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ABSTRACT. We introduce the weighted greatest common divisor of a tuple of
integers and explore some of its basic properties. Furthermore, for a set of
weights v = (qo, - .., gn), we use the concept of the weighted greatest common
divisor to define a height h(p) on weighted projective spaces WP (k), over a
field k. We prove some of the basic properties of this weighted height, including
an analogue of the Northcott’s theorem for heights on projective spaces.

1. INTRODUCTION

Most of the computations with genus 2 curves or genus 3 hyperelliptic curves,
whether occurring in number theory, mathematical physics, cryptography, or any
other area, involve the corresponding tuple of invariants of binary forms. An iso-
morphism class of such curves correspond to a projective point [Jy, :---: Jy, ] of
modular invariants with degrees qo, ..., g, respectively. Of course this is true for
all hyperelliptic or even superelliptic curves of any genus. In most of these compu-
tations picking the point [Jy, : - -+ : Jg, ] with smallest coordinates is desirable; see
for example computations in [13], [10], [12] or all the algorithms in cryptography
for genus ¢ = 2 and g = 3 hyperelliptic curves. So how can we pick the point
with smallest coordinates or have some ordering on these moduli points in some
reasonable way? Since the ring of invariants of binary forms is a graded ring, the
answer is equivalent to introducing some concept of the greatest common divisor
for weighted projective spaces similar to that of the gcd of a tuple of integers in
the projective space. If possible we would like to extend the analogy and introduce
some concept of height in a weighted projective space similarly to the height in a
regular projective space, which would make the ordering of points in a weighted
projective space possible. The goal of this paper is to suggest a way to handle both
of these questions.

In [14] was introduced the idea of the weighted common divisor on a tuple of
integers with different weights, which was called the weighted greatest common
divisor and denoted by wgcd. In section 2 we give a precise definition of the
concept of the weighted greatest common divisor and some of its properties. While
the idea of the weighted greatest common divisor seems natural, surprisingly it has
not appeared before in the literature. Questions still remain on efficient ways of
computing such common divisor or whether such weighted greatest common divisor
has similar properties as the regular greatest common divisor in more general rings.

For a a set of weights o = (qo,...,qn) and a number field K, the weighted
greatest common divisor wged (x) of a tuple x = (g, ...,2,) € O% is defined
as the largest integer d € Ok such that d% divides z;, for all ¢ = 1,...,n. The
absolute greatest common divisor wged (x) is defined as the largest real number d
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such that d% divides z;, for all i = 1,...,n. Lemma 3 shows that this definitions
are precise.

In section 3 we apply this method to normalize points in weighted projec-
tive spaces. A point p = [zo,...,x,] in the weighted projective space WPy, (K)
is said to be normalized if wged (xo,...,2,) = 1 and absolutely normalized if
weged (zo,...,7,) = 1. It turns out that these normalizations are unique up to
multiplication by a root of unity (cf. Lemma 7). Moreover, such normalization is
unique for well-formed weighted projective spaces. Normalizing point in a weighted
projective space this way gives a very efficient way of storing points in such spaces.
This idea was used in [4] and [2] to study the moduli space of genus 2 and genus 3
hyperelliptic curves.

In section 4 we shift our attention to introducing heights in weighted projective
spaces. The concept of height on a variety A over a number field K is a function H :
A(K) — R whose value at a point P € A(K') measures the arithmetic complexity of
P. There are two properties that one would want in a height function: i) there are
only finitely many points of bounded height, ii) geometric properties are somewhat
preserved.

Heights on projective spaces are well known in the literature; see [6] and [19]
among many others. They were used for the study of rational points on moduli
spaces of curves as in [18], [3] where the concept of the moduli height and absolute
moduli height was introduced. In this paper we want to introduce heights on the
weighted projective moduli space instead.

For a point P € P*(Q), we take integer projective coordinates P = [zg : - - : )]
with ged(zo,...,z,) = 1, then the height is defined as

H(P) = max {|zo|,...,|zn]}-

The definition can be extended to any number field K as follows

Hi(P)= [] max{|zolp*,....|zal}*}.
vEMg

where M is the set of norms in K and n, the local degree [K, : Q,]. As an
immediate consequence of the definition is the Northcott’s theorem, which says that
there are only finitely many points P € P"(K), with height bounded by a constant
B. A corollary of this statement is the Kronecker’s theorem which says that for
any o € K*, Hi(a) = 1 if and only if « is a root of unity. In other words, there
are only finitely many points of bounded height and bounded degree.

Let Vi be a projective subvariety of P*(K) and S C Vk. In arithmetic, height
functions are used in two main ways: i) To show that .S is finite, it is enough to
show that it is a set of bounded height, ii) if S is infinite, determine its density by
estimating the growth of the counting function N(S,B) = #{P € S : Hg(P) <
B}. The size of the set of points in P*(K) is estimated by Schanuel’s theorem.

Weil extended the definition of height to all projective varieties via ample di-
visors and provided an important connection between geometry and arithmetic.
Néron and Tate introduced canonical heights for Abelian varieties. Perhaps one
of the most popular uses of the machinery of heights is the proof of the Mordell-
Weil theorem: For any Abelian variety Ak, the set of K-points A(K) is a finitely
generated Abelian group. The main goal of this paper is to investigate how the
machinery of heights for projective spaces can be extended to weighted projective
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spaces. Whether the weighted projective height introduced here can be interpreted
in terms of blowups, along the lines of [19], will be the focus of future investigation.

Let o = (qo,.--,qn) be a set of weights and WP"(K) the weighted projective
space over a number field K and Mg the set of places of K. Let p € WP"(K) a
point such that p = [zg, ..., 2z,]. We define the weighted height of p as

ny
Bro s ( H max{ |x0| ey |@nldm }

vEMK
The weighted logarithmic height of the point p is defined as follows
n?)
o acp) = Togie(p) = Y- max {2 toga . }.
j

0<j<n
vEMEK

We will suppress the symbols v and K when there is no danger of confusion. We
prove that by (p) is well defined and hy(p) > 1. Moreover, if K = Q(wged (p))
then similarly to the projective space,

bic(p) = max { a2 }.

