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ABsTRACT. In this note we extend the concept height on projective spaces to
that of weighted height on weighted projective spaces and show how such a
height can be computed. We prove some of the basic properties of the weighted
height and show how it can be used to study hyperelliptic curves over Q. Some
examples are provided from the weighted moduli space of binary sextics and
octavics.

1. Introduction

Let WP, (K') be the weighted projective space of weights o = (wy, ..., w,) over
a field K of characteristic zero. Is there a way to measure the "size" of points in
WPy, (K) similar to the height on the projective space P"(K)? The answer comes
from [9] where the concept of the height was defined for weighted projective spaces.
How does one compute the height of a point in WP}, (K)? Moreover, how do we
get a tuple x = (zo,...2,) such that it is the minimal representative for the point
p=lx0, ,x,] € WP?(K)? In this short paper we explore these questions.

The motivation for considering the above question comes from the theory of
hyperelliptic or superelliptic curves. The isomorphism classes of a genus g > 2
hyperelliptic curve C : 32229 = f(x,2) correspond to the tuple of generators of the
ring of invariants S(2,2g + 2) of binary forms evaluated at the binary form f(z, z).
Such ring of invariants is a weighted projective space. Hence, determining a canoni-
cal minimal tuple for any point in WP}, (K) would give a one to one correspondence
between the isomorphism classes of curves and such minimal tuples. We illustrate
briefly with the genus 2 curves.

In [6] we created a database of isomorphism classes of genus 2 curves defined
over Q. Every such isomorphism class was identified uniquely by a set of absolute
invariants (i1,42,%3); see [6] for details. These invariants are defined in terms of
the Igusa invariants Jo, Jy, Jg, J1gp. Why not identify the curve with the tuple
(J2, Ja, Jg, J10) instead of (i1,1i9,43)7 If we do so then we have determine how to
pick the smaller size tuple for any point p = [Ja, Jy, Js, J1o] and how to do this in
a canonical way. The goal of this paper is to address such issues for any weighted
projective space.
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In this paper we define a normalization of points p € WP} (Q) which is the
representing tuple of p with smallest coefficients. We show that this normal-
ization is unique up to multiplication by a primitive d-th root of unity, where
d = ged(wy, . .., wy,) and is unique when WP (Q) is well-formed. The height of a
point p € WPy (Q) is the weighted absolute value of coordinates of p, when p is
normalized.

We also define the absolutely normalized tuples which is a normalization over
the algebraic closure Q. This is a normalization by multiplying by scalars which
are allowed to be in Q. The height of an absolutely normalized tuple is called an
absolute height for analogy with the terminology in [38]. In other words the absolute
height of a point p € WP (Q) is the the weighted absolute value of coordinates of
p, when p is absolutely normalized.

The paper is organized as follows. In Section 3 we give a brief introduction
to weighted projective spaces WP, (K). A standard reference here is [19]. We
consider both well-formed and not well-formed weighted projective spaces. For any
point x = (xg,...,z,) € (Z)""\ {0}, we define the weighted greatest common
divisor wgced(x) as the product of all primes p € Z such that for all i =0,...,n, we
have p’ | z;. We will call a point p € WP}, (Q) normalized if it has wgcd(p) = 1.

In Section 4 we follow [9] and define the weighted projective height on WP, (Q)
and show that this is well-defined. We prove a version of the Northcott’s theorem
for the weighted projective height and determine for what conditions on integers
W, - - - Wy the normalized tuple is unique. Analogously we extend the definitions and
results over the algebraic closure. We show how to determine all twists of a given
point p € WP (Q) of height A < h(p). When the set of weights is o = (1,...,1),
then the weighted projective space is simply the projective space P"(K) and our
weighted moduli height becomes the usual height on P™(K) as defined in [11].

