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LOCAL AND GLOBAL HEIGHTS ON WEIGHTED
PROJECTIVE VARIETIES

SAJAD SALAMI AND TONY SHASKA

ABSTRACT. We investigate local and global weighted heights a-la Weil for
weighted projective spaces via Cartier and Weil divisors and extend the
definition of weighted heights on weighted projective spaces from [5] to
weighted varieties and closed subvarieties. We prove that any line bundle
on a weighted variety admits a locally bounded weighted M-metric. Using
this fact, we define local and global weighted heights for weighted varieties
in weighted projective spaces and their closed subschemes, and show their
fundamental properties.

1. INTRODUCTION

Let 9 = (qo, - ,qn) be a tuple of weights and Py . the weighted projective
e called weighted
height, and proved that such height satisfies basic properties of projective heights.
This definition of weighted heights was motivated not only by its computational

advantages, but also because such heights are more natural since they are defined

space over a field k. In [5] was introduced a new height on P

on IE”;LJC and not on some projective space P} via the Veronese embedding. Such
heights have been used in several computations in the moduli space of curves,
rational functions; see [6,8,16] and are a very useful tool in using machine learning
techniques in algebraic and arithmetic geometry. However, no complete theory
of such heights exists. For example, weighted heights in [5] were not defined
analytically via Cartier divisors, local weighted heights via line bundles, global
weighted heights for closed subschemes. To the knowledge of authors this has not
been done before.
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The goal of this paper is to introduce and develop the theory of weighted
heights, inspired by Weil’s approach. We achieve this by providing all the nec-
essary tools for understanding and introducing weighted heights, which have not
been extensively covered in the literature. To accomplish this, we focus on de-
veloping the theory of Cartier divisors on weighted projective varieties, exploring
the analytic structure of weighted varieties, investigating weighted blow-ups, and
introducing both local and global weighted heights an showing their fundamental
properties. In our other work [19], we state some different versions of Vojta’s
conjecture for weighted varieties in terms of weighted local and global heights,
and give an application to the greatest common divisor problem.

This paper is organized as follows. In Sec. 2 we recall some of the basic setup
for Weil height machinery on projective spaces and varieties. In Thm. 2.2 we
summarize all properties of local Weil heights and in Thm. 2.3 the properties of
global Weil heights for such varieties. Such setup will be important later in the
paper to draw an analogy between Weil heights and weighted heights.

In Sec. 3 we establish notation for weighted projective varieties and define
Zariski topology, Veronese embedding, and singular locus of weighted projective
varieties. Moreover, we introduce weighted blow-ups and exceptional divisors on
weighted projective varieties.

In Sec. 4 we develop the theory of weighted heights a-la Weil. We introduce
Cartier divisors on weighted projective varieties and show that results carry over
easily to weighted projective varieties. Moreover, we show that any line bundle
on a weighted variety X admits a locally bounded weighted M-metric. Given
v € My, the local weighted height (5(—,v) with respect to D on weighted
variety X is defined as

(p(x,v) = —logllgn(x)lv,

for x € X\ Supp(D), where v € M such that v = v|;. Properties of local weighted
heights are proved in Thm. 4.4 as they are similar to properties of projective
heights. The global weighted height 5(x) with respect to £ is defined by

sp(x) = Y (z (%),
u€E Mg
where CZ; (x,u) = —logllg(x)|lw, and its properties are described in Thm. 4.5.
In Sec. 4.5 we introduce weighted local and global heights associated to closed
subschemes of weighted projective varieties.

Notation: Since our goal is to provide all the technical details of the theory of
weighted heights, in analogy to that of projective heights there is a real possibility
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of mixing up notation between different heights. Below we give a list of notation
of Weil heights and weighted heights. Throughout the paper, the projective space
(resp. weighted projective space) over a field k is denoted by P} (resp. Paﬁk).

Terminology in projective space Py Py g
multiplicative height over k H,, Sk
logarithmic height over k h Sk
absolute multiplicative height H S
absolute logarithmic height h 5

local Weil height with respect to the divisor D Ap(x,v) | Cp(x,v)
global Weil height with respect to the line bundle £ | & F(x s7(x)
local height associated to exceptional divisor of Ay(x,v) | (y(x,v)
global height associated to exceptional divisor of Y | hy(x) 5y(x)
absolute logarithmic height on X wrt divisor D hx.p Sx.D
absolute logarithmic local height on X wrt divisor D | Ax p Cx.p
Singular locus of Py Sing(Py ;)

Acknowledgments: We want to thank Min Ru for helpful discussions during
the period that the last version of this paper was written.

2. PRELIMINARIES ON WEIL PROJECTIVE HEIGHTS

In this section, we review Weil heights on varieties in usual projective spaces.
One can find more details on the subjects in [7].

Let k be an algebraic number field of degree m = [k : Q] and k be an alge-
braically closed field containing k. We denote by Oy the ring of algebraic integers
in k. Let X be a variety over k, i.e. an integral separated scheme of finite type
over Spec(k) and Oy the ring sheaf of regular functions on X. We will use X to
mean X (k) and X (k) for the set of k-rational points on X.

Denote by M, the set of all places of k, i.e. the equivalent classes of absolute
values on k. It is a disjoint union of M}, the set of all non-archimedian places,
and M, the set of all Archimedean places of k. More precisely, if v € M}, then
v = vy for some prime ideal p C O over a prime number p such that vy|g is the
p-adic absolute value. If v € Mg°, then v = vy and vs|g is the usual absolute
value | - |oo on Q. The local degree n, at v € My, is defined by n, = [k, : Q,],
where k, and Q, are the completions with respect to v. For each v € My, we let
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| - |, be a representative of the equivalence class which is the n,-th power of the
one that extends a normalized absolute value over Q. Since k is a number field,

then for every = € k* we have the product formula [] |z|, = 1. Given a

ve My,
finite field extension K/k, we denote by M the set of places v on K such that

v |g= v, for some v € M. Then, we have the degree formula as

Y Ky ik =K k]

vEMg, v|p=v

2.1. Heights. For = € k*, the multiplicative and logarithmic height are
defined by

(1) Hi(z)= [] max{1,|z[,} and hx(x)=logHx(z)= Y _ loglal,.
veE M, veMy

For & = (xq,- -+ ,o,) € k" and v € My, we let
|Z], := max{|z;|], : 0 <i<n}.

One extends such definitions to the projective space P™(k) by defining the mul-
tiplicative and logarithmic height of x = [z¢ : -+ : x,,] € P"(k) by
2)

Hi(x) = H max {|x;|,}, and hg(x) =log Hx(x) = Z max {log |z;|,}.

0<i<n 0<i<n
veM, — T veM, — T

They are independent of the choice of the coordinates and therefore well defined.
For any finite extension K of k and v € Mg, we normalize the absolute value
| |, such that its restriction | - |, on k satisfies |- |, = | - |F<**!

formula, for = € k* we have

. Using the degree

3) Hy(e) = Hic()' /4, and (o) = (),
and hence for all x € P"(k),
(4) Hp(x) = Hg(x)YEHR D and by (x) = ﬁm{ (x).

The field of definition of x € P"(k) is k(x) := k (%, v, I ), for any 4 such that

7$i

xz; # 0. The absolute multiplicative and logarithmic global Weil heights
of x € k* are defined by

1
[K : K]

H(z) = Hg(x)UH and h(z) = hi (),
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and for x € P"(k) by

(5) Hx) = Hi ()Y and hix) = ﬁhmx

where K is a number field containing k(x). The absolute height is independent

of the choice of K. We call h(x) the global Weil height on P"(k).

2.2. M-bounded sets, functions, and M-metrized line bundles. Let M =
Mj, be the set of places on k extending those of My, i.e., if v € M then v = v|j,
the restriction of v over k belongs to M.

A function v : My — R is called My-constant if y(v) = 0 for all but finitely
many v € M. We extend each Mjy-constant v to a function v : M — R by
setting v(v) = y(v|x). Given any variety X, by an My-function on X we mean
amap A : X x M — R such that A(x,v) is Mj-constant or A(x,v) = oo for all
x € X and v € M. Two Mj-functions Ay and Ay on X are called equivalent, and
denoted by A1 ~ A, if there is an My-constant function « such that

[A1(x,v) — Aa(x,v)] < v(v) for all (x,v) € X x M.

We say that an Mp-function \ is Mj-bounded if A ~ 0.