0<j<n
when p is normalized and if L/K is a finite extension, then by (p) = by (p YLK,
The absolute height of a point p € WP"(K) is defined as § : WP"(Q) — [1, o0)

for h(p) = b (p)YQ. It turns out that for weighted heights Q(wged (p)) plays
the role that the base field Q plays for regular projective height, see Prop. 5. This
is no surprise since the greatest common divisor is in Q for projective heights. We
are also able to consider the weighted heights through the Weil height, via the map
¢ WP (K) — P"(K), where

a a
[0y ..., Tn] — {xé%...w,‘i"]

where ¢ = qo---¢,. Then h(p) = H(qﬁ(p)%, see Lemma 9. As in the projective
space the weighted height is invariant under Galois conjugation. In other words,
for p € WP™(Q) and o € Gg we have h(p°) = bh(p) (cf. Lemma 10). In Thm. 1 we
prove an analogue of Northcott’s theorem for weighted heights.

The weighted height seems to provide a powerful tool in studying the arithmetic
properties of the weighted projective spaces. This could lead to many interesting
results in many applications of such spaces.

Acknowledgments: We want to thank J. Silverman and J. Ellenberg for insightful
comments and suggestions which significantly improved this paper.

2. WEIGHTED GREATEST COMMON DIVISORS

Let x = (x¢,...7,) € Z""! be a tuple of integers, not all equal to zero. Their
greatest common divisor, denoted by ged(xo, ..., x,), is defined as the largest in-
teger d such that d|z;, for all i =0,...,n

The concept of the weighted greatest common divisor of a tuple for the ring of
integers Z was defined in [14]. Let qo, ..., ¢, be positive integers. A set of weights
is called the ordered tuple w = (qo, ..., qn)-

Denote by r = ged(qo, - -.,qn) the greatest common divisor of qg,...,q,. A
weighted integer tuple is a tuple x = (xg,...,2,) € Z""! such that to each coor-
dinate x; is assigned the weight ¢;. We multiply weighted tuples by scalars A € Q
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via

Ak (2o, .., xn) = (A z0,..., A" xy,)
For an ordered tuple of integers x = (xg,...,2,) € Z""! whose coordinates are
not all zero, the weighted greatest common divisor with respect to the set
of weights tv is the largest integer d such that

dei

The first natural question arising from this definition is to know if such integer d
does exist for any tuple x = (zq,...,2,) € Z""1. Clearly, it does exist because
x; < d% for all i = 0,...,n and the largest integer is unique. We will denote by
weged (zg, . .., 2,) = wged (x).

Given an integer a and non-zero integer b, the integer part of the real number
is denoted by |¢]; that is, it is the unique integer satisfying:

xz;, foralli=0,...,n.

a:{%Jb—i—r, 0<r<hb.

The next result provides an algorithm to compute the weighted greatest common
divisor.

Proposition 1. For a weighted integer tuple x = (zg,...,y), with not all zero
entries, and with weights w = (qo,...,qs) let the factorization of the integers
xi, (1=0,...,n) into primes:

t
xi:Hp?j’j7 ij’izo,j:].,...,t
i=1

Then, the weighted greatest common divisor d = wged (x) is given by

t
(1) d=1]»"
j=1

where,
. Ay . .

(2) aj:mln{{J,z:O,...,n}andjzl,...,t.

4qi
Proof. If d% | x;, then d should be of the form H;Zl pfj for certain integers 8; > 0.
On the other hand, for every prime p; and since d% | x;, then

By < i—0,... n

i

Now, the proof is straightforward. O

In the next we illustrate the method by a toy example:
Example 1. Consider the set of weights wo = (3,2) and the tuple
x = (1440,700) = (2°-3%-5-7°,22.3°.5%.7) € Z°.
Then, wged (x) = d = 2% - 3%2 . 5% . 7% where

e 2] B} -5 -2 2] o
S (A A AT
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Then d = 2. [l

An integer tuple x = (xg,...,2,) € Z""! with wged (x) = 1 is called normal-
ized. For an integer tuple x = (xo,...,z,) exist integers (yo,...,yn) € Z"! such
that

ng(l‘o, . :Z?n) = ToYo 4+ oo+ TnYn-
For weights 1o = (qo, . . ., gn), we have that wged (x)| ged(x), say
ged(z) = A - wged (x).
Then,

wged (x) = (xj?) Yo + (%) Y+ (%") yni@f) Yi

Notice that each %t is an integer from the definition of the wged (x).

The absolute weighted greatest common divisor of an integer tuple x =
(zo,...,2Tn) with respect to the set of weights to = (qo,...,q,) is the largest real
number d such that

d%eZ and d¥

xi, foralli=0,...n.

Again, the natural question arising from this new definition is to know if such real
number d does exist for any tuple x = (zg,...,2,) € Z"". Since z; < d% and
there are a finite number of divisors of x;, for all = 0,...,n, so we are looking for
the largest real number of finite set of numbers and, the largest is unique. We will
denote by the absolute weighted greatest common divisor by wged (zg, .. ., zy).

In order to provide a method to compute the wged (zo,...,z,), we need the
following technical elementary result.

Lemma 1. Let d € RY a positive real number. If there exists a positive integer
m such that d™ is a positive integer, then d = z'/™ for some positive integer z.
Moreover if m is the smallest integer such that d™ is a positive integer, then any
positive integer q verifying d? is a positive integer, is a multiple of m.

The next result provides a method to compute the absolute weighted greatest
common divisor:

Proposition 2. For a weighted integer tuple x = (zg,...,y), with not all zero
entries, with weights w = (qo, ..., qn) let the factorization of the integers x;, (i =
0,...,n) into primes:

t
xi:Hp?j,i7 aj,izovjzla"'at
j=1
Then, the absolute weighted greatest common divisor d = wged (x) is given by

t
i~ (I
j=1

where, ¢ = ged(qo, -+ qn), ¢ =4q- G and

o
ajmin{{”J,iO,...,n} andj=1,...,t.
4i

1
q
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Proof. From Lemma 1 we have that d? | x;,4=0,...,n. Then d should be of the

1
form d = <H§:1 p?j) * for certain integers 3; > 0. On the other hand, for every

prime p; and since d%

x;, then
Bj <

Again, the rest of the proof is immediate.

