RATIONAL FUNCTIONS ON THE PROJECTIVE LINE FROM A
COMPUTATIONAL VIEWPOINT
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ABSTRACT. We explore the moduli space ./\/l(li of degree d > 3 rational func-
tions on the projective line using a machine learning approach, focusing on
automorphism group classification. For d = 3, where M% = P3,(Q) with
weights w = (2,2,3,3,4,6), we generate a dataset of 2,078,697 rational func-
tions over Q with naive height < 4. Initial coefficient-based models achieved
high overall accuracy but struggled with minority classes due to extreme class
imbalance. By using invariants &o, . .., &5 as features in a Random Forest classi-
fier, we achieved approximately 99.992% accuracy, mirroring successes in genus
2 curves [9]. This highlights the transformative role of invariants in arithmetic
dynamics, yet for d > 3, unknown generators of R(g441,4—1) pose scalability
challenges. Our framework bridges data-driven and algebraic methods, with
potential extensions to higher degrees and Mﬁ.

1. INTRODUCTION

Let k be an algebraically closed field of characteristic zero and P} the projective
line over k. A degree d > 2 rational function ¢ : P* — P! is given as the ratio of
two degree d binary forms, say ¢(z,y) = % such that the resultant between
fo(z,y) and fi(x,y) is non-zero. Hence, a rational function is a pair of binary forms

of the same degree with no common roots. If we denote
d o d o
folz,y) =D air’y®™ and  fi(w,y) =) bia'y",
i=0 i=0

then the collection of pairs [fo : f1] can be parametrized via
[ag:--:ag:bg:---:bo] € PPHL

such that Res(fo, f1) # 0. So the parameter space of degree d > 1 rational functions
on P! is the complement of the resultant locus in P24*+! say Rat}; := P21\ V(Res).
The group SLy(k) acts on Rat) by conjugation, i.e., for some M € SLy(k),

¢— oM =M 1lopoM.

Two rational functions ¢, € Rat}i are called conjugate if there is an M € SLy(k)
such that ¢ = 9. The moduli space of degree d > 1 rational functions (in one
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variable) is denoted by M} and can be constructed as a quotient space of this
SLs-action. The automorphism group of ¢ is defined as

Aut(¢) := {0 € PGLy(k) | ¢” = ¢}.

It is a finite subgroup of PGLy(k), so it is isomorphic to one of the following: a
cyclic group Cy,, a dihedral group D,,, A4, Sy, or As. Determining which one of
these groups occur for a fixed degree d > 2 is studied in [2,4,6].

When the degree d gets large, determining the automorphism groups, inclusions
among the loci of functions with fixed automorphism groups, minimal fields of def-
inition, and other questions that arise in arithmetical dynamics (see [17]) becomes
challenging and involved. Hence, we aim to use a machine learning approach to
study such questions. The goal of this paper is to introduce such an approach and
to identify some of the challenges that will be encountered along the way. Our main
task in this paper is to design a machine learning model to determine properties of
rational functions such as the automorphism group, inclusions among the automor-
phism loci, a minimal field of definition, etc. As a case study, we focus on the case
of rational cubics over QQ since this is a well-known case and gives an opportunity
for training and identifying methods that would work better in higher degree cases.

We created the database of all rational cubics with height < 4. There are
2,078,697 such cubics (cf. Section 7 for details). Initial machine learning models
using the coefficients of these rational functions as features performed poorly in
classifying the automorphism groups, achieving high overall accuracy but failing
to correctly identify minority classes due to extreme class imbalance. However,
by incorporating invariants of the rational functions as features, we were able to
significantly improve the classification performance, achieving near-perfect accuracy
across all classes.

For any ¢(z,y) = %, we define binary forms of degrees d + 1 and d — 1 as
9fo | Of1
Ty = yfo — d = 2o 9N
p:=yfo—xfi and Ty E + By

Any two degree d rational functions ¢ and 1 are conjugate for some M € PGLy(k)
via ¢ = ¢M if and only if Z,, = If and Jy = jf; see Lem. 1. Moreover, there is
a one-to-one correspondence between degree d rational functions ¢(z) and points
(f,9) € Vgr1 ® V4_1 such that
Res <xg+ %,yg - gi) #0.

Hence, determining invariants of rational functions is the same as determining gen-
erators for the ring of invariants of Vg;1 @ Vy_1, which can be determined using a
result of Clebsch once generators of the ring of invariants for Vi1 and Vy_; are
known.