For an affine variety X, aset E C X x M is called an affine M;-bounded set
if there are coordinate function z1,---,z, on X and an Mj-bounded constant
function v such that

|z (%)) < e’ for all 0 < i < n, and (x,v) € E.

The set F is bounded by a finite set of absolute values and it is integral with
respect to the rest of absolute values. This definition is independent of choice of
the coordinates x; on X. By definition, any finite union of affine M-bounded sets
is again an affine M-bounded.

For an arbitrary variety X, we say that E C X x M is a Mi-bounded set if
there exists a finite cover {U;} of affine open subsets of X and Mj-bounded sets
E; C U; x M such that E = J F;.

A function A : X x M — R is called locally M-bounded above if for
every M}, bounded subset £ C X x M, there exists an My-constant v such that
A(x,v) < ~v(v) holds for (x,v) € E. The locally Mj;-bounded below and
locally Mj;-bounded functions are defined similarly.

Recall that a line bundle £ on a variety A defined over k, is a covering map
7 : L — X such that for each x € X, the fiber £ := 77!(x) is a 1-dimensional
vector space over k. An M-metric on a line bundle £ is a norm || - || = (|| - ||»)
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such that for each v € M, and each fiber Ly assigns a function
[ llo : £x = Rxo,

which is not identically zero and satisfies:

(1) [IA-&llo = [Alo - [l for A € k and € € L.

(ii) If v1, vo € M agree on k(x), then || - |lo; = || - [, 00 Lx(k(X)).
An M-metric ||-]| = (]| - |») on £ is called locally M-bounded if for any regular
function g € Ox(U) on an open set U C X, the function (x,v) — log||g(x)||, on
U x M is locally Mp-bounded.

We say that £ is an M-metrized line bundle on X if £ is equipped with an

M-metric. The following result shows that there exist an M-metric on any line
bundle on a variety in projective spaces; see [7, Prop. 2.7.5].

Lemma 2.1. Any line bundle £ on a variety X C PP defined over k admits a
locally bounded M -metric || - ||.

Denote by L the pair (£, | - ||). Given two pairs L = (L1, - |lh) and Ly =
(Lo, [ [l2), we define L1 ® L := (L1 ® La, || - [|), where

If @gll =IlfllL-llgll2, for f € L1x, g € Lox, andx € X.

We say that ,/C\l and Z; are isometric if there is an isomorphism between £; and
Lo which is fiber-wise an isometry.

Let P%(}) denote the group of the isometric classes of pairs £ = L]
where £ € Pic(X). Then, the identity element of m) is Oy with trivial
metric |||y = [1], and £-1 = (£=1,1/|| - ||) is the inverse of £ € Pic(X). Given
any morphisms ¢ : X’ — X of varieties over k, and £ = (L] -1h € PE(T), the
pull-back of Z by ¢ is defined as <Z)/*(Z) = (¢*(L), (|| - I,)), such that for x € X",
any open subset U of X' containing ¢(x), and g € Ox(U) we have

I (9) I = llg(@(x)lo-

The pull-back induces a group homomorphism between PI/C(}) and Pic(X”). Un-
der this homomorphism, any locally bounded M-metrized line bundles remain
locally bounded.

2.3. Local Weil heights. We assume that the reader is familiar with Cartier
divisors for varieties in projective spaces. Given any effective Cartier divisor
D = {(U;, fi)} on X, let Lp = Ox(D) be the line bundle of regular functions
on D. Tt can be constructed by gluing Ox(D)|y, = f;Ox(U;) and the constant
section 1 becomes a canonical invertible regular section on £p, which we denote
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it by gp. We equip Lp with a locally bounded M-metric || - ||, which is possible
by Thm. 2.1, and denote it by D = (Lp,| - ||). Given v € My, the local Weil
height A5 (-, v) with respect to D on X is defined to be

(6) Ap(x,v) = —log lgn(x)|ls, for x € X\ Supp(D),

where v € M such that v|, = v.

The following lemma provides a summary of all properties of local heights,
which can be found in [7, Prop. 2.7.10 and 2.7.11] or [15, Chap. 10].

Lemma 2.2 (Local Weil heights). For each of v € My, let v € M such that
v=ul;. Let X C P} be a variety defined over k, and B,Bl, D, € Pic(X). Then,
we have:

(i) For x & Supp(D;) U Supp(D2), we have
)\DTJr\Dg(X’ I/) = Aﬁl (X, V) + )\ﬁz(x, I/).
(ii) If ¢ : X' — X is a morphism over k such that ¢(X') N Supp(D) = 0, then
Mg (py (X5 v) = Ap(0(x'),v),  for x' € X\¢™ ! (Supp(D)).

(iil) If D is effective and X is My-bounded (e.g X is projective), then there exists
an My-constant function vy such that Ap(x,v) > v(v), for x € X'\ Supp(D).
(iv) If D = div(f) for some nonzero rational function on X, then

[f ()

x|

Ap(x,v) = —log , for x € X\ Supp(D),
by giving the trivial metric ||1||, = |1], on Ox (D) = Ox.

(v) If X is Mg-bounded, |- || is another My-bounded metric on Ox (D) and N’
is the resulting local Weil height, then Ap = Xﬁ +0(1).

(vi) If K|k is a finite field extension and uw € My over some v € My, then

/\ﬁ(x, l/) =

KA Ap(x,u), for x € X\ Supp(D).

(vii) There are m,n € ZZO, and nonzero rational functions f; ; on X for i =
0,---,n1, j=0,---,ny such that

Ap(x,v) = e og“?ig% log [ fi;(x)], -



8 SALAMI/SHASKA

2.4. Global Weil heights. Let X C P} be a variety defined over k and £ any

line bundle on X. Consider the pair £ = (£, (|| - ||l.)) € Pm), a given x € &,
and K a finite extension of k containing k(x). For each w € Mg, we choose a
place v € M over u and define

Il s= - 1/

on Lx(k(x)). By the second condition of a M-metric, one can see that it is
independent of the choice of v € M. We let g be an invertible rational function of
L with x ¢ Supp(D,) where D, = div(g). Note that such function exists because
there is an open dense trivialization in a neighborhood of x. Then, Ox(D,) is
a locally Mg-bounded with respect to Mg-metric given above. We denote by
Z’; = (Ox(Dy), (|| - ll))- The global Weil height hz(x) of x € X with respect
to £ is defined by

(7) h(x) = Y Az (x,u),

u€EMpg
where we have Az (x,u) = —log||g(x)||., assuming v[; = u. These definitions
are independent of the choice of K and g. For the following see [7, Prop. 2.7.18].

Lemma 2.3 (Global Weil height machinery). Let X' be a variety and E, El, and
Ly € 1:%(}) Then:
(i) hz depends only on the isometry class of E, i.e, if El and 22 are isometric
pairs, then h = h 2
(ii) If X is a complete variety or generally M -bounded, then hz does not depends
on the choice of the locally bounded M -metrics up to a locally M -bounded
constant function.
(iii) For any x € X, we have hz o7 (x) =hz (x) + hz (x).
(iv) If ¢ : X' — X is a morphism over k, then h¢*(2)(x) = hz(¢(x)), forx € &".
(v) If X =P} and L = Ox(1), then h(x) = hz(x) + O(1).

3. WEIGHTED PROJECTIVE VARIETIES

Let k be a field and for any integer n > 1 denote by A} (resp. P}) the affine
(resp. projective) space over k. When k is an algebraically closed field, we will
drop the subscript. For any integer ¢ > 1, let u; denote the group of ¢-th roots
of unity generated by &,,,, which is assumed to be contained in k.

A fixed tuple of positive integers q = (qo, - - -, g»n) is called weights. Let V7 :=
AP\ {(0,---,0)} and consider the action of k* =k \ {0} on V;'** given by

(8) Ax (zg, ..., xn) = (A2, ..., N"x,,), for X € k™.
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Define the weighted projective space ]P’;’,  to be the quotient space VZ“ /k*
of this action, which is a geometric quotient since k* is a reductive group. An
element x € Py, is denoted by x = [z : - - - : ] and its i-th coordinate by z;(x).
For each i = 0,...,n, we define affine pieces of Py, by

Ui ={x € Py, : zi(x)#0}.