O
g .
—— 1=0,...,n.
qi

Example 2. Consider the set of weights wo = (6,8) and the tuple

X = (215 . 512 226 . 513) c ZQ.
Then q = ged(6,8) =2, p1 =2, p2 =5, t =2 and §1 = 3,32 = 4. Then, wged (x) =
d= (2™ -50‘2)%, where

om[E] (2} onmmnf[ 2] 2]} -5

Hence d = 2% - 52 = /25 .53, On the other hand, wged (x) = 22 -5. As expected,
wged (x) < wged (x).
The next example comes from the theory of invariants of binary sextics. The

moduli space of binary sextics correspond to a weighted projective space with
weights o = (2,4, 6, 10).

Example 3. Consider the set of weights wo = (2,4,6,10) and a tuple
x=(3-5%3%-5%,3.5%3%.5'%) e 2.
Then, wged (x) =5 and  wged (x) = 5- /3.

An integer tuple x with wged (x) = 1 is called absolutely normalized. We
summarize in the following lemma.

Lemma 2. For any weighted integral tuple x = (zo,...,z,) € Z" ' such that
w(z;) = qi, i = 0,...,n, the tuple y = * X, 1s integral and normalized.
1
weged (x)

1
wged (x)

Moreover, the tuple y = * X, 15 also integral and absolutely normalized.

Normalized tuples are unique up to a multiplication of g-root of unity (cf.
Lemma 7), where ¢ = ged(qo,...,qn). It is worth noting that a normalized tu-
ple is a tuple with "smallest” integer coordinates (up to multiplication by a unit).
We will explore this idea of the "smallest coordinates” in the coming sections.

There are a few natural questions that arise with the weighted greatest common
divisor of a tuple of integers. We briefly discuss the two main ones:

Problem 1: The greatest common divisor can be computed in polynomial time
using the Euclidean algorithm. Determine the fastest way to compute the weighted
greatest common divisor and the absolute weighted greatest common divisor.

Problem 2: The greatest common divisor is uniquely determined for unique fac-
torization domains. Define the concept of the weighted greatest common divisor in
terms of ring theory and determine the largest class of rings where it is uniquely
defined (up to multiplication by a unit).
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2.1. Complexity of computing the weighted greatest common divisor.

Let x = (z0,..., ..., 2,) € Z"! and weights 0 = (qo,...,qs). Then Prop. 1
and Prop. 2 provide a method to compute wged (x) and wged (x) (respectively) for
weights w0 = (qo, . .., qn). In both, we have to compute the integer factorization into

primes of all elements of the tuple x. Of course, this is not very efficient comparing
with the computation of ged(x)). On the other hand, there are several indications
that we can not avoid factoring. For instance, we have that wged (0,...,0,,) is
wegced (z,), then we are looking for the largest factor d of x,, such that d? divides
T

Alternatively, we can factor only an integer, instead of n + 1, and then recom-
bining factors in an appropriate and clever way gives us the following.

Lemma 3. With the above notation, let g = ged(xo, ..., x,) and g = [[;_, pj* its
prime factorization.
(1) Fori=1,...,r, let

ﬁizmin{riJ :j:0,...,n}.
a;

Then, the weighted greatest common divisor d = wged (x) is given by

T
d=]]r,
=1

where «; are the largest integers such that d% divides x; and a; < 0;.
(2) Let g =gcd(qo,.--1qn), ¢j=q-q;,j=0,...,nand fori=1,...,r let

Bi:min{{fiJ ,j:O,...,n}
q;

Then, the absolute weighted greatest common divisor d = wged (x) is

1

(i)
i=1

where «; are the largest integers such that d% divides x; and o; < B;.

Proof. To prove 1) we have that d% divides z;, then d divides z; and it implies d
divides g. Now, the proof is straightforward. To prove 2) we have that d% divides
z; and from Lemma 1, d? divides x; and it implies that d? divides g. The rest proof
is immediate. O

It is well known that the number of divisors D(m) of integer m is m°"). So, in
the worst case the previous result Lemma 3 get an exponential time complexity.

2.2. Weighted greatest common divisor over general rings. Let R be a
commutative ring with identity. Consider the set of weights v = (qg,...,¢n) as in
the previous section and a tuple x € R"*!. For any a € R, the ideal generated by
a is denoted by (). The weighted greatest common divisor ideal is defined

as
I= () ¥
(pi)D(ws)
over all primes p in R. If R is a PID then the wged (x) is the generator of the
principal ideal J(x). In general, for R a unique factorization domain, for any point
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x=(x1,...,2,) € R"™ we let r = ged(xo, . .., x,). Factor r as a product of primes,
say r =u - Hle p;, where u is a unit and pq,...ps are primes. Then the weighted
ged wged (x) is defined as

weed (x) = [] »
Péi;z
Thus, the weighted ged (as the common ged) is defined up to multiplication by a
unit. The absolute weighted greatest common divisor ideal is defined as

k= (1 »

(P %L> D(x4)
over all primes p in R.

The above definitions can be generalized to GCD domains which we now define.
An integral domain R is called a GCD domain if any two elements of R have a
greatest common divisor. Examples of GCD-domains include unique factorization
domains and valuation domains, see [11] for more details.

2.3. Generalized weighted greatest common divisors. Following on the ideas
of [19] we give a brief review of the generalized greatest common divisors and how
they can be defined for weighted greatest common divisors as well. Let k£ be a
number field, Oy, its ring of integers, M} the set of absolute values of k, M,S all
non-archimedian places, and M° archimedian places of Mj,.