The notion of weighted height and absolute weighted height is used in [5], to
study the weighted moduli space of binary sextics and in [7] to study the weighted
moduli space of binary octavics. Both cases lead to creating databases of genus 2
or genus 3 hyperelliptic curves with small absolute moduli height. For connections
of weighted projective spaces and the algebraic curves or other topics on databases
of hyperelliptic curves the reader can check [6]. We give some examples for genus
2 curves and genus 3 hyperelliptic curves, which were the main motivation behind
this paper. It remains to be seen if there are any explicit relations between the
weighted moduli height, moduli height, and height as in [38|.

The concept of weighted height in weighted projective spaces, surprisingly
seems unexplored before. The only reference we could find was the unpublished
report in [17] which defines the function Size similarly to our height with different
motivations. Our goal in writing this short note was to simply provide a brief intro-
duction to heights in weighted projective spaces. We assume the reader is familiar
with the concept of height in projective spaces as in [11] and [25]. A more detailed
study of heights on weighted projective spaces over any number field is given in
[9,21].

Notation The algebraic closure of a field K is denoted by K. For an algebraically
number field K we denote by O its ring of integers and by Mg the set of all
absolute values in K. A point p € WP (K) is denoted by p = [xo : 21 : -+ : @]
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and the tuple of coordinates x = (zg, z1,...,2,). By a "curve" we always mean
the isomorphism class of a smooth, irreducible curve.

2. Weighted greatest common divisors
Let qo, ..., g, be positive integers. A set of weights is called the ordered tuple

o = (qoa"'7qn)'
Denote by r = ged(qo, - - - , ¢n) the greatest common divisor of qg, . . ., ¢,. A weighted
integer tuple is a tuple x = (x,...2,) € Z""! such that to each coordinate z; is
assigned the weight ¢;. We multiply weighted tuples by scalars A € Q via

Ax (g, .. xpn) = (Azg, ..., A"x,,)
For an ordered tuple of integers x = (xo,...,7,) € Z"", whose coordinates

are not all zero, the weighted greatest common divisor with respect to the
set of weights tv is the largest integer d such that

d% | x;, foralli=0,...n.
We will denote the weighted greatest common divisor by wged(zo, ... x,). A tuple
x = (zo, ..., x,) with wged(x) =1 is called normalized.

The absolute weighted greatest common divisor of a tuple x = (zg, ..., Z,)
with respect to the set of weights v = (qo, ..., ¢n) is the largest real number d such
that

d¥ | x;, foralli=0,...n.

We will denote the weighted greatest common divisor by wged(xo, ...x,). A tuple
x with wged(x) = 1 is called absolutely normalized.

EXAMPLE 1. Consider the set of weights to = (2,4,6,10) and a tuple
x = (3-5%,3%-5%,3%.5%3%.5'%) e 2.
Then, wged(x) =5 and wged(x) =5-/3.

We summarize in the following lemma.

LEMMA 1. For any weighted integral tuple x = (zg,...,x,) € Z" 1, the tuple
1
Y= wgcd (x) X
is integral and normalized. Moreover, the tuple
_ 1
7 )

is also integral and absolutely normalized. If ged(qo,...,qn) = 1, then wged(x) =
wged (X).

The proof is a direct consequence of the definition.

Let us attempt to extend these definitions to any ring of integers. Let K be any
number field and Ok its ring of integers. Consider the set of weights tv as above
and an integer tuple x € (9?(“. For any a € Ok, the ideal generated by alpha is
denoted by («).

The weighted greatest common divisor ideal is defined as

=

(z)C(pi)
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over all primes p in Ok. The absolute weighted greatest common divisor
ideal is defined as

=Y. ®

(fi)C(P%>

over all primes p in Of. In general the weighted greatest common divisor is defined
for all Dedekind domains or more generally for all GCD-domains.