Denote by R(q41,4—1) the ring of invariants of Vg1 © Vg1 and (&o,...,&n)
the tuple of generators of this ring with degrees (qo, ..., ¢gn) respectively. Since
all &o, ..., &, are homogeneous polynomials, then R(g41,4-1) is a graded ring and
Proj R(a+1,4—1) is a weighted projective space denoted by P7 (k), where w = (qo, - .., qxn)
is the set of weights. Thus for each ¢ € Py, we evaluate its invariants and have a
map & : Py — M} via

¢ = [§o(@) -+ &n()];
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and create a new database WW; where each entry represents the isomorphism class
of some rational function. We can normalize points in W; by ”dividing” by the
weighted greatest common divisor. Then using the weighted projective height we
can further order them; see [7]. Obviously, the data in Wy doesn’t necessarily
have to come from P,, since we can randomly generate points in the weighted
projective space P similarly how it was done in [9]. The benefit of training the
data Wy instead of Py is that there is no redundancy because every data point
represents uniquely the equivalence class of a rational function. While the input
features of the model can still be the coefficients of the rational function, we can
use feature engineering and insert a symbolic layer which computes the invariants
of the function and hence the corresponding point p € MY}, similar to what was
used in [11].

For d = 3, the generators of V, @& V5 are invariants of degree 2, 2, 3, 3, 4,
and 6. Hence, the moduli space M} is the weighted projective space P, (k) for
the set of weights w = (2,2,3,3,4,6). We explicitly determine such invariants as
polynomials in ayg,...,as,by,...,b3 and implement them as a symbolic layer. A
complete list of automorphism groups and the corresponding loci in terms of such
invariants are also computed. Adding such invariants to the database increases the
classification accuracy significantly. For example, using a Random Forest classifier
with invariants as features, we achieved an accuracy of approximately 99.992% in
classifying the automorphism groups; see Section 7 for further details. There is no
reason to believe that this accuracy will go down for higher degree d.

Our results show that machine learning, when combined with algebraic invari-
ants, can be extremely successful in studying rational functions. In the last section,
we give a brief account of our results and challenges ahead.

While our study of rational cubics over Q demonstrates the power of this ap-
proach, it also raises questions about its scalability and applicability to higher
degrees. The explicit invariants for d = 3 are a solved problem, but for d > 3,
such as d = 4 or beyond, the generators of R(441,4—1) remain largely unknown,
complicating both algebraic and computational analysis. Extending this frame-
work requires addressing these gaps, testing its robustness across diverse fields, and
refining the symbolic layer’s integration, topics we explore in the subsequent work
as we outline our findings and the path forward.

2. PRELIMINARIES

Let k be an algebraically closed field, PV (k) the projective N-space over k, and
klx,y] be the polynomial ring in two variables. By V; we denote the (d + 1)-
dimensional subspace of k[z,y] consisting of homogeneous polynomials

d—

fl@,y) = agz® + ag_12 y + - arzy®t + agy?,

of degree d (up to multiplication by a scalar). Elements in V (up to multiplication
by a constant) are called binary forms of degree d. GLo(k) acts as a group of
automorphisms on k[z,y] as follows:

(1) M= <‘2 Z) € GLo(k), then M @) _ (Z;”I;i)

Denote by fM the binary form
M (x,y) = flax + by, cx + dy).
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It is well known that SLy(k) leaves a binary form (unique up to scalar multiples)
on Vy invariant.

Consider ag, a1, ... , aq as parameters (coordinate functions on V). Then the
coordinate ring of Vy can be identified with k[ag, . ..,aq]. For I € k[ag,...,aq] and
M € GLa(k), define

™ ¢ klag,...,aq) as TM(f):=I1(™),

for all f € V4. Then IMN = (IM)N and IM(f) define an action of GLa(k) on
k[ao, ey ad].

A homogeneous polynomial I € k[ag,...,aq,,y] is called a covariant of index
sif IM(f) = 6°I(f), for all f € Vy, where § = det(M). The homogeneous degree in
ag, - - - ,aq is called the degree of I, and the homogeneous degree in z,y is called
the order of I. A covariant of order zero is called invariant. An invariant is a
SLo(k)-invariant on V.