For any two elements «, 8 € O the greatest common divisor is defined as

(3) ged(a,§) = [ printe(@:
p€O0
where v, is the valuation corresponding to the prime p; see [19] for details. The
logarithmic ged is
(4) logged(a, ) = Y min{v(a),v(8)}
veMy

For a valuation v € My, define

()
The generalized logarithmic greatest common divisor of two elements «, 8 €

k is defined as
(6) hgea(a, 8) = Y min{v"(a),r*(6)}.

I/EMk

vtk — 0,00,
a — max{v(a),0}.

Notice that v can be viewed as a height function on P*(k) = k U {00}, where we
set v (00) = 0, see [19]. This leads to the generalized logarithmic greatest common
divisor being viewed also as a height function:

G, : P* x P! — [0, oc]
(@, f) = min{r™ (@), v (8)}

In view of the above we have

hgea(e, B) = Y G,

veEM;,
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A theoretical interpretation of the function G, in terms of blowups was given in
[19].

Lemma 4. For a weighted integer tuple x = (xq,...,2,) € (’)ZJrl the weighted
greatest common divisor is given by

wged o, (x) = H pmin{ 2 o[ 2 |}

pEO0y

Proof. The proof is elementary. From Prop. 1 we have that

wged H p] ,

J |i=0,. }, for each j = 1,...,t. But aj; = vp(x;),
for each i =0,...,n. The rest follows.

where a; ; = min { {

d
As above, the logarithmic weighted greatest common divisor is

log wged (x) = 3 minH’WJ7 Vp((;jn)J}

veMp do
Consider now x = (g, ..., 7,) € k! with weights w = (go, ..., ¢,). The gener-
alized weighted greatest common divisor is defined as follows

win{ |22 ... | e |}
=I]»

p€O

wgcd

and the logarithmic weighted greatest common divisor is

log hygea (x) = Y minHV;(IO)J’ V;q(jm”

veM do
Let ¢ = ged(qo, - - -, qn) and §; = %. Hence, we get a new set of well-formed weights
q= (QOa(jlw . aqn)
The factorization of coordinates of x into primes is x; = Hpeok, pv (@) for
i =0,...,n. Then we have:

Lemma 5. The absolute weighted greatest common divisor is

M(X): H pmin{[%J,..VL%J}

PEOK

Proof. The proof is similar to the previous Lemma, but using Prop. 2.
O
Accordingly we define the generalized absolute weighted greatest common

divisor by vE (o) vt (@n)
ol L)

PEOk

wgcd
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and the logarithmic absolute weighted greatest common divisor is
log hyged (x) = Z min{ {V;(%)J et {WJ }
ven? do dn
Let us see an example.
Example 4. Let v = (2,4,6,10) and p € WP, (Q) such that
p=[2%.32.73,25.37.7,27.37. 73,211 . 313 . 7],
Then wged (p) = 2 -3 and wged (p) = 2 - 3. The normalized point is
p=1[2-72-3.7,2.3.7%,2.3%. 7%
Using the previous two lemmas we have
wged (p) = 2% -3%2.7% =2.3.70 =23,

where

o3 ] 5 20 2 51
-2 [ 33

Similarly for wged we have
1 1
wged (p) = (2,@1 . 3P2 _763)2 — (22 .32, 70)2 -2.3,

where

o= 213 3] |5 ] = { 2] 5] 5] |2
sl 113 )

Of course this is no surprise sine the normalization p can be seen easily that is
absolutely normalized. U

3. NORMALIZED POINTS IN WEIGHTED PROJECTIVE SPACES

Let K be a field and (qo,...,qn) € Z"! a set of weights. Consider the action
of K* = K\ {0} on A""(K) as follows

(8) Ax (2o, ..y xn) = (AN xg, ..., A2,

for A € K*. The quotient of this action is called a weighted projective space
and denoted by WP, (K). The space WP(; _1)(K) is the usual projective
space. The space WP is called well-formed if

ged(qgoy -y Giy- -y qn) =1, foreach i=0,...,n.

While most of the papers on weighted projective spaces are on well-formed spaces,
we do not assume that here. We will denote a point p € WP, (K) by p = [z : 21 :
).

Weighted projective spaces are interesting since we can present a non singular
algebraic variety as a hypersurface in a weighted projective space and deal with it
as it would be a nonsingular hypersurface in a weighted projective space. For more
on weighted projective spaces one can check [1,5,7-9,20] among many others.
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In projective spaces, by means of the Veronese embedding, we could embed the
same variety in different projective spaces. It turns out that we can do the same
for varieties embedded in weighted projective spaces.

As above we let k be a field. Let R = @®;>0R; be a graded ring. We further
assume that

(i) Ry = k is the ground field
(ii) R is finitely generated as a ring over k

(iii) R is an integral domain

Consider the polynomial ring k[zg, ..., x,] where each z; has weight wt z; = ¢;.
Every polynomial is a sum of monomials 2™ = [[a" with weight wt(z™) =
> m;q;. A polynomial f is weighted homogenous of weight m if every mono-
mial of f has weight m.

An ideal in a graded ring I C R is called graded or weighted homogenous
if I = ®,>0l,, where I, = I N R,. Hence, R = k[zo,...,zy,]/I, where deg z; = ¢;
and I is a homogenous prime ideal.

To the prime ideal I corresponds an irreducible affine variety CX = Spec R =
V,(I) c An+t,

Definition 1. A polynomial f(zo,...,x,) is called weighted homogenous of
degree d if it satisfies the following

FOPzg ANz, Az,) = N f(xg, ..., 2p).
Let us consider a simple example of weighted homogenous polynomials.