Hence, Py, = ULoU;. We assume that the field k contains a g;-th root of
unity &, for every ¢ = 0,--- ,n. Then, for each ¢ = 0,...,n, the affine piece
U; is isomorphic to V7 /u,,, the quotient space of the action of p4, on Vi with
coordinates zg, -+ ,2;, - , Zn, given by

(9) §Z : (Z07"' aéif" 7Zn) — (ngZOa"' 72i7"' agfnzn)

Here, for all 0 < j # i < n, we have z; = which is similar to the case of

z;
usual projective space Py. '
Weighted projective space can also be defined as a finite quotient of usual
projective space. For weights q = (qo,...,¢n), we let Gy 1= g, X - -+ X fiq,, which
is a finite group of order |G4| = ¢ with ¢ := []}"_, ¢;. Then, there is an action of

G4 on P} given by

(10) (Cos-++ s &n) @ fmo oot an] = [§ozo - 1 &n]

Note that Gq = p, if and only if m = lem(qo,...,qn), that is, all of ¢;’s are
pairwise coprime. In this case, action of G, on P} can be expressed as

(11) €0 oo s o swa] = [€/ 0 s g0y |
for 0 < a < m — 1, where £ € G, is a m-th root of unity. The morphism
mo : Vil — VIt given by
(o, yxpn) = (2d0, ... i)
induces the following diagram

o

(12) vy vy

g pr
9,k

%
IR
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where pq is the canonical quotient map and mq : P} — ngk is given by
[Zo:- -ty [2d0 0o aln].

The morphism 74 is surjective, finite, and its fibers are orbits of the action of G
on P}, see [12, Chap. V, Props. 1.3 and 1.8].

Py (k) will denote the set of k-rational points of P} ;. When k is algebraically
closed and there is no room for confusion sometimes Py is used instead of Py k-

3.1. Zariski topology on weighted projective spaces. Consider the ring of
polynomials k[xg, ..., x,] and assign to every variable x; the weight wt(z;) = ¢;,
for all i = 0,...,n. Every polynomial is a sum of monomials 2% = fo'i with
wt(x?) =3 d;q;.

Let f € k[xo,...,xn], where wt(z;) = ¢;, for i = 0,...,n. Then, f is called a
weighted homogeneous' polynomial of degree d if each monomial in f is
weighted of degree d, i.e.

n
f(:co,...,xn):Zai :z:?j, for a; €k and t € N
i=1 j=0
and for all 0 < i < n, we have that Y., ¢;d; = d. For every A € k* and any
weighted homogeneous polynomial f, we have

FOPg A gy, ATg,) = /\df(cco7 cey ),

We denote by kq[xo, ..., z,] the set of weighted homogeneous polynomials
over k. It is a subring of k[zg,...,z,] and therefore a Noetherian ring. By
kqlzo, ..., zn]q we mean the additive group of all weighted homogeneous
polynomials of degree d.

Let a =[ag: - :ay] € Py, and f € kqlzo,...,zn]qe. Then, for any A € k*,
we have a = [A%qq : -+ - : A% ay,]. Since

fXaq, ..., Xa,) =X f(ag,...,a,) =0,

then a being a zero of f is well-defined for all a € Pk
A weighted hyperplane in P, is a weighted homogeneous polynomial of
degree m. Hence, it is the set of points x = [zg : ... : x,] € Pq satisfying a
polynomial of the form
n m
(13) U(x) = aoxgl/qo + ale/ql 4+ apam™ i = Z a;x
i=0

1n some papers on weighted projective spaces, a weighted homogeneous polynomial is also
called quasihomogeneous polynomial.
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Notice that if ¢ = (1,...,1) all definitions agree with those of P™.

Anideal I C kq[zo, ..., 2, is called a weighted homogeneous ideal if every
element of f € I can be written as f = Z?:o fi where f; € kq[xo, ..., z,]iNI with
deg(f;) = i. The sum of two weighted homogeneous ideals I and J, is denoted
by I + J and is defined to be

I+J={f+g|felge ]}

If I and J are weighted homogeneous ideals in kq[zo,. .., 2,], then I + J is also
an weighted homogeneous ideal in kq[zo,...,2,]. The product of two weighted
homogeneous ideals I and J is denoted by IJ and is defined to be the ideal

IJ={{fglfel,geJ}).

For any given weighted homogeneous ideal I, we define weighted projective
variety of I by

(14) V()= {XGPZ,k ‘ f(x) =0 for all fGI}

Let I and J be weighted homogeneous ideals. Then the following hold:
O VIOHNVI)=V(I+J)
(i) V(HuV(J)=V(IJ)
(iif) Py, =V(0)
Conversely, given any V' C P, the weighted homogeneous ideal associated
to V is given by

1(V) = {f € kqloo, -] | F0) =0 forall x eV}

A weighted homogeneous ideal I is called a radical weighted homogeneous
ideal if f € kq[xo, ..., xy] such that f" € I for an integer r > 1 then f € I.

Lemma 3.1. Let V C IP’;",C be a weighted projective variety. Then, weighted
homogeneous ideal I(V') associated to V' is a radical weighted homogeneous ideal.

PROOF. Let f and g be two polynomials in I(V'). Then, f(P) = g(P) = 0 for all
points P € V, i.e. they both vanish at all points P in the variety V' then so does
f+ g and fh where h is any polynomial in I(V). Therefore, I(V) is a weighted
homogeneous ideal.

Since, kq[xo, ..., %] is Noetherian, then I(V') is finitely generated, say I(V) =
(fi,-.., fn). However, f; € kq[zo,...,2,] for all i and therefore every f; is
weighted homogeneous polynomial. Hence I(V') is weighted homogeneous ideal
since it is generated by finitely many weighted homogeneous polynomials.
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Finally let us prove that I(V) is radical. Let f" € I(V). Then, for all points
P € V we have that f"(P) = 0. But since f € kqlzo,...,2,], which is an
integral domain, then f"(P) = (f(P))" = 0 implies that f(P) =0 for all P € V.
Therefore, I(V) is radical. This completes the proof. O

For weighted projective varieties V and W then we say that V is a weighted
subvariety of W if V. C W. It can be shown that any finite union of weighted
projective varieties is a weighted projective variety. Furthermore, an arbitrary
intersection of weighted projective varieties is a weighted projective variety. A
weighted projective variety is said to be irreducible if it has no non-trivial de-
composition into subvarieties. We notice that any weighted projective varieties are
projective varieties too. Hence, we can define the Zariski topology for weighted
projective varieties. Zariski topology on a weighted projective space Py is
given by defining closed sets of P ; to be those of the form V(I) for some weighted
homogeneous ideal I C kq[zo, ..., Zx].

Definition 1. Zariski closure of a subset S of a weighted projective space Pk
is the smallest weighted projective variety that contains S.

Remark 1. Let S C Py . Then, V(I(S)) is the Zariski closure of S. The proof
is similar to the case of projective varieties.

Example 1. Let q = (qo,q1,92) and f € kq[x,y,2]q. Then, V(f) C Pﬁ’k is a
degree d-plane curve in Pﬁ,k,.

The following gives the third equivalent definition of weighted projective space
in language of schemes, see [11, Subsection 1.2.2] or [4, Theorem 3A.1].

Proposition 3.2. P} is isomorphic to Proj (kqlzo, ..., xn]).

For the rest of this paper, by a weighted variety we mean an integral, sepa-
rated subscheme of finite type in Proj(kq[zo, -+ ,2,]). In other words, X C Py,
is a weighetd variety if there are fi,---, fi € kq[xo,..., 2] such that X is iso-

kql[zo,...,xn]

morphic to the k-scheme Proj ( Fr )
A weighted space Py, is called reduced if ged(qo, -+ ,qn) = 1. Tt is called
normalized or well-formed if

ged(qoy -5 Giy---5qn) =1, foreach i=0,...,n.

3.2. Veronese map. Let R be a graded ring and d > 1 be an integer. Its d-th
truncated ring is the subring R\ C R defined by

R = PR, =P Rai-

d|n i>0
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Clearly we have the embedding RI* < R, which is called the d-th Veronese
embedding, implying that Proj(R!%) = Proj(R) by [13, Prop. 2.4.7]. Moreover,
the sheaf O(1) on Proj(R!) corresponds via the isomorphism to O(d) on Proj(R).