By Hilbert’s theorem the ring of invariants of binary forms is finitely generated.
We denote by R, the ring of invariants of the binary forms of degree d. Then, R4
is a finitely generated graded ring

2.1. Change of coordinates. Let Ij,..., I, be the generators of R4 with degrees
os - - -, @n Tespectively. For any two binary forms f and g, f = g™, M € GLy(k), if
and only if

2)  To(f)s-- - Li(f), - () = AT To(g), -, AT Lilg), -, AT Tn(9)

where A = (det M)2.

2.2. Generators of the ring of invariants. Let V; be the space of degree d > 1
binary forms defined over k, and R, the ring of invariants. Below we list the
generating set of Ry for d < 10. We assume that the binary forms are given in
standard form

d /4 o
fla,y) = (wazydﬂ
i=0
For f,g € V4 the r-th transvectant of f and g is defined as
(m—r)(n—r)! (T o f Jd"g
= -1 . . ,
(£.9) n!m)! Z( ) k) Oxr—k oyt Oxk Oyr—k

k=0

While there is no method known to determine a minimal generating set of invariants
for any R4, we display such sets for 3 < d <4 as in [1].

2.2.1. Cubics. A generating set for R3 is & = [§], where
3) & = ((f, 2, (f, f)2)y = —B4aga3 + 36a1azaoas — 8asag — 8aias + 2a5a}
2.2.2. Quartics. A generating set for Ry is £ = [£, &1] with w = (2, 3), where

(4) foz(faf)4 and Elz(fv(faf)2)4

For d = 6 to d = 10, generators are known and displayed in [1]. In Table 1 are
their counts and weights.
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TABLE 1. Generators of R4 for d =6 to d = 10

d Weights w Number of Generators
6 (2, 4, 6, 10) 4
7 (4, 8,12, 12, 20) 5
8 (2,3,4,5,6,7) 6
9 (4, 8, 10, 12, 12, 14, 16) 7
10 | (2,4, 6, 6, 8,9, 10, 14, 14) 9

3. INVARIANTS OF RATIONAL FUNCTIONS

This section derives the invariants of degree d > 1 rational functions on P!(k),
where k is algebraically closed. Our goal is to classify these functions up to
PGL2(k)-equivalence, compute the invariant ring R(zy1,4—1), and specialize to
d = 3 for explicit invariants that enable machine learning analysis of the mod-
uli space M3.

If one fixes homogeneous coordinates z,y on P!, then any rational function
¢ : PL — P! of degree d > 1 can be realized as

fO (l’, y)
o(z,y) i)
where d = max{deg fo,deg f1} and fp and f; are homogeneous polynomials of
degree at most d. Conversely, a pair of homogeneous polynomials of degree d in x
and y determine a rational function

(5) ¢(I7y): [fo(xvy) fl(x7y)]
if fo, f1 have no common roots in k.

For a fixed degree d > 1, the collection of all such pairs of homogeneous polyno-
mials [fO(xay) : fl(xvy)]v say

d d
fo=Y ax®ly' and fy =) b’y
i=0 i=0

can be naturally parametrized as the projective space P??*1 via
[fo:fi] = lao:ai:---:aq:by:---: by € P2TL
We denote the resultant of two binary forms fy and fi by Res(fo, f1). Notice
that it’s well-defined and a degree 2d homogeneous polynomial in
(6) Isq4(9) := Res(fo, f1) € k[ag, - ..,adq,bo, ..., bd].

Hence, I4(¢) is an SLo(k)-invariant of degree 2d. Moreover, ¢ is a rational function
on P! if and only if I54(¢) # 0.

We can construct the parameter space of rational functions on P! as the comple-
ment of the vanishing locus V' (Iz4) of Is4. Hence the rational space of rational
functions of degree d on P! is defined as

Rat) := P21\ V(1)

The action of PGLy(k) on Vy extends naturally to an action on Rat}. For each
o € PGLy(k), we have PGLy(k) x Rat); — Rat) via

(0,¢(x,y)) = ¢7 =0 "¢o,
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Two rational functions ¢,9 € Raté are called k-conjugate if and only if there
exists a matrix o € PGLay(k) such that ¢ = 0~ 1¢o.

Remark 1. Notice two different uses of notation ¢° for rational functions and f°
for binary forms.