Example 5. Let us consider a binary weighted form with weighted degree d and let
w = (qo,q1) be respectively the weights of xo and x1. Then

f(xo,z1) = Z Ay a, xLx P, such that dogo + diqyn = d
do,d1

and in decreasing powers of xg we have

dy d/Ql

— d/‘]() do
f(xo,m1) = agjqe 079’ ™" + 0+ Adgd, To° T+ F @0,/ Ty

1

By dividing this polynomial with x‘f/q and making a change of coordinates X =

qr /.90
xft /2{° we get

_ d/‘]O do ,.d1 d/‘h
f(@0,71) = agq,070" " + +++ + Qdg,dy o TT" + -+ + A0/, T
d
9 il ot
) = 0d/g0,0 g7gy T T Qdodr —g7o— T T do,d/q,
Ty Ty

= ad/quXd/lJoth 4. +a/do,d1Xd0/QI ot ag,ag = f(X)

Notice that the condition f(P) = 0 is defined on the equivalence classes of
Eq. (8). We define the quotient V,(I)\{0} by the above equivalence by V},(I), where
h stands for homogenous. Then, we denote X = Proj R = V(I) C WP (k). Tt is
a projective variety. Notice that C' X above is the affine cone over the projective
variety V3 (I).

Next we will define truncated rings and see the role that they play in the Veronese
embedding. Define the d’th truncated ring RI% ¢ R by

R = D R, = P Rai,

d|n >0
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Hence, Rl is a graded ring and the elements have degree di in R and degree i in
R If R is a graded ring then its subring R is called the d-th Veronese subring.

Example 6. Let R = k[z,y] with wt(z) = wt(y) = 1. Then,

R = @D Rai = @ { F(@,) € Ko, 9] | deg () =2}

i>0 i>0

Notice that the even degree polynomials in k[z,y] are generated by x2, xy, and y?
hence we have that

R = k22, xy, y?] = klu, v, w] /(uw — v?)
Now, if we consider the projective spaces we have that
Proj (klz,y]) =Py = P!
while
Proj (k[u, v, w]/(uw — v*)) = V(uw — v*) C Py 1,1y = P?
Hence we have that,
P! (k) = Proj(k[z,y]) = Proj (klz,y]*) C P*(k).

This is exactly the degree-2 Veronese embedding of P(k) — P?(k). The truncation
of graded Tings in this case corresponds to the degree-2 Veronese embedding.

The proof of the following lemma can be found in [9].
Lemma 6. Let R be a graded ring and d € N. Then,
Proj R = Proj Rl¥

For some large enough N and using the above Lemma 6 we can embed a weighted
projective space WP,, into a “straight ” projective space PV,

Proposition 3. Consider the weighted polynomial ring R = klxo,...,x,] , where
qo, - - - , qn are positive integers such that the weight of x; is ¢; and d = ged(qo, - - -, qn)-
The following are true:

i) R = R. Thus,

W, g0y (F) = WEYyy oy (R).
i1) Suppose that qq, . . . , ¢, have no common factor, and that d is a common factor

of all a; for i # j (and therefore coprime to a;). Then the d’th truncation of R is
the polynomial ring

d d
R[ ] = k[l‘o, . ,xj_l,xj,xj+1, ce ,.’En].
Thus, in this case

WP?‘107~~,qn)(R) = WP?LO %T—l’q.ym i)(R[d])'
In particular by passing to a truncation R% of R which is a polynomial ring
generated by pure powers of x;, we can always write any weighted projective space
as a well formed weighted projective space.
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Proof. 1) If d|g; for all i = 0,...,n then the degree of every monomial is divisible
by d and so part i) is obvious. Hence, the truncation does not change anything.

ii) Since d|g; for every i # j then z; € Rl for every i # j. But the only way that
x; can occur in a monomial with degree divisible by d is as a d’th power. Given

R=Fk[zo,...,xj,..., 2]
then
Rl = k:[xo,...,x;l,...,xn]

and

WP, g () = Proj kylzo,...,x5,...,2n] = Proj kyyalzo, ... ,x?, ey X

(g0,--
:Wp?qjo,”-’q]‘%q_ 94541 )(R[d])

an
Hjs =g T g

This completes the proof. O

Hence, the above result shows that any weighted projective space is isomorphic
to a well formed weighted projective space.

For the rest of this paper we will always assume that R is the ring of integers Oy,
for some number field k. We will call a point p € O} a normalized point if the
weighted greatest common divisor of its coordinates is 1. Similarly an absolutely
normalized point is called a point p such that wged (p) = 1.

Lemma 7. Let w = (qo,...,qn) be a set of weights and ¢ = ged(qo, - .., qn). For
any point p € WP? (k), there exists its normalization given by

1
wged (p)
Moreover, this normalization is unique up to a multiplication by a q-root of unity.

q= *P.

Proof. Let p=[xo:...,x,) € WP, (k) and py = [ag: -+ : ] and po = [Bp: -+ :
Bn] two different normalizations of p. Then exists non-zero A1, A € k such that

P = A xp1 = Ay x P2,
or in other words
(xo,...,l'n) = (Xll“ao,...,)\‘{iai,...) = ()\ZOﬁO”)\gzﬁ“)

Thus,

(s vy ey ) = (r8g, ... 7By I B, .
forr = i—f € k. Thus, r% = 1foralli =0,...,n. Therefore, 77 = 1. This completes
the proof. O

Thus we have the following:

Corollary 1. Points in a well-formed weighted projective space WP, (k) have
unique normalizations.

Here is an example which illustrates Lemma 7.

Example 7. Let p = [xo, 71,22, 23] € WP?2,4,6,10) (Q) be a normalized point.
Hence,
weed (zg, 21, T2, x3) = 1.
Since ¢ = ged(2,4,6,10) = 2, then we can take v such that r*> = 1. Hence, r = +1.
Therefore, the point
(—1) *p = [—ZL’O 1X1 L —T9 —.’Eg]
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is also normalized.
However, if p = [xo,x1, T2, 23] € W]P’z()’u’&@(@) is mormalized then it is unique,
unless some of the coordinates are zero. For example the points [0,1,0,0] and

[0,—1,0,0] are equivalent to each other yet each is normalized.
O

Thus, the weighted greatest common divisor gives us a very nice and efficient
way to represent point in weighted moduli spaces via normalized points. Such
normalized points have as small coefficients as possible. We define the magnitude
or naive height of a point p € WPy, (k) as

1 a
(10) a(p) = e { o[ .. [ |
where x,...,x; are the coordinates of the normalized point.

Lemma 8. Let to be a set of weights, k a number field, and WP (k) a well-formed
weighted projective space. Then the function

(11) s WPL (k) = R
is well defined.