3. Weight projective spaces

Let K be a field of characteristic zero and (qq,...,q,) € Z™*! a fixed tuple of
positive integers called weights. Consider the action of K* = K\ {0} on A"*1(K)
as follows

Ax (g, xn) = (Axg, ..., AI"xy,)

for A € K*. The quotient of this action is called a weighted projective space
and denoted by WP{, -~ (K). It is the projective variety Proj (K[zo, ..., n])
associated to the graded ring K|z, ..., x,]| where the variable z; has degree ¢; for
1=0,...,n.

We denote greatest common divisor of qo, ..., g, by ged(qo, - - .,¢n). The space
WPy, is called well-formed if

ged(qoy -y Giy--yqn) =1, foreach i =0,...,n.

While most of the papers on weighted projective spaces are on well-formed spaces,
we do not assume that here. We will denote a point p € WP, (K) by p = [zo : 21 :
.. : .’L‘n].

Let K be a number field and Ok its ring of integers. The group action K* on
A™1(K) induces a group action of O on A" (K). By Orb(p) we denote the O -

orbit in A"*1(Of) which contains p. For any point p = [zg : -+ : z,] € WP} (K)
we can assume, without loss of generality, that p = [xo : -+ : z,,] € WP, (Ok). The
height for weighted projective spaces will be defined in the next section.

For the rest of this section we assume K = Q. For the tuple x = (zg, ..., z,) €
7™t we define the weighted greatest common divisor with respect to the
absolute value | - |,, denoted by wgcd,, (%),

wged,,(x) 1= H |d],
da%i|a;
dez

as the product of all divisors d € Z such that for all i = 0,...,n, we have d' | z;.
We will call a point p € WP (Q) normalized if wgced(p) = 1.

DEFINITION 1. We will call a point p € WP (Q) a normalized point if the
weighted greatest common divisor of its coordinates is 1.

LEMMA 2. Let o = (qo,---,qn) be a set of weights and d = ged(qo,-- -, qn)-
For any point p € WPL (Q), the point

1 P
wgcd(p)
is mormalized. Moreover, this normalization is unique up to a multiplication by a
d-root of unity.

q:
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PROOF. Let p = [zg : ...,2,] € WP, (Q) and p; = [ag : -+ : ay] and po =
[Bo : -+ : Bn] two different normalizations of p. Then exists non-zero A\, Ay € Q
such that

P = A1 xpP1 = Ay x P2,
or in other words

(l‘o,...,]}n):()\(foao,...,A;hOéi,...)Z()\goﬁo,...,)\giﬁi,...).

Thus,

(o, ey @iy ey ) = (980, ... 78, o 1T B .
for r = i—f € K. Thus, r% = 1 for all i = 0,...,n. Therefore, r* = 1. This
completes the proof. ([

Thus we have the following:

COROLLARY 1. For any point p = [xg : -+ : X,] € WP (Q), if the greatest
common divisors of non-zero coordinates is 1, then the normalization of p is unique.

Here is an example which illustrates the Lemma.

EXAMPLE 2. Let p = [xg, 21,22, 23] € WP?2,4,6,10)(Q) be a normalized point.

Hence,
wged(xg, 21,2, x3) = 1.
Since d = ged(2,4,6,10) = 2, then we can take v such that r*> = 1. Hence, r = £1.
Therefore, the point
(=) xp=[-x0:21:—22 : —23)

is also be normalized.

However, if p = [xo, T1, T2, 23] € WIP’?LQ)&S)(Q) is normalized then it is unique,
unless some of the coordinates are zero. For example the points [0,1,0,0] and
[0,—1,0,0] are equivalent and both normalized.

Next we give two examples, which were the main motivation behind this note.