The function ¢ = o~ 1¢o is explicitly given as

4 _ efolax+bcx+e)—bfi(ar+bcx+e)  eff—bff
(M) (o7¢0) (@) = —cfolax +b,cx +e) +a filax +bcx +e) —cf§ +aff

Let ¢(z,y) and ¥(z,y) be degree d > 2 rational functions given by

x, x,
() o) = D and iy = 22
By Eq. (7), ¢ and ¢ are k-conjugate if and only if there is 0 = (Ccl Z) € PGLy(k)
such that
(9) go=efg —bff and g1 =—cfg +aff.
Definition 1. For ¢(z,y) = ﬁ’gzg, we define its associated pair of binary
forms as
(10) Zy:=yfo—afi and T4 32%*‘%

Notice that 7y € V41 and J4 € Vg_1.
Lemma 1. Let ¢,v € Rat} and o € PGLy(k). Then ¢ = ¢° if and only if
I,=1I} and Jy=UT5.

Proof. Let ¢ = % and ¢ = g—‘;. Assume that ¢ and ¢ are k-conjugate in Rat}i,

meaning there exists o € PGLa(k) such that ¢ = ¢°.
Substituting the expressions for Z,, = ygo — xg: and using the values of gy and
¢1 as in Eq. (9), we have

Ty =ygo —xg1 = ylefs —bf7) —x(—cfg +af)
= (cx +ey) f§ — (azx +by) f{ = (yfo —xf1)" =13

Similarly,

- Or Oy ox dy
ofg ., off  ofg . Of7 afs  ofT\”

= — bi — = = a .

€ ox ox ¢ dy ta dy or + oy Jo
Thus, we conclude that Z, and 7, (and similarly, J4 and J) are k-equivalent via
o as binary forms.

Conversely, suppose that Z, and Z,, (respectively, J4 and J) are k-equivalent
via o as binary forms. This means that Z,, = Z3 and J, = Jg. In particular, we
have

g, = D0, Oon _ Oleff —bi7) | O(=cf +aff)

Ty =ygo — xg1 = (yfo — xf1)” = (cx + ey) f§ — (azx + by) f7,

_ 90 99 _0f5 | OfF
Jv = (’93&+ Oy 78x0+8y‘7'
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From the equation for Z,,, we obtain
y(g90 —efg +bf7) = (g1 +cfg —afl),
which leads to
go —efq +0f] =x-h(z,y), g1 +cff —afl =y-h(z,y),
for some h € V;_1. Therefore, we have

ofy o Off

oh oh ofg
=2h — — b —
Ty +($3x+y8y>+68x + ox C@y a@y
d—1 (’)go 891
=h+ —h+—+ —.
+ 2 + ox + oy
Thus, we must have h = 0, which implies that ¢ = v as claimed. (I

Since the pair of binary forms (Z4, J4) determines the rational function ¢, we
can use the classical theory of binary forms to determine invariants for ¢. Define

(1) P . Raté — Vg1 & Vy_q,
¢ — (I¢v jd>) :

The inverse of ® is not well-defined since not every pair (f,g) € Vi1 & Vg1
determines a rational function.

Definition 2. For any (f,g) € Vg1 ® Vi—1, define the modular resultant

_ of . 9f
(12) Az, 7, = Res <w9+ oy Y M) ,

and the moduli resultant locus N as
N :={(f,9) € Vay1 © Va1 | Ay 4 = 0}.
Then, we have the following;:
Lemma 2. The map
®:Rat) — (Va1 ®Va1) \ N
is bijective. Moreover, for any (f,g) € Var1 ® Vag_1 \ N,

of

_ g+ 3y,
O (f,g) = —2L.
Y9 — o5

Proof. The map ® is obviously well-defined. Let ¢,v¢ € Rat}i such that ®(¢) =
® (). Then, Ty =Ty and J4 = J as binary forms in V41 and Vy_1, respectively.
Since binary forms are defined up to multiplication by a scalar, there exists a
diagonal matrix o € PGL2(k) such that

IwZIg and Jw:j(;)'
By Lem. 1, we conclude that ¢ = ¢? = ¢. Thus, ® is injective.

Now, assume that (f, g) € (Var1®Va—1) \N. The condition Az, 7, # 0 ensures
that the preimage

of

_ g+ 5,
Ol g) = —o%
Y9 — o5

belongs to Rat}. Consequently, the map ®~* is well-defined.
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To show that ® and ®~! are inverses of each other, we will demonstrate that
®od ! =idon (Vi1 ©Vy_1)\ N and ' o ® = id on Rat,.
First, compute ® o ®~! on (Vi1 @ Vy_1) \N: Let (f,9) € (Var1 ® Va_1) \ N

and ¢ = &~1(f, g) = Z*