Proof. Since WP}, (k) is well-formed then from Cor. 1 for each point p € WP}, (k)
its normalization is unique. The rest follows.
O

The above function s provides a nice way to order points in WP (k). Moreover,
each point in a well-formed space WP}, (k) is now uniquely represented with ”small”
coefficients. This idea, first suggested in [14] was explored in [4] and [2] to create a
database and hyperelliptic curves of genus g = 2, 3.

Of course, the values of s change as the field is extended. We see an example
below.

Example 8. Let o = (2,3,5) and p = [7:0: 0] € WPZ(Q). Then wged g(p) =1
and its normalization is p = p. Hence, sg(p) = /7.

Consider now the field K = Q(v/7) and the same pointp = [7:0: 0] € W}P’fn (K).
Then wged (p) = /7 and the normalization of p is p = [1 : 0 : 0]. Hence,

SK(]J) =1.
O

So a different measuring of the size of points in WPy, (k) is needed which behaves
similarly to a height function on the regular projective space P"(k). We explore
this in the next section.

4. HEIGHTS ON THE WEIGHTED PROJECTIVE SPACE

In our attempt to define a height on the weighted projective space we fix the
following notation for the rest of the paper.

k is a number field.

Oy ring of integers of k.

M, a complete set of absolute values of k

M} the set of all non-archimedian places in My,
Mg the set of archimedian places
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X/k a smooth projective variety defined over k.

Let k be a given number field, O its ring of integers, and M}, the set of absolute
values on k. For a place v € My, the corresponding absolute value is denoted by
| - |, normalized with respect to k such that the product formula holds and the
WEeil height is

H(z) = [ [ max{1, |z[,}.

For a point x € k™! and a place v € My we define |x|, = max; |x;|,. For
x=(xg: - :xy) € P"(k) we have the height of x defined as

H(x) = [[max{|zolv, ..., |znl} = [ 2]

Because of the product formula, the height of x is well defined.
Let k be an algebraic number field and [k : Q] = n. With M}, we will denote the
set of all absolute values in K. For v € My, the local degree at v, denoted n,, is

Ny = [k'u : QU]
where K,,,Q, are the completions with respect to v. Let L/k be an extension of
number fields, and let v € M be an absolute value on k. Then

> [Lw ko] = [L: K]

weMry,
wlv

is known as the degree formula. For = € k* we have the product formula

(12) I lal =1.

veE My

Given a point p € P*(Q) with p = [zo,...,7,], the field of definition of p is

x T

Tj Ly
for any j such that z; # 0. Next we try to generalize some of these concepts for
the weighted projective spaces WP, (k).

Let w = (qo,-..,qn) be a set of heights and WP" (k) the weighted projective
space over a number field k. Let p € WP"(k) a point such that p = [zg,...,Z,].
Without any loss of generality we can assume that p is normalized.

The field of absolute normalization of p is defined as Q (wged (p)).

Definition 2. Let v = (qo,...,qn) be a set of weights and WP" (k) the weighted
projective space over a number field k. Let p € WP"(k) a point such that p =
[0, ..., xn]. We define the weighted multiplicative height of P as

(13) be(p) = [ max{ |x0|:°,...,|xn|gn}
vE My
The logarithmic height of the point p is defined as follows
Ty
(14) Vo) = loghelo) = 3 g {2 togasl, |

0<j<n | @
vE My =7= 4

Next we will give some basic properties of heights functions.
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Proposition 4. Let k be a number field and p € WP"(k) with weights w =
(qos---+Gn). Then the following are true:

i) The height b (p) is well defined, in other words it does not depend on the
choice of coordinates of p

ii) by (p) > 1.

Proof. i) Let p = [xg,...,2,] € WP"(k). Since p is a point in the weighted
projective space, any other choice of homogenous coordinates for p has the form
[Aoxg, ..., Ax,], where A € k*. Then
Ny /qq',}
I1 1

e (N°z0,. .., AT ay,]) = max { (A%,
v g { led o}
vEMy,

0<i<n
k
H [Alne ] - max { |
0<i<n
vEM}, vEM},

Zv/qq: })
Applying the product formula we have
brc (Nwos - Maal) = T max {faali/* } = bre(p)

0<i<n
vEMg

ve

This completes the proof of the first part.
ii) For every point p € WP" (k) we can find a representative p’ of p with weighted

homogenous coordinates such that one of the coordinates is 1. Assume, that p =
1

[€o:...:x; -+ x,] such that x; # 0. Then take p’ = A xp, where A = (i)qf
and p' =[yo:...:1:---:y,], where
_4
Y =25 T, 4

for j =0,...,n and j # i. The the height is

bk(p/) = H max{ |zo :}lu/qo, e |1.n|;7'v/qn}
vEMy,
= H maX{ 17|y0 Zv/qo""’|yn :}Lv/qn}.
vEMj,

Hence, every factor in the product is at least 1. Therefore, b, (P) > 1.
U
Let us see an example.

Example 9. Consider the set of weights to = (2,3,5) and the point p = [7: 0 :
0] € WPy (Q). Then, wged z(p) =1 and

0o (p) = max { v/[7]7, /I0Fr, §/[07 } - maox { /[7]ec, /100, /100 }
= max{\/z,Ll} -max{\ﬁ,Ll} =7

Let us now consider K = Q(v/7). Then, wged o, (p) = V7 and over K we have
1
p= \F *

[7:0:0]=[1:0:0],
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50 b (p) = 1. O

From the Definition 2 we see that s, ca be defined as

(15) H max{ |x0|nv .

and
(16) 0u(w) = on(p) - [T max{ Jaal ..o ool |
1)6]V19
Let 1o, k be as above and p € WP" (k) such that p = [xg : z1 : ... : 2,]. Denote

by K = k(wged (p)). Then, over K, the weighted greatest common divisor is the
same as the absolute greatest common divisor,
weged g (p) = wged g (p).
Moreover, [K : k] < co and we have the following.
Proposition 5. Let w, K = Q(wgcd (p)), and p € WP™(K), say p = [xo : z1 :

1 xp]. Then the following are true:
i) If p is normalized in K, then

(17) D1 (P) = Do (p) = max { Jasf2s/o}.