ExaMPLE 3 (Weighted projective space of binary sextics). The ring of invari-
ants of binary sextics is generated by the basic arithmetic invariants, or as they
sometimes called, Igusa tnvariants (Ja, Jy, Js, J1g) as defined in [26]. Two genus
2 curves X and X' are isomorphic if and only if there exists A\ € K* such that

Joi(X) = N Joy (X'),  for i=1,2,3,5.
We take the set of weights vo = (2,4,6,10) and considered the weighted projective
space WP(3 4.6.10)(Q). Thus, the invariants of a sextic define a point in a weighted

projective space [Jo : Jy : Jg : Jig] € WP (Q) and every genus 2 curve correspond
to a point in WP2 (Q) \ {J10 # 0}. There is a bijection between

¢ Wp?z,zx,e,w) \ {10 =0} = Mo,
with ¢ provided explicitly in [31, Theorem 1].
Using the notion of a normalized point as above we have the following:

COROLLARY 2. Normalized points in WP?2,4,6,10)(Q) occur in pairs. In other
words, for every normalized point p = [Ja, Ju, Js, J10], there is another normalized
point p' = [—Ja, Jy, —Js, —J10] equivalent to p. Moreover, p and p’ are isomorphic
over the Gaussian integers.
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PROOF. Let X be a genus 2 curve with equation y? = f(z) and [J2, Jy, Jg, J10]
its corresponding invariants. The transformation x — +/—1 -z with give a curve X’
with invariants [—Ja : Jy : —Jg : —J10] and the same weighted moduli height.

If two weighted moduli points have the same minimal absolute height, then
they differ up to a multiplication by a unit. Hence,

[Ty Jy: Js o Tl =[d*- Jo:d*- Jy:d® - Jg : d*° - Jyg]
such that d? is a unit. Then, d> = £1. Hence, d = v/—1. O
So unfortunately for any genus 2 curve we have two corresponding normalized

points [+£J3, Jy, +Js, +J10]. In [5] this problem is solve by taking always the point
[|J2], Ju, £Jg, £J10] or by considering the space WIP’?1’2,375)(Q) instead.

ExXAMPLE 4 (Weighted projective space of binary octavics). Every irreducible,
smooth, hyperelliptic genus 8 curve has equation y?z% = f(x,z), where f(x,2) is a
binary octavic with non-zero discriminant. The ring of invariants of binary octavics
is generated by invariants Jo, ..., Jg, which satisfy an algebraic equation as in [37,
Thm. 6]. Two genus 3 hyperelliptic curves X and X' are isomorphic over a field K
if and only if there exists some X € k \ {0} such that

Ji(X) = N (X)), for i=2,...,7.

There is another invariant Ji4 given in terms of Jo, ... J7 which is the discriminant
of the binary octavic.

Hence, there is a bijection between the hyperelliptic locus in the moduli space
of genus 3 curves and the weighted projective space WP?2737475)677)(K) \ {J1a # 0}.
Since d = ged(2,3,4,5,6,7) = 1 then we have:

COROLLARY 3. For every genus 8 hyperelliptic curve X, defined over a field
K, the corresponding normalized point

p= [JQ gy iy s g J7] € WP?273747576,7)(K)
1S unique.
EXAMPLE 5. Consider the curve y> = a8 — 1. The moduli point in WP2, (Q) is
p=[-25.7,02".7%0,2".7%0,-2" 5.7

Then, wged(x) = 5. Hence, the point p normalized becomes

o=

1
S*P= [-2-5.7,0,2°-7%0,27 750, 2" . 5. 7%].

In [7] we use such normalized points to create a database of genus 3 hyperelliptic
curves defined over Q.

3.1. Absolutely normalized points. For any point p = [xg : -+ : @] €
WP, (Q) we may assume that x; € Z for ¢ = 0,...,n and define

wged(p) =[] 1A
AEQ, Ni|z;

as the product of all A\ € Q, such that for all i = 0,...,n, A' € Z and \|z;. A point
p=lzo:-:xy) € WPL(Q) is called absolutely normalized or normalized

over Q if wged(p) = 1.