Proposition 3.3. Given any tuple of weights q = (qo, - - -, qn), the following hold:
(i) Any weighted projective space PZ,;C s isomorphic to IP’;’,,k, where q' is a

reduced tuple of weights.
(ii) If Pg i, is reduced and d; = ged(qo, -+ 5 Giy e 5 qn) for 0 < i < n, then

Pr =P with @ = (B, G %)
(iii) Any Py, is isomorphic to a reduced and well-formed one.
(iv) If q is reduced and all of m/q; are co-prime, where m = lem (qo, - ,q;) ,

then g . is isomorphic to Py by ¢, : Py, — PR defined as
(15) Sm ([, .. wa]) = [xg/®, &P am/an],

PrOOF. Let d = gecd(qo,---,qn), R = kqlxo,...,2,), and R be the d-th trun-
cated subring of R. Then, R4 = kqlxd, ..., 2%] and by Thm. 3.2 we have

sy

P} . = Proj(R) = Proj(RI") = Py ;. with ¢’ = (12,.... %),
under the isomorphism
(16) [o: ] = [yo:---:yn)i=[xd:ad: . 2d).

This shows that P is isomorphic to a reduced weighted projective space Py, ;.
ie., with ¢ = (g, - ,q},) such that ged(q), - ,q,) = 1. This completes the
proof of part (i).

Now, we assume that ged(qo,...,q,) = 1 and let d; = ged(qo, -+ i, »Gn),
for 0 < i < n. Then, ged(d;,qj) = 1, forall 0 < i # j < n. If 28’ 2 is a
monomial of degree pd; for an integer p > 1, then

Pogo + -+ + Pnln = pd;,
and so d; divides p;¢;, and hence d;|p;. This implies that x; only appears in Rl:]

as xf Thus, we have R4 = k[zg, ..., 2; 1, xfi, Titl,---,Zy] and hence

(17) Py, = Proj(R) = Proj(RI"1) = P7, |

with ¢’ = (%’ . qid‘il 2 i q"dtl e ZTT;) under the isomorphism
[o: - rxp] = [yo: - yn] i=[x0: xf’ D@y,

see [5, Prop. 3] for more details. Thus, the part (ii) is proved.
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One can conclude part (iii) by repeatedly using (ii). Indeed, by defining
di = ged(qo, -+ 1 dir-++ an), @i =lem(do, - dy, -+ dy), a=lem(do, - ,dy),
for all 0 < ¢ < n, one can easily check the following:
(1) a;|q;, ged(ai,d;) =1 and a;d; = a for 0 < i < n;
(2) ged(d;,d;) =1, and dj|g;, for 0 <i# j < n.

Then, denoting by R := kq [xgo, o,z we have

Py, = Proj(R) = Proj(RY) = P2 , with q' = (qf, .- ., q}).
where ¢} = g;/a; for all 0 < i < n, under the morphism
(18) [o: - ixp] = (Yo yn] = [:cgo s pdn],

Since ged(gp, - - - ,(f’i7~-~ ,qn) =1 for all 0 < i < n, then Py 1. is a well-formed
weighted projective space; see [2, Prop. 2.3] for more details. This completes the
proof of part (iii).

If a; = ¢; for all 0 < ¢ < n in the above discussion, then Py = Py This holds
if m/q; are all co-primes, where m = lem(qo, - - , ¢n) The isomorphism is given
by Eq. (15). O

We call the isomorphism ¢,, given in Eq. (15) the Veronese map.

Example 2 (The space My). Consider the weighted projective moduli space of
genus 2 curves, say ]P)ﬁ,k; for q=(2,4,6,10).

Let dy := ged(4,6,10) = 2, di = ged(2,6,10) = 2, dy = ged(2,4,10) = 2,
ds = ged(2,4,6) = 2 and a9 = lem(2,2,2) = 2 = a1 = az = a3, and a =
lem(2,2,2,2) = 2. The new set of weights is q; = . Hence q' = (1,2,3,5).
Thus, the morphism P?2’4,6710)7k — P?1,273,5)7k’ given by

(19) (o @1 1o @3] = [Yo:y1 1 Y2 1 ys) = [ 2f @ 23 : 2]

is an isomorphism, from Eq. (18). Then ¢ = 2-3 -5 = 30 and the Veronese
embedding is

[(Jo:dy:Js: Jio) — [J30 I3 2 Jg° : Ifo] -
Since Jyg is the discriminant then Jyg # 0, then

JBO J15 JlO
J3O . g, g0, g6 — |22 .24 26 g
R R U P

30

Thus, two genus curves are isomorphic if and only if they have the same iy := fﬁo,

. Jre . Jio . . . . . . .

iy 1= b, and i3 = T invariants. Such invariants i1, is, i3 are Gla(k)-
10 1

wvariants and sometimes are called absolute invariants. To avoid invariants with
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such high degrees sometimes different invariants have been used, where i, = %,
2

JaJs—Je Jio

3 5

locus Jo = 0; see [6], and many other authors.

iy = , and i3 = but then we have to define new invariants for the

Example above shows the benefits of weighted projective spaces from a com-
putational point of view, since it is much easier to compute with [J5 : Jy : Js : J10]
because the coordinates have much smaller degrees instead of [JS’O D JP5 R0 Jfo] .
It was exactly this fact and computational efforts in [6] which led to the defini-
tion of the weighted general common divisors and weighted heights in [16] and
[5]; as we will see in detail in Sec. 4. Ms is a very nice example of doing explicit
computations, however GIT guarantees that the theory works in every genus.

3.3. Singular locus of weighted projective varieties. Singularities of Pg j
are classified in the following proposition, see [11] or [4] for its proof.

Proposition 3.4. IP’;‘JC is an irreducible, normal and Cohen-Macaulay variety
having only cyclic quotients singularities. Moreover, if IE"ZJc is non-singular, then
1t is isomorphic to Py

We let d = ged(qo, - --,qn) and denote by Sing(Py,) the singular locus of
Py &+ Then, following the proof of [10, Prop. 7], one can show that

Sing(Py 1) = {x ePry: ged (q) > d}
ieJ(x)

For x € Py, denote by J(x) :={j : z;(x) # 0}), the set of indexes where x has
non-zero coordinates. Let m = lem(qo, -, ¢n), p & prime dividing m, and

Sq(p) ={x€Py,: dp|qforallieJ(x)}.
The singular locus decomposes into irreducible components as
Sing(®pr) = J S,
primes p|m,
where only the maximal sets are considered in the union. The proof can be easily

extended from that of [9] see remark below.

Remark 2. In most papers the weighted projective space is assumed well formed.
This is not really a restriction since every weighted projective space s isomorphic
to a well-formed space. Then

(20) Sq(p) = {x € Pyr: plai forallie J(x)}.
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and the singular locus is
Sing(Pg ) = {x € Py, ged (g;) >1
’ ieJ(x)
see [10, Prop. 7]. Since Py, is well-formed then x € Sing(Py ;) implies that
x;(x) = 0 for at least one index i € {0,...,n}.

Example 3 (M again). Let us consider again Eza. 2.
Consider IP’“;’ for q = (2,4,6,10). Then m = lem(2,4,6,10) = 60. The only
primes dividing m = 60 are p = 2,3,5. Then

Sq(2) ={[0:t:0:0] € P}},
Sq(3) ={[0:0:¢:0] € P}},
Sq(5) ={[0:0:0:t] € P}}

Hence, SlngIP’qu,S' (2) US4(3) USq(5).
One can take q' = (1,2,3,5) and Pﬁ - Then m =lem(1,2,3,5) = 30. Only
primes p = 2,3,5 divide m. Then,
Se(2) ={[0:t:0:0] € P}},
Su(3)={[0:0:¢:0] € P}},
Squ(5) ={[0:0:0:¢ € P}}.
Hence, SingIF":,’Q = 55(2) US;(3) U Sy(5)- O
For a fixed prime p such that p { m, then Sq(p) = 0. If p | m then denote
J(p) ={j| such that p|g;}, and n,=#J(p).

Then Sq(p) # 0 is isomorphic to the weighted projective space P!'? o/ 1 Where g’ =
(Giy, - i, ) with i, € J(p) for 1 < ¢ < n,,. Moreover, as a consequence of the
normality of Py ., we have Codimpgyk(Sing(Pg,k)) > 2. This means that Py, is
regular in codimension one. In particular, if ¢;’s are mutually coprime and ¢; > 1,
then

Sing(Pg ) ={x;i=[0:---:1:---:0]: 0<i<n}.

Next we consider the canonical quotient map py : VZH — ]P’ZL &> Which induces
the surjective morphism 7q : P — Py ;. Let X' be a weighted subvariety of Py .
The punctured affine cone over X is C3 = pq’l(X). The affine cone Cx over
X is the closure of C% in AZ“. The origin point 0 = (0,---,0) refers to the
vertex of C}. We note that k* acts on the punctured affine cone C3 = p; ' (&) to
result X = C%/k*. Moreover, C% has no isolated singularities.



