =0, n: even),
Te =\ k=0
0 (a =0, n:odd),
which completes the proof. O

Now we are ready to prove Cor. 1.
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Proof of Cor. 1. Put Q(t) = (n—2)""2(a? — 4b)t? + .t —n"b"~! and suppose b = (n—1)2a%/4n(n —2). Then,
by equation (7) and Lem. 3, we have

Q(t)
= n(n— 2)n3{(”—2><“2—4b)t2 N {%bzfns A —na? 2}z,

n n—2 n

+ 2abfn,2 }

nnflbnfl
 (n—2)n3

— (n -2 {a2 Nl i } 2

2nb3%,,_ —1)a? — 2nb} z,,_
+n(n2)n3{ no-r 3+ {(TL )CL n }l‘n 1 +2ab:ﬁn2}n”bnl
n—2 n
_ (n _ 2)7173&2 t2
n
2 bz_n_ —1)a® — 2nb Ty—
+n<n2)n3{ n x2 3 + {(TL )Cl n }Z‘ 1 +2abfn_2}n”b"1.
n — n

Here, by equation (5), we have

n—2 n

+ 2abl‘n_2}

— n(n —2)"3 2n  (n— 1)%at . (—1)"3(n — 3){—(n — 1)a}"*
P R T P O Y S T

(n=1a®> (n—1)%\ ()" '(n-1{-(n-1)a}">
* { n ~ 2n(n—2) } ' =2 {—(n—2)}"7? !
(n—1%° (=1)"*(n-2){=(n—1a}"*,
2n(n — 2) =3 {_(n—2)}"*

ns [(ED"(=D"(n=3)a"  (=D"(n—1)"(n—3)a" (=1"(n—1)""'a"
=n(n—2)""" { 9n—1p(n — 2)n—2 i+ on—Tp(n — 2)n—2 t= 9n—2p(n — 2)n—4 t}
_ (_1)n(n _ 1)n71ant
o 2(n_2) "

which implies

(TL _ 2)n—3a2 5 (_1)n(n _ 1)n—lan

Q) = — " t 2200 — ) t—n"onl,
—1)"(n — 1) 1gn 2 n — 2)"—342 -
Ay = {~CRO DI [ S (g
B (n _ 1)2n72a2n 4(TL _ 2)"73(12 . (TL —1)242 n—1 B
- 22n—4<n_2>2 - n -n {4nn—2} =0

and hence, by completing the square, we have

n — n73a2 —1)"n(n — nflan72 2
L }

n 2”_1(7’L _ 2)n—2
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Thus, if n is even, we have a, = 0 and hence by Thm. 1, we have Ny_(,,) = 0 for any positive real number ¢ since
22 +az +b has no real root in this case. Then, by considering the graph of the function y = 2™ +t(2? + ax +b)
(t > 0), we can conclude that Ny (;.,) = 0 whenever (n — 1)%a? /4n(n — 2) < b. O

Remark 1. It was pointed out to us by J. Gutierrez that the proof of the Cor. 1, it is elementary and all the
machinery of Thm. 2 is not needed. However, we decided to present it here with the intention that perhaps
such techniques can be generalized to polynomials f(x) = a™ +t- g(x), deg g > 3.
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