0<i<

it) If L/ K is a finite extension, then

(18) hr(p) = hK(P)[L:K]-

Proof. Letp = [xo,...,x,] € WP"(K). Then, p will have a representative [yo, . . ., Yn]
such that y; € Ok for all i = 0,...,n and wged (yo, ..., yn) = 1. With such rep-
resentative for the coordinates of p, the non-Archimedean absolute values give no
contribution to the height, and we obtain

b (p) = max { |xj|gcv/qj}

0<j<n

ii) Let L be a finite extension of k and My, the corresponding set of absolute
values. Then,

hr(p) = max { |;vi|ffjw/m} H H max { \xi\ﬁw/m}, (since z; € k)

0<i<n 0<z§n
weMy, vEMR weM
w|v
iy [LiK]
= max < |ziy * ) (degree formula)
0<i<n
vE My

[L:k]
_ ,nv/‘h — [Lk]
=TT goax {Jaale/*} " = bu(v)
vEM, T T

This completes the proof. O

Corollary 2. If p is absolutely normalized over a number field k then

be(P) = boo(p) = sk(p).

The next example illustrates the previous Proposition.
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Example 10. Let v = (2,4) and p = [5-3,5% - 7]. Then wged (5 - 3,5% - 7) = 1.
The height ho(p) is

1 1 1 1
1\2 1\* 1\2 1\*
bo(p) = max{(5> , (25> } - max { (3) ,1} - max {1, (7) } -(5-3)
1
1 2
= (5) -(5-3)2 = V3.
The absolute weighted greatest common divisor is

weed (5-3,5%-7) = V5.

Nl=

S

Let K = Q(\/5) and compute b (p). Over K the point p is p = [3: 7). Then
brc(p) = max { 322, 712} = max{3, 7} = 3,
as expected from Prop. 5, ii). O
Let ¢ = qoq1 - - - ¢ and consider the map

b WP™(k) — P"(k)
(19)

9 a
[Zoy. .. xn] — {xgo,...,xfﬁ}

Lemma 9. Given ¢ and q satisfying the above conditions we have
i) ¢ is well-defined

ii) b (p) = Ho(o(p))7

Proof. Let x = [zg,...,2,] and ¥y = [yo, - ..,Yn] be points in WP" such that x =
Axy. Then, x = [A®yg, ..., A"y,] and

P(x) = {X’y{fq‘%~-dqyﬁqﬂ = ¢(y).

Let p = [xo,...,2,] and p = ¢(p). For the second part, by definition we have that

w01 T[ {5}

veEM;,

and

Then, we have the following

1/q
/ g | 1 |
(H@m) " = < IT o { o }) =TT wax{fer| } =
veM; v veEM;, v
Therefore, we get hg(p)? = Ho(o(p))- O

Corollary 3. The following holds for logarithmic heights
qlogh(p) = log H (o (p).
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Using Prop. 5, part ii), we can define the height on WP"(Q). The height of a

point on WP"(Q) is called the absolute (multiplicative) weighted height and
is the function

b : WP™(Q) — [1,00)
where p € WP™(K), for any K which contains Q(wgcd (p)). The absolute (loga-

rithmic) weighted height on WP"(Q) is the function
~/ n/ =
b : WP™(Q) — [0, 00)

b (p) = log b(p) =

Lemma 10. The height is invariant under Galois conjugation. In other words, for

p € WP™(Q) and o € Gg we have h(p°) = h(p).

Proof. Let p = [xo,...,2,] € WP"(Q). Let K be a finite Galois extension of Q
such that p € WP™(K). Let 0 € Gg. Then o gives an isomorphism

oc: K — K°
and also identifies the sets Mg, and Mgo as follows
o: Mg — Mgo
v — 07

Hence, for every z € K and v € Mg, we have |z7|,s = |z|,. Obviously o gives as
well an isomorphism

oc: K, — K7,
Therefore n, = nyo, where n,e = [KZ% : Q,]. Then
Py = oo
hK ( ) O%lzagxn |Iz ‘w
weEMpo
_ o nyo /q; _ ; nv/qi} —
max {27337/ } max { [aif} Bic(p)

vEM vEMK

This completes the proof. O

Given p € WP"(K) as p = [xo, ..., Zn] the field of definition of p is defined as

o —@<<?>1(§)>

Notice that Q(p) is the field containing all the liftings of the field Q(¢(p)). In
other words adjoining all the g-roots to the minimal field of definition Q(4(p)) of
¢(p) € B™.

Lemma 11. For any point p € WP (Q), we have
[Q(p) : Q] < ¢ [Qe(p)) : Q]

Proof. The proof follows from the fact that for every coordinate we have to possibly
adjoin at most a g-th root of unity.
d
The following result is analogue to Northcott’s theorem for weighted projective
spaces.
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Theorem 1. Let ¢y and dg be constants and WP, (Q) the weighted projective space
with weights vo = (qo,-..,qn). Then the set

{p € WPL(Q) : ho(p) < co and [Q(p) : Q] < do}
contains only finitely many points.

Proof. The proof is a direct consequence of Northcott’s theorem for projective
spaces and Lemma 9. Let ¢ = qoq1 - - - ¢», and consider the map ¢ : WP" (k) — P (k)
as defined in Eq. (19). From Northcott’s theorem for projective spaces we have that
if Cp = ¢d and Dy = %do are constants and P"(Q) a projective space, then the set

{o(p) € P*(Q) : H(¢(p)) < Co and [Q(&(p)) : Q] < Do},

contains only finitely many points ¢(p). From Lemma 9 we have that

bo(p) = Ho(6(p))F < C = co.
Also,
Q(p) : Q] < q-[Q(é(p)) : Q] < q- Doy = do.

Since ¢ is a finite degree map, then are only finitely many points p € WP (Q)
satisfying the above conditions. This completes the proof.
O
The following theorem is a more practical result especially from the computa-
tional point of view.