DEFINITION 2. A point p = [zg : --- @ z,] € WP (Q) is called absolutely
normalized or normalized over the algebraic closure if wgcd(p) = 1.
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LEMMA 3. For any point p = [xg : -+ : x,] € WPL(Q) its normalization over

the algebraic closure
_ 1
p==—=—*p
wgcd(p)
s unique up to a multiplication by a d-th root of unity.

PROOF. Let p = [zg:...,2,] € WP (Q) and p1 = [ag : -+ ] and pa = [Bo :
-+« 1 fp] two different normalizations of p over Q. Then exists non-zero A, Az € Q
such that

P = A1 xp1 = Ao x P2,

or in other words

(ZL’(),...,SU“):()\tlloao,...,)\(lliai,...):(Agoﬁo,...,Agiﬁi,...).

Thus,

(oy v oy @iyeooyan) = (P80, ..., 746, ... 1 B, .
for r = i—f € Q. Thus, r% = 1 for all i = 0,...,n. Therefore, ¥ = 1. This
completes the proof. O

Two points p and q in WP}, (Q) are called twists of each other if they are

equivalent in WPy (Q) but Orbg(p) is not the same as Orbg(q). Hence, we have
the following.

LEMMA 4. Let p and p’ be normalized points in WP (Q). Then p and p’ are
twists of each other if and only if there exists A € @* such that Axp =1p’.

Next we see another example from genus 2 curves.

EXAMPLE 6. Let X be the genus two curve with equation y?> = 25 — 1 and

Ja, Iy, Jg, and Jyg its Igusa invariants. Then the isomorphism class of X is deter-
mined by the point p = [240, 1620, 119880, 46656] € WIP’?QA,&N)(Q). Thus,

p = [240, 1620, 119880, 46656] = [2* -3 -5; 2% - 3% . 5; 23.3% . 5.37; 26. 3.
Therefore,
wged (240, 1620, 119880, 46656) = 1

wged (240, 1620, 119880, 46656) = /6.

Hence, p is normalized but not absolutely normalized. The point p has twists,

1
pl:ﬁ*p:[120,405,l4985,1458]:[23~3~5 0345 :3.5.37 : 2.3,

1
pzzﬁ*p:[80,180,4440,192]:[24~5 :22.32.5:2%.3.5.37 . 20.3],

and the absolutely normalized point of p which is

p= %*p = [40,45,555,6] = [2°-5,3%.5,3-5-37,2- 3]
Notice that p has only one twist

p'=[-2%5,3"5 -3.5-37, 23]
which is also normalized.

We can do better even with the genus 3 curve from Example 5.
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EXAMPLE 7. The normalized moduli point in WPY, (Q) the curve y*> = 2% — 1
18
1
3 *p= [-2-5-7,0,20.7%0,27-7%0, 2" . 5. 7%] .
Then, wgcd(p) = ﬁ, fori?2 = —1. Then its absolutely normalized form is
p=1[502"7%0,20-7%0-27-5.7'].
(]

In the next section we will introduce some measure of the magnitude of points
in weighted moduli spaces WP (K) and show that the process of normalization
and absolute normalization lead us to the representation of points in WP, (K)
with smallest possible coordinates.

4. Heights on the weighted projective spaces

Let K be an algebraic number field and [K : Q] = n and its ring of integers Ok
With My we denote the set of all absolute values in K. For v € My, the local
degree at v, denoted n, is n, = [K, : Q,], where K,,Q, are the completions
with respect to v. As above WP"(K) is the projective space with weights w =
(qoy---,qn), and p € WP"(K) a point with coordinates p = [z, ..., z,], for z; € K.
The multiplicative height of p is defined as follows

i (p) i= T max { aolio/ o0, /o0 }
vEMEK

Let p = [zo, ..., 2z, € WP™(Q) with weights w = (qo, ..., qn). It is clear that p will
have a representative [yo, . . ., yn] such that y; € Z for all ¢ and wged(yo, - .., yn) = 1.
With such representative for the coordinates of p, the non-Archimedean absolute
values give no contribution to the height, and we obtain

ho(p) = max { Jo;[20% }

0<j<n
So for a tuple x = (g : --- : 2,) the height of the corresponding point p = [x]
is
— 1/‘10 l/q” }
) = i) max {|zo[/%, .., oa M/ }.