HEIGHTS ON WEIGHTED PROJECTIVE VARIETIES 17

A weighted subvariety X of P i, is called quasi-smooth of dimension m if
its affine cone Cy is smooth variety of dimension m + 1 outside its vertex. The
singularities of a quasi-smooth variety X are due to the k*-action and hence
are cyclic quotients singularities. Furthermore, by [4, Cor. 5.9], if X C Py 1s
subvariety such that X' N Sing(Py ;) = (), then X is non-singular if and only if X
is quasi-smooth.

A weighted subvariety X of Py, of codimension c is called well-formed if
Py i, itself is well-formed and & contains no codimension ¢ + 1 singular stratum
of Pg ;. Hence, any codimension 1 stratum of a well-formed variety X is either
nonsingular on ngk or it is equal to X N'Y, where ) is a codimension 1 stratum
of P{ ;.. This means that Codimx (X NPy, ) > 2.

Given a weighted polynomial f € kqlxo,--- ,xy] of degree d, let Xy denotes
the hypersurfaces defined by f. It is called a linear cone if d = ¢; for some
0 <i<mn,ie, it is defined by x; + g with g € k. A linear cone is well-formed if
and only if it is isomorphic to P?‘l In the case of hypersurfaces, Xy

90, 1G> qn) k"
is well-formed if and only if the following hold:

(1) ng(QO)"' aniW" ,Qn)zlfor aHOSZS’I’L7
(1) ng(qoa"' anif" 7dja"' 7Qn) leldeSdfOI"OSZ#an

For more on well formed subvarieties of P{ ;. of codimension > 2, see [14].

3.4. Analytic structure of weighted projective spaces. As regular projec-
tive spaces, the weighted complex projective spaces can also be equipped with an
analytic structure. We consider the decomposition of

P:7C:UOU~--UU7L7

where
Ui={xePyc: zi(x) #0} CPyc,
for each 0 < i < n. Then, the map 1@ :C" > Uy,

(21) (xo,...,$i71,$i+1...,$n) — [SL’O P S T 1Z$Z‘+1 : ...:a:n}q

is a surjective analytic map, but not a chart since it is not injective. However, it

induces the isomorphism ©; : X (¢; : qo,- .-, --.qn) — U;, such as
[(1’0,...,(Ei,17$i+17...,1}n)] — [ZL’O HRE R IR B Tig1 st iEn]q,
where X(¢; : qo,---,G, - --qn) is the cyclic quotient space of the action of 1,4, on

C" given by pig, x C* — C™ such as

(22) (fz, (l’o, ey Li—1 Ligly .o ,.’En)) — (530130, .. .,f?iilxi_l,fq"’“xiﬂ, e ,f?nl’n),
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where & € pg,. Since the changes of charts are analytic, then Py ¢ is an analytic
space with cyclic quotient singularities; see [2, 3] for details.

3.5. Weighted Blow-ups. Consider ((AZ"“ = {(x7 [u]q) € C"H1 x Piclxe mq} ,

where [u] ], denote the Zariski closure of [u]q and x € mq means that there exists
teC satlsfylng x; = t% - u; for each 0 < ¢ < n. The natural projection map

. Ontl +1
(23) mq: CyT = C"

. (0)
q
is identified with Py The space (CQ‘H = UpU...UU, can be covered with (n+1)

charts, where

is an isomorphism over @;"*‘1 \ 7, '(0) and the exceptional divisor E :=

Ui = {(x, [ulq) € C"*' x B2 ¢ sy # 0} € C"F(q).
However, ¢' : C"*+1 — U,
x = (@, xltay, . alren) o mis s L mig 1y)),

are surjective, but not injective. Indeed, we have that ¢‘(x) = ¢(y) is and only
if there exists £ € p,, such that y; = {7 'z; and y; = {%x; for j # i. Hence, the
map ¢’ induces an isomorphism X (¢; : qo, - .-, ¢i—1, =1, Git1,-- -1 Gn) — UZ

These charts are compatible with the ones of PQ,C‘ In ﬁl the exceptional divisor
is {z; = 0} and the i-th chart of P{ ¢ is the quotient space

X(Qz : QO7'"aqi—17_17Qi+17"'7q7L)'

Example 4 (Case n = 2). Let q = (qo0,¢1,492) be a tuple of reduced weights, i.c.,
ged(go, q1,92) = 1 and 7y : C:; — C3, be the weighted blow-up at the origin with

respect to q. Then C3 =~ [70 U (71 U (72, where
[70 = X(QO : 71#]17‘]2)7 ﬁl = X(ql : q07713(I2)7 [72 = X(QQ : QOa(ha*l)’

and the charts are given by

0 X(qo: —1,q1,92) — U, (o : @1t 22)] = (28", 28 21, 257 22), [1 : 21 22])
o X(qr:qo, —1,q0) — Uy, [(zo: 21 : @) = (2 wo, 2", 2P 2s), [0 : 1 : x2])
1/)2 : X(ql - qo,q1, _1) - UQ’ [(.’I)Q Iy : )] = ((mgzxfhxgleaxg ) [xO Iyt 1]) .
The exceptional divisor T 1((0,0,0)) is isomorphic to P2 q.c» which can be simplified

by isomorphism ]P’q c = Pq’,C given by

b

ged(q1,92) . ged(qo,q2) |, .gcd(qo,q1)
[0 : 21 @ @] > [xo sy ;x5
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where

’ q0 q1 q2
1 (gcd(q(), q1) - ged(qo, g2) " ged(qo, q1) - ged (g1, ¢2) " ged(qo, g2) - ng(q17Q2)) '

4. WEIGHTED HEIGHTS

In [5] a height function was defined for weighted projective spaces Py s called

weighted height. We briefly describe basic definitions here. To avoid confusion
with projective heights we will use different notation than that of [5]. We will
follow the parallelism with Weil heights by using S, s instead of H, h. Pg(k)
denotes the set of k-rational points of Py i

4.1. Weighted heights on Py ,. Given any x € Py(k), the multiplicative
weighted height over k is defined as

1 1
(24) Sk(x) = H max{x0|5°,...,|xn|3"}
ve My

and its logarithmic weighted height (over k) as
1
(25) 5k (x) :=log Sk (x) = max {

In [5, Prop. 1] it is shown that height functions Sj(x) and hence s;(x) are
independent of the choice of coordinates of the point x. Moreover, in [5, Prop. 5-
ii], it is proved that for any finite extension K|k we have

Sr(x)FH = Sy (x), and hence [K : k] - 55(x) = sx(x).

Weighted heights can be interpreted in terms of Weil height on projective va-
rieties using Veronese map defined by Eq. (15). Assume that q = (g0, -, qn)
is reduced, well-formed and satisfies ged(m/qo, -+ ,m/qn,) = 1, where m =
lem(qo, q1 -+ ,qn). Proof of the following can be found in [5].

Lemma 4.1. Weighted height S is given in terms of projective height Hy via

(26) k) = He () and 500 = by (9n(x)

for all x € Py (k), where ¢y, is the Veronese map given in Eq. (15).

The absolute weighted height on P (k) is defined as
S : Py (k) — [0, 00],

27 x> S(x) 1= Sk (x) /K,
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and the absolute logarithmic weighted height on ]P’g(k) is given by

s: Py (k) — [0, 00],
(28) x > 5(x) = ﬁlogSK(XL

for which K C k is a finite extension of k containing k(x), the field of definition

of x defined by
1/q0 1/qn
&€ Ty
k(x)::k<?/qi""’l""’ 1/%)7
€T

Ly %

for some x; # 0. Notice that both of these height functions are independent of
the choice of the field K; see [5]. For simplicity, we call s(x) the global weighted

height on Py (k).
By Eq. (26), for a field K C k containing and k(x), we have:

Lemma 4.2. For allx € IP’Q(]?:), we have

1

(29) S0) = H (6n(x))*, and s(x) = = h (6 (x)
where ¢, is as in Eq. (15), H(-), h(:) as in Eq. (5), and S(-), s(-) as in Eq. (27).