Corollary 4. There are finitely many absolutely normalized points p € WP (Q)
of bounded height. In other words,

{p € WPL(Q) : bo(p) < o}
is a finite set for any constant cg.

Proof. Since p is absolutely normalized then wged (p) = 1. In this case Q(p) = Q.
The result follows from the above theorem.
O

Corollary 5. For any number field K, the set
{p e WP (K): Q(p) C K and br(p) < co},

is a finite set.

Proof. Since Q(p) C K then p is absolutely normalized WP}, (K'). The result follows
from the above.
O
The next result is the analogue of what is called Kronecker’s theorem for heights
on projective spaces.

Theorem 2. Let K be a number field, and let p = [xo : - - : ] € WP, (K), where
v = (qo,...,qn). Fir any i with z; # 0. Then h(p) = 1 if the ratio x;/&" , where

7 7
& s the g;-th root of unity of x;, is a root of unity or zero for every 0 < j <n and

J# i
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Proof. Let p = [xg : -+t x; -+ xy] € WP(K). Assume z; # 0. Adjoin the
¢;-th root of unity to x;. Hence, let z; = &' so that wt(§;) = 1. Without loss of
generality we can divide the coordinates of p by &, for j # i, and then we have

i) x

- @7..., 7...,8Tnn
For simplicity let p = [yo : -+ : 1 : --- : y,]. If y; is a root of unity for every
0<Il<mnandl#ithen |y, =1 for every v € Mk. Hence, h(p) = 1. O

It remains the goal of further investigation to see if precise upper bounds for the
Northcott’s theorem obtained in [16] and [17] for projective spaces can be extended
to weighted projective spaces.

5. CONCLUDING REMARKS

The weighted greatest common divisors are a natural extension of the concept
of greatest common divisors to weighted tuples. Wether the usual properties of the
greatest common divisors for Dedekind Domains can be extended to the weighted
greatest common divisors is a natural question that needs further study. Even more
generally how the ideal calculus ([15, Appendix A] ) can be generalized in terms of
weighted ideals? For example, can Lemma 5 and Lemma 6 in [15] be generalized
for weighted greatest common divisors?

From the computational point of view it seems as there is no escape from the fact
that to compute the weighted greatest common divisor one has to factor integers
into primes. However, this is a problem that surely will be further investigated.

The theory of heights is fundamental in arithmetic geometry and heights for
weighted projective spaces provide powerful tools to study rational points in such
spaces or on weighted Abelian varieties. The weighted projective height has the
basic properties of the projective height. Whether this can be used to fully develop
an arithmetic geometry machinery over weighted projective spaces remains to be
seen.

REFERENCES

[1] Mauro Beltrametti and Lorenzo Robbiano, Introduction to the theory of weighted projective
spaces, Exposition. Math. 4 (1986), no. 2, 111-162. MR879909

[2] L. Beshaj and M. Polak, On hyperelliptic curves of genus 3, Algebraic curves and their
applications, 2019, pp. 161-173. MR3916739

[3] Lubjana Beshaj, Absolute reduction of binary forms, Albanian J. Math. 12 (2018), no. 1,
36-77. MR3914348

[4] Lubjana Beshaj and Scott Guest, The weighted moduli space of binary sextics, Algebraic
curves and their applications, 2019, pp. 33-44. MR3916733

[5] Gilberto Bini, Quotients of hypersurfaces in weighted projective space, Adv. Geom. 11 (2011),
no. 4, 6563-667. MR2852925

(6] Enrico Bombieri and Walter Gubler, Heights in Diophantine geometry, New Mathematical
Monographs, vol. 4, Cambridge University Press, Cambridge, 2006. MR2216774

[7] Alexandru Buium, Weighted projective spaces as ample divisors, Rev. Roumaine Math. Pures
Appl. 26 (1981), no. 6, 833-842. MR627828

[8] An-Wen Deng, Rational points on weighted projective spaces, arXiv preprint math (1998).

[9] Igor Dolgachev, Weighted projective varieties, Group actions and vector fields (Vancouver,
B.C., 1981), 1982, pp. 34-71. MR704986

[10] Jun-ichi Igusa, Arithmetic variety of moduli for genus two, Ann. of Math. (2) 72 (1960),
612-649. MR0114819
[11] Irving Kaplansky, Commutative rings, The University of Chicago Press, 1974.



22

(12]

(13]

[14]
(15]
[16]
(17]
(18]
(19]

20]

L. BESHAJ, J. GUTIERREZ, T. SHASKA

A. Malmendier and T. Shaska, From hyperelliptic to superelliptic curves, Albanian J. Math.
13 (2019), no. 1, 107-200. MR3978315

Andreas Malmendier and Tony Shaska, A universal genus-two curve from Siegel modular
forms, SIGMA Symmetry Integrability Geom. Methods Appl. 13 (2017), Paper No. 089, 17.
MR3731039

Jorgo Mandili and Tony Shaska, Computing heights on weighted projective spaces, Algebraic
curves and their applications, 2019, pp. 149-160. MR3916738

Aharon Razon, Primitive recursive decidability for large rings of algebraic integers., Albanian
J. Math. 13 (2019), no. 1, 1-91 (English).

Wolfgang M. Schmidt, Northcott’s theorem on heights. I. A general estimate, Monatsh. Math.
115 (1993), no. 1-2, 169-181. MR1223249

, Northcott’s theorem on heights. II. The quadratic case, Acta Arith. 70 (1995), no. 4,
343-375. MR1330740

T. Shaska and L. Beshaj, Heights on algebraic curves, Advances on superelliptic curves and
their applications, 2015, pp. 137-175. MR3525576

Joseph H. Silverman, Generalized greatest common divisors, divisibility sequences, and Vo-
jta’s congecture for blowups, Monatsh. Math. 145 (2005), no. 4, 333-350. MR2162351
Hsian-Hua Tseng, On gromov-witten theory of toric gerbes, Albanian J. Math. 14 (2020),
no. 1, 03-26.