We combine some of the properties of h(p) in the following:

PROPOSITION 1. Then the following are true:

i) The function b : WP (Q) — R is well-defined.

ii) A normalized point p = [xg : -+ : x,] € WP (Q) is the point with smallest
coordinates in its orbit Orb(p).

iii) For any constant ¢ > 0 there are only finitely many points p € WP, (Q)
such that h(p) < c.

PROOF. i) It is enough to show that two normalizations of the same point
p € WP (Q) have the same height. Let p and q be such normalizations. Then from
Lemma 2 we have p = r  q, where ¢ = 1. Thus,

h(p) =b(r*q) = |r|-h(a) = b(q).

ii) This is obvious from the definition.
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iii) Let p € WP, (Q). It is enough to count only normalized points p = [zg :
s xy] € WP (Z) such that h(p) < c¢. For every coordinate x; there are only

finitely values in Z such that |x1|11)/ %| < ¢. Hence, the result holds.
O
Part iii) of the above is the analogue of the Northcott’s theorem in projective
spaces.

REMARK 1. If the set of weights o = (1,...1) then WPy (Q) is simply the
projective space P*(Q) and the height b(p) correspond to the height of a projective
point as defined in [38].

Let’s see an example how to compute the height of a point.

EXAMPLE 8. Let p = (22,2-34,26.3,210.510) € WP, , 4 1)(Q). Notice that
p is normalized, which implies that

h(p) = max {2,21/4 .3,31/6 2. 5} - 10

However, the point q = (22,24.34,26.3,210.510) ¢ WIP’:()’21476’10)(Q) can be normalized
to (1,3%,3,5%0) which has height

b(q) = max {1,3,3"/%,5} =5.

A proof for the following will be provided in [9)].

LEMMA 5. Let p € WP"(K) with weights w = (qo, - -.,qn) and L/K be a finite
extension. Then,

b1 (P) = b (P)FKL
4.1. Absolute heights. We can define the height on WP"(Q). The height

of a point on WP"(Q) is called the weighted absolute (multiplicative) height
and is the function

h: WP*(Q) — [1,00)
b(p) = by (P)/1F,
where p € WP"(K), for any K. Then, the absolute weight height is given by

__ 1 /a0 /an
(1) h@(p) - W(p) max{|x0|1 B a"'7|zn‘1 e }

Let’s see an example which compares the height of a point with the absolute
height.

EXAMPLE 9. Letp=1[0:2:0:0] € WP?27476,10) (Q). Then p is normalized and
therefore h(p) = 2. However, it absolute normalization is q = ﬁ*p =[0:0:1:0].
Hence, h(p) = 1.

REMARK 2. As a consequence of the above results it is possible to "sort" the
points in WP? (K) according to the absolute height and even determine all the
twists for each point when the weighted projective space is not well-formed. This is
used in [5] to create a database of genus 2 curves and similarly in [7] for genus 3
hyperelliptic curves.
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The weighted absolute height of p = [x] € WP}, (K), where x = (x¢ : -~ :
Zp), for any number field K, is

(2) () = —— T mac {Joo ..., fa [}
wged(x) 2 M
The concept of weighted absolute height correspond to that of absolute height
in [38]. In [38] a curve with minimum absolute height has an equation with the
smallest possible coefficients. In this paper, the absolute height says that there is
a representative tuple of p € WPy (K) with smallest magnitude of coordinates.
Then we have the following;:

PROPOSITION 2. Let K be a number field and Ok its ring of integers. Then
the following are true:

i) The absolute height function by : WP (K) — R is well-defined.

i1) E(p) is the minimum of heights of all twists of p.

iii) For any constant ¢ > 0 there are only finitely many points p € WP (K)
such that h(p) < c.