4.2. Cartier and Weil divisors on weighted varieties. Let X’ be a weighted
variety in g, over the field k. The group of Weil divisors on X is a free Abelian
group generated by weighted closed subvarieties of codimension one on X. This
group is denoted by WeDivq(X). The support of the divisor D ="y ny - Y is
the union of all codimension one weighted subvarieties ) such that ny # 0, which
is denoted by Supp(D). A divisor is said to be effective if every ny > 0 for all
codimension one subvarieties Y C X'. We define ordy : Ox,y \ {0} — Z to be

ordy(f) = lengthy, |, <O</;>y> ,

which is well defined since Ox,y is a local ring. Then, one can extend ordy to
the fraction field kq(X)* in the usual way. The order function ordy : kq(X)* — Z
has the following properties:

(1) ordy(f - g) = ordy(f) + ordy(g)
(2) For a fixed f € kq(X)* there are only finitely many ) such that ordy # 0.

(3) Let f € kq(X)*. Then, f € Oy y if and only if ordy(f) > 0. Similarly,
f € O% y if and only if ordy(f) = 0.

(4) If X is weighted projective variety and f € kq(X)*, then f € k* if and
only if ordy(f) > 0 for all Y; if and only if ordy(f) = 0 for all Y.
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The divisor of any f € kq(X)* is defined as

div(f) = Y ordy(f)-Y

ycx

which is called a principal divisor. Two divisors D and D’ are said to be
linearly equivalent if their difference is a principal divisor. The divisor of zeros
and divisor of poles of f, denoted by (f)o and (f)s respectively, are

(o=, ordy(f)- Y, (Neo=— Y ordy(f)-Y

ordy (f)>0 ordy <0

The divisor class group of X is the group of divisor classes modulo linear
equivalence. This group is denoted by Cl(X), and CI(Py ;) for X =Py ;.

A Cartier divisor on a weighted variety X is an equivalence class of collection
of pairs (U;, fi)ier satisfying the following conditions:

(i) The U; are affine weighted open sets that cover X.
(ii) The f; are non zero rational functions, f; € kq(U;)* = kq(X)*.
(iii) % € 0x(U;NU;)", so % has no poles or zeros on U; N U;.
J J

Two Cartier divisors {(Uj, fi)|t € I} and {(V},g;)|j € J} are equivalent if for all
i€l and j € J we have

Li_ S Ox(UZ' n V})*

9j

The sum of two Cartier divisors is

{(Us, fi)li € I} +{Vj,95)l5 € J} = {(Ui NV}, fig;)I(i,5) € I x T}

The Cartier divisors with this operation on a weighted variety X form a group
that we denote it by CaDiv,(X). The support of a Cartier divisor is the set of
zeros and poles of f;, which is denoted by Supp(D). A Cartier divisor is said to be
effective or positive if it can be defined by a collection {(U;, f;)|i € I} such that
every f; € Ox(U;). For a given f € kq(X)*, the divisor div(f) = {(X, f)} is called
a principal Cartier divisor. Two Cartier divisors are linearly equivalent if
their difference is a principal divisor. The group of Cartier divisors classes modulo
linear equivalence is called Picard group of a weighted variety X and is denoted
by Picg(X). In the case X = Py, we write Pic(Py ;). A Cartier divisor D on a
weighted variety X is said to be ample or big if the corresponding line bundle
O(D) is ample or big, respectively.
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For X = Py, with reduced weights g, in [1, Sections 5, 6], it is proved that the
following maps
Z — CI(X), Z - Pic(X),

30
( ) 1|—>Ox(1), 1'—)0_;\{(771), mzlcm(QO,"' aqn)v

induce the following isomorphism Cl(X) = Z, and Pic(X) = Z, respectively.
Furthermore, Ox(a) is not necessarily an invertible sheaf for any given integer
a € Z. However, by [17, Lem. 1.3], the sheaf Ox(m) with m = lem(qo,- - ,¢qn) is
ample and invertible, and for a,b € Z we have

Ox(a) ® Ox(m)®" = Ox(a+ bm).

In [4, Thm. 4B. 7], it is proved that Opr, (m) is ample and there is ¢ € Z such
that Opn (cm) is very ample. Furthermore, the sheaf Opn, (a) is coherent and
Cohen-Macaulay for any a € Z. If O[ngk (a) # 0, then it is reflexive of rank 1 by
[4, Cor. 5.8].

Following [17], we define the weak projective space over any field k as follows:

Definition 2. The complement of Sing(IPﬁk) in X = Py, is called the weak
projective space over k, which is a smooth weighted subvariety, denoted by

By [17, Prop. 1.1], the sheaf Ox(1) is locally free on WP . Hence, defining
Owpn (1) := Opn (1) |wer

one can see that WPy ;. is the largest open set U C P, such that Opn (D] is
an invertible sheaf on U and

(05, 0l) ™" = Oxy (@

for any a € Z by [17, Thm. 1.7]. Furthermore, we have Picq(WPj ) = Z and it
is generated by prgr‘k(l).

For any (weighted) projective variety X of dimension dim(X’) = d over k, we
denote by QY the sheaf of i-th regular differential forms on X, and wy = Q% the
canonical sheaf of X'. By [17, Prop. 2.3], the canonical sheaf of WPy, is

wwer = Ower, (—4),

where ¢ = qo +q1 + -+ + ¢n, by [17, Prop. 2.3].
We also denote by w$ the dualizing sheaf of X. If X is a nonsingular or
more generally normal (weighted) projective variety, then w% = wy. Otherwise,
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we let W = X'\ Sing(X') and consider the canonical embedding j : W — X. Then,
if Codimy (X — W) > 2, then

0 .0 .
Wy = Jx Wyy = Jx Wy.

13

In the case X = Py, since it is normal and Cohen-Macaualy and W = WP .,

so by [4, Cor. 6B.8] one has wg::,k = Opn (—(Q).

q,k

4.3. Local weighted heights. We assume that X" is a weighted variety defined
over k in PZ,E? where k C k and q = (qo, -+, qn). If X is a weighted affine variety
with coordinates xg,x1, -+ ,%,, then a set E C X x M is called a weighted
affine Mji-bounded set if there is an Mj-bounded constant function v such
that N
z;(x)|d" <™, 0<i<nand (x,v) € E.

We note that this definition is independent of choice of the coordinates x;’s on X.
Moreover, any finite union of weighted affine M-bounded sets is again a weighted
affine M-bounded.

For an arbitrary variety &X', we say that £ C X x M is a weighted Mj-
bounded set if there exists a finite cover U/s of weighted affine open subsets
of X and the weighted My-bounded sets E; C U; x M such that E = JE;. A
function

At XX M—=R

is called a locally weighted Mjy-bounded above if for every weighted M
bounded subset E C X x M, there exists an My-constant v such that \(x,v) >
~(v) holds for (x,v) € E. The locally weighted Mj-bounded below and
locally weighted My-bounded functions are defined similarly.

Example 5. For example, let X = PZE and consider the finite cover of affine
open sets {(U;,z;)} and v = 0. Moreover, for 0 < i < n, the following sets are
weighted My-bounded:

m

I
Lo

m
a4
Ty

(32) E; =< (x,0) € X x M : and <1

Sttt

v v

Thus X = ]P’:,—€ 1s a weighted My -bounded set, since it is covered by E,’s

Let £ be a line bundle on a weighted variety X defined over k. A weighted
M-metric on £ is a norm || - || = (]| - ||) such that for each v € M, extending
v|i € My, and each fiber £ with x € & assigns a function || - ||, : £Lx — Rx>g, not
identically equal to zero, satisfying the following:
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o A&l = Mo |I€]lo for X € k and € € L.
o If wy,ws € M agree on the residue field k(x), then || - |lw, = || * |lw, o0
Ly (k(x)).
A weighted M-metric on L is called locally weighted M-bounded if for
section g € Ox(U) on an open set U C X, the function

(%, v) = log [lg ()|

on U x M is locally weighted My-bounded. We say that L is a weighted M-
metrized line bundle on X if £ is equipped with a weighted M-metric || - || =

(- 1) -

Next we show that there exist a locally bounded weighted M-metric on any
line bundle on the weighted variety X.

Proposition 4.3. Any line bundle L on a weighted variety X C IP’Z]TC defined over
k admits a locally bounded weighted M -metric.?

PRrROOF. First we assume that X = ]P’;L pand £ = Ox(m), where m = lem(qo, g1, -

Then, one can define an M-metric b3; letting

(33) e, = e

max; |z;|s"

for each v € M, x € X and a global section £ € Ox(m) given by

{=apzry® +arx* +---+arzqt.

It is well-defined on £, and on the set U; = {z; # 0} we have

m
u 2 ()|
‘xi‘“’ (x)| =—= <1.
Y max; |zl
m/q;
Moreover, the functions iJ’" 72| are bounded by an Mj-constant on the bounded
i v

sets E; defined by Eq. (32). Thus, log Hmf (x) H are bounded below for all indexes,
and hence Eq. (33) gives the desired locally bgunded weighted M-metric.

Next, we assume that X C P:,E is a weighted projective variety and £ =
Ox (D), where D is an effective Cartier divisor on X both defined over k. In this
case, L can be written as £ = My ® Mgl, where M and My are base point
free line bundles on &'. Now, we choose generating global functions s1,- - , s,, of

2We thank Min Ru for clarifying some details in the proof of Thm. 4.3 by indicating [18,
B2.2.10 and B2.2.11].

7Qn)'



HEIGHTS ON WEIGHTED PROJECTIVE VARIETIES 25

My, and tq,- - ,t,, of Msy. Then, for x € Supp(D), the desired locally bounded
weighted M-metric on L is given by

. Sg
(34) lgnGoll, = max  min |2 (x)
J

1<i<n; 1<j<ns ’

v

where v € My and gp is a section of L = Ox (D) with D = div(gp). One can
show this metric is uniquely determined and independent of choices M1, M5, and
their generating sections as [18, B2.2.10 and B2.2.11]. We notice that if X = Pl s
and £ = Ox(m), then Eq. (34) will be same as Eq. (33) by considering M; = C
and M trivial line bundle and ¢; = x:"/q’ for 0 <i¢<nand gp € Ox(m).
Finally, for an arbitrary weighted variety X, first we cover it by finitely many
open affine sets U; such that on each U; the line bundle £ is trivialized with a

non-vanishing section g;. Letting p; be the coordinates on U; with p;o = 1, one
can find constants C' and v (not depending on i and j) such that
9i(x)
S C - max |p't|’yv
9i(x)], e
and hence for x € U; N U; we have
9;(%) 1
gii(x)] = > .
9569 =[50 |, = T s, Tolt
Thus, for x € U;, defining
. gi(x)
35 9i(X)|ly = max min |p;|) -
(35) sl = max | mim el -| 2555

we obtain the desired locally bounded weighted M-metric of £ on U;, which is
independent of the choice of transition functions g;; = g;/g; over U; N U;. Using
the cocycle rule g.; = geigij, for every x € U. NU;, we have

19 ()l = 1gei(x)],, - llg: ()], -
Therefore, Eq. (35) provides a well-defined M-metric of £ on X. By a similar
argument as in the end of proof of [7, Prop. 2.7.5] or [18, B2.2.10], one can see
that this is a locally bounded weightd metric. O
We denote by P?q(\X) the group of isometric classes of pairs £ = (£, | - ||).
As in the usual case, given any morphisms ¢ : X’ — X of weighted varieties
over k, and £ = (L] -||) € Pm% the pull-back of £ by ¢ is defined as

—

¢*(£) = (¢*(£), [ - II"), such that

(36) 1" (@) = llg(¢)) (x € X7),
for any open subset U of X containing ¢(x) and g € Ox(U).
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The pull-back induces a group homomorphism between P?q(\?() and Pm’ ).
Under this homomorphism, any locally bounded weighted M-metrized line bun-
dles remain locally bounded weighted M-metrized. Now we can define the weighted
local Weil heights on a variety X in PZ,E as follows: Given any Cartier divisor
D ={(U;, f;)} on X, we let Lp = Ox(D) be the line bundle of regular functions
on D. It can be constructed by gluing

Ox(D)|u, = ;" Ox(U;)

and 1 becomes a canonical invertible meromorphic section of £p, which is denoted
by gp. Thus, by Thm. 4.3, we can equip Lp with a weighted locally bounded
M-metric || - ||, determined by the max-min method in proof of Thm. 4.3, and
denote it by D = (Lp, | - ).

Definition 3. Given v € My, we define the local weighted height (5(—,v)
with respect to D on the weighted variety X as

(37) (p(x,v) = —log|lgp(x)]l
for x € X\ Supp(D), where v € M such that v = v|.

We note that the local weighted height (75(—,v) is well defined because the
norm || - || is well-defined by its construction as it explained in proof of Thm. 4.3.
Here, we have the fundamental properties of the local weighted heights.

Theorem 4.4 (Weighted local Weil height machinery). For each of v € My, fix
v € M such that v = v|,. Suppose that X is a weighted variety defined over k

and IA),Bl, ZA)Q € Picq(X). Then:
(i) Additivity: For x ¢ Supp(D1) U Supp(Ds), we have

o, (%5 v) = Cp, (%,v) + (5, (%, ).

(ii) Functoriality: If ¢ : X' — X is a morphism of weighted varieties defined
over k such that ¢(X") N Supp(D) =, then

Cor () (Xs) = (p(0(X),v) for x' € X'\¢*(D).

(iii) Boundedness from below: If D is effective and X is weighted M-
bounded projective variety, then there exists an My-constant function ~y
such that

(p(x,v) 2 y(v) for x € X\ Supp(D).
(iv) Normalization: If X = ]P’;LJ; and D is a hyperplane defined by £ €
Ox(m), with m = lem(qo,q1, - ,Gn), then
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Lﬂvm for x € X\ Supp(D).

5
v

(38) (p(x,v) = —log

max; |z;
(v) Principal divisor: If D = div(f) for some nonzero f € Ox(D) with
deg(f) = d, then

Lﬂvi, for x € X\ Supp(D),

max; |z;|q"
by letting 1], = |1y on Ox (D) for v e M over v € M.
(vi) Uniqueness: If X is weighted My-bounded, | - ||\, is another weighted
Mp.-bounded metric on Lp and C%} is the resulting local weighted Weil
height respect to (Lp, || - "), then

(p(x,v) = (5(x,v) +O(1).

(vil) Base change: If K|k is a finite field extension and u € Mg over some
v € My, then

(39) Cp(x,v) = —log

Cploe) = GGy (). Jor ! € X'\ Supp(D).

where X' = XY@, K andx’ € X' corresponds tox € X(k), and D' CaDiv(X’)
correspond to D.

(viii) Maz-Min: There are positive integers ny and na, and nonzero rational
functions fi; on X fori=20,--- ,n1 and j =0, - ,ng such that

(plxv) = max min log|fi;(x)],.

PRrROOF. The proofs are almost straightforward and similar to proof of the Weil
local heights on projective heights.
(i) Using the product of weighted M-metrics from Ox(D1) and Ox(D3) on
Ox (D1 + D3), and gp,+p, = 9p, ® gp,, we have

||gD1+D2||V = ||gD1 ®9D2”V = Hng HV : ||gD2||V7

which implies the desired equality by taking logarithm from both sides.
(ii) The functoriality is a direct consequence of the functoriality of the weighted
Memetrics || - || = (| - o), i.e-, |6 (90)(x)| = lgp(6(x))]] for all v € M.
(iii) Note that the rational function gp is defined everywhere for any effec-
tive divisor D. Then, on bounded sets inside an affine open set U of X
where Oy (D) is trivial and so all global sections can be identified non-
canonically as regular functions, |gp(x)], and is bounded above by an
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Mp-constant. This implies that (p(x,v) is bounded below by an M-
constant.

(iv) A locally My-bounded metric on Oy (D) = OPZ)E (m) is given by Eq. (33)
and hence gp = / is defined away from the hyperplane D. Given any
v € M} and fixing v € M such that v = v|i, one can get (38) by taking
logarithm.