PROOF. Part ii) and iii) are obvious. We prove part i). We have to show
that two different normalizations over the algebraic closure have the same absolute
height. Let p and q be such normalizations. Then from Lemma 3 we have p = r*q,
where ¢ = 1. Thus,

b(p) = b(r*a) = |r| - bla) = b(a).
This completes the proof. O
For more details we direct the reader to [9]. Let’s revisit again our example
from genus 2 curves.

EXAMPLE 10. Let X be the genus two curve with equation y* = z% — 1 and
moduli point p = [240, 1620, 119880, 46656] € WP?2,4,6,10)(Q)~ We showed that p is

normalized and therefore has height h(p) = 4v/15. Its absolute normalization is
p = [40,45,555,6] = [2°-5,3%.5,3.5-37, 2 3]
Hence, the absolute height is ﬂ(p) = 2/10.

5. Computing the weighted height

Given a point p € WP"(K), how easy is it to compute its weighted height
b (p)? From the previous section this would be equivalent to computing the
weighted greatest common divisor wged (x) for a point x € O?‘l, such that p = [x].
There are issues to be resolved when computing over O, so for the purposes of
this paper we continue to assume K = Q.

Computing wged (x) is equivalent with factoring every coordinate over Z. Hence,
this approach is not very effective for points with large coordinates. Hence, the
main part of concern for any algorithm of computing the weighted height of a point
p € WP™(Q) is the normalization of a point in WP"(Q). We have implemented
this algorithm in SageMath and it has been used in [5] and [7] to create databases
of binary sextics and binary octavics of small weighted height. It works well for
small heights . Recall that the size of the coordinates for any p € WP§7476,10(@)
and h(p) < cis < ¢!, In general, for a point p € WP" with maximal weight among
coordinates w, the worst bound is c®.
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One of the main problems of arithmetic related to such heights is the following.
Consider f(z,y) € K[z,y| a binary form of degree d > 2. In classical mathematics
determining conditions on the coefficients of f(z,y) such that f(z,y) has minimal
discriminant has been well studied, but only understood for small n (i.e., n = 2, 3).
However, the discriminant is only one of the invariants of the degree d binary forms,
so one of the coordinates of the corresponding point p in the weighted projective
space WP,,(K). The complete problem would be restated as:

PROBLEM 1. Determine conditions on the coefficients of the binary form f(x,y)
such that the corresponding point p in the weighted projective space WP, (K) is
absolutely normalized.

This seems out of reach for any degree n > 3. However, our algorithm suggested
above would work well over Q in finding a binary form g equivalent to f over Q
with such that the corresponding point in WP™(Q) is normalized. For more on this
problem see [8].

In [8] we suggest an algorithm to compute equations of hyperelliptic or superel-
liptic curves which correspond to a normalized point in the weighted projective
space. This algorithm is an extension of Tate’s algorithm of elliptic curves [39] and
methods suggested in [36].

There is another problem that comes from the analogy with the discriminant.
A classical problem as determining the number of curves with bounded discrimi-
nant (or a good bound for such number of curves), becomes now the problem of
determining a good bound for the number of curves with bounded weighted moduli
point. It is unclear of any such good bounds, since now we don’t want to estimate
the number of tuples with bounded weighted height, but the number of equivalence
classes of such tuples. Number that must be significantly less than the number
of tuples. Some heuristically data for the space WP§,4,6,10(Q) of binary sextics is
given in [5].

Heights on weighted projective spaces, surprisingly have not been explored
before. There is an unpublished preprint by A. Deng (1998) with the intention of
counting the rational points in weighted projective spaces; see [17]. This is the first
article where the concept of the height is defined in weighted projective spaces. A
full account of heights in weighted projective spaces and their properties is intended
in [9].
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