(v) For a divisor D = div(f) with deg(f) = d, we have Ox(D) = f~1Ox and
gp = f whenever f is defined. Hence, for any v over v, we have

1 = — L

max; |z;

a4
v

By taking logarithm, this implies Eq. (39) as desired,
(vi) Using (i) with D = D + (0) where D on the left hand side is endowed
with || - ||, then
Cﬁ(x7 V) - C/ﬁ(xv V)
is the logarithm of norm of 1 with the locally bounded metric || - ||, /]| - ||,
on O(X). Since 1 is a global nowhere-vanishing section, by the definition,
we have (5(x,v) = (5(x,v) + O(1).
(vii) Since ||, =]~ |}J/[K“:k’”] for u € My over v € My, so |||, = ||
and hence the desired equality.
(viii) By linearity of the both sides of equality,

. ||i/[K’qu,u]

Cplx,v) = max  min log|fi;(x)],
and the proof of Thm. 4.3, it is enough to consider D such that O (D)
Ox(m). In this case, the existence of f;;’s is clear by the proof of Eq. (33).
O

4.4. Global weighted heights. Now, we assume X' C Py(k) is a weighted vari-

ety and consider £ = (£, |-])) € Pi/cq-(\X). Given x € X, let K be a finite extension
of k containing k(x). For each u € Mg, we choose a place v € M over u and
define || - ||, :== || - ||,1,/[K:k] on Ly(k(x)). By the second condition of a weighted
M-metric, one can see that it is independent of the choice of v € M. We let
g be an invertible regular function of £ with x ¢ Supp(L,) where L, = div(g).
Note that such function exists because there is an open dense trivialization in a
neighborhood of the point x. Then, we have the weighted M-metrized line bundle

o~

Ly = (Ox(Ly), (| - ) € Picg(X).
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The global weighted height s;(x) with respect to L is defined by

(40) 5200 = Y (x(x,u),

u€E Mg
where (7 (x,u) = —log ||g(x)||. assuming v|x = u. It is easy to check that these
definitions are independent of the choice of field K and regular function g.

Example 6. Let X = P, D = div(x(l)/‘“), and L = O(D). Then, one has
§(x) = 55(x), where s(x) is the global weighted height on P 5 given by Eq. (27).
Indeed, if K = k(x) and uw € Mg over v € My, Eq. (38) becomes

1

q0
Lo

(41) Cp(x,u) = —log 0, forx € X\ Supp(D).
x

max, |x,

u

Since (7~ (x,u) and (5(x,u) are same local height, we have
z0

)= Y = Y —log s
ueMp uEMx max, |z
u
1 1
- Z ;log miax|xi|u—q—0 Z log |zo],, -

uE Mg ¢ u€ Mg

The last term vanishes by product formula and using Thm. 4.4 (vi), we have

1 1
sp(x) = Z Elog m?x|a:i|v: Z mlog m?x|a:i|v

uEMpg ** vEM), ulv i

= [Klz W > m?x{qli 'logm'”} =56

vE My,

The above example shows the normalization property of the weighted global
WEeil height function, and their other essential properties are given by the following
theorem.

Theorem 4.5 (Global weighted height machinery). Let X be a weighted variety
and consider L, Ly, and Ly € @)
(i) Independence (a): sz depends only on the isometry class of E, i.e, if
21 and 22 are isometric pairs, then Sp =87,
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(i) Independence (b): If X is a complete weighted variety or generally
M -bounded, then sz does not depend on the choice of weighted locally
bounded M -metrics up to a locally M -bounded constant function.

(iti) Additivity: For any x € X, we have 55 o7 (x) =57 (x) + 57, ().

(iv) Functoriality: If ¢ : X' — X is a morphism of weighted varieties over
k, then

S50y (%) = 52(0(x)) for x € X.
(v) Base change: If K|k is a finite field extension, then

1
s5(x) = ﬂsﬁ, (x"), for x' € X'\ Supp(D').
where X' = X@, K andx’ € X' corresponds tox € X(k), and D' CaDiv(X’)
correspond to D.
vl 15 a line bundle on X, generated by its global sections, then s~(x) s
If C line bundl X d b lobal hen s 5

— o~

bounded from below for all x € X(k), by a constant depending on L.

PROOF. The proof is essentially similar to the proof of Thm. 2.3. The part (i) is
obvious by definitions. One may conclude part (ii) using (iii) of Thm. 4.4 and the
definitions. The part (iii) comes from (i) of Thm. 4.4, and (iv) is a consequence
of (ii) of Thm. 4.4. The part (v) comes by (vii) of Thm. 4.4, and (vi) is a result
of (iii) of Thm. 4.4.

(]

4.5. Weighted local and global heights for closed subschemes. The local
and global heights for closed subschemes of projective varieties are introduced
in [20]. Here, we develop them to the closed subschems of weighted projective
varieties.

Fix a weighted projective variety X in PZ,E defined over k, i.e., an integral
and separated subscheme of finite type. Given any closed subscheme ) of X’ over
k, we let 7y denotes the corresponding sheaf of ideals generated by fi,---, fr €
kqlzo, x1,- - ,xp] with deg(f;) = d; for j = 1,---r. Letting D; := div(f;) for
j=1,--- ,rand v € My, we define

() (X\Y) (k) = R,
the local weighted height associated to ), by

— mi - m i (v
(42) Glov) = min {(5 (6 v)} = min (= log ===
max; |z;|."
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By convention, we define (y(x,v) = oo for x € Y(k). One can show that this
is unique up to a weighted Mg-bounded function by a similar argument for the
projective varieties.

Recall that for closed subschemes ); and ), of X defined over k£ with corre-
sponding ideal sheaves 7y, , Zy,, the closed subschemes Vi N Va2, V1 + Va2, and
V1 UY, are defined by ideal sheaves Ty, +TIy,, Zy, Iy, , and Ty, NIy, respectively.
Note that V1 U Ys C V1 + Vo C X as schemes, since Ty, Ty, C Zy, NIy,

The basic properties of weighted local heights associated to closed subschemes
are given in the following proposition.

Proposition 4.6. For any v € My, and a closed subscheme Y of a weighted
projective variety X, the following hold:

(1) Cylﬁlb('v V) = min{Cﬁ)ﬁ ('7 V)7 Cy2('7 V)};

(2) Cy1+y2('7 V) = Cyl(.7 V) + Cyz('7 V);

(3) Cy1('7y) < Cyz('vy) if V1 C Vo

(4) maX{CJh ('7 V)7 C)/Q('> V)} < CyIUyQ ('7 V) < Cy1 ('7 V) + Cyz('v V);

(5) ¢, (,v) < ¢ Cy, (-, v) if Supp(Dh) C Supp(Ye) for some constant ¢ > 0,
where Supp(Y) denotes the support of Y;

(6) If Y = D is an effective divisor, then Cy(-,v) is equal C5(-,v) defined by
Eq. (37), where D = (Ox (D), | - [}) € Pic(X);

(7) If ¢ : X' — X is a morphism of weighted projective varieties, Y C X a
closed subscheme over k, and ¢*(Y) denotes the closed subscheme of X’
associated to ideal sheaf ¢~ Iy - Oxr, then Co(y)(x,v) = (y(d(x),v) for
x € (X\" (V) (k).

The global weighted height associated to ), can be defined up to a
bounded function by summing all local weighted heights. More precisely, given
x € X, we let K be a finite extension of k containing k(x) and define:

(43) sy(x) = ) Gylxw),

uEMpk
which is independent of the choice of the field K. The weighted global heights sat-
isfy similar properties, except the first one, as given in Thm. 4.6 for the weighted
local heights.

Proposition 4.7. For any v € My, and a closed subscheme Y of a weighted
projective variety X the following hold:

(1) Sy;ny, S min{syl,ﬁyQ},'

(2) 5y,+3, =5y, + 53
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(3) sy, < sy, f V1 C o

(4) maX{Syl,SyQ} < sy,uy, S5 T 5y

(5) sy, < c-sy, if Supp(Y1) C Supp(Va) for some constant ¢ > 0;

(6) If Y = D is an effective divisor, th/en\sy is equal to s defined by Eq. (40),
where D = (Ox(D), (|| - |lu)) € Picq(X);

(7) If ¢ : X' — X is a morphism of weighted projective varieties, Y C X a
closed subscheme over k, then $4-(y) = 5y 0 ¢.

All of the above assertions follow by summing from the corresponding proper-
ties for the local weighted heights associated to subschemes. When we want to
emphasize on the base weighted variety X in any of the previously defined global
weighted heights, we will put it as a subscript on them for example sy p and
S5xy.

5. CONCLUSION

This work is devoted to develop a detailed theory of Cartier divisors, analytic
structure of weighted varieties, weighted blow-ups. While it was believed that
these results could be recovered from the Veronese embedding it is the first time
that a direct approach is presented.

Weighted projective spaces are very natural objects which makes the theory of
weighted heights a powerful tool of arithmetic geometry. However, connections
of weighted heights with other heights such as GIT height, Neron-Tate height,
Faltings height, etc are not well understood. Some glimpses of the connection
between weighted heights and GIT height can be seen in [8], but overall this is an
area that offers many open questions. Vojta’s conjecture for weighted varieties in
terms of weighted heights is studied in [19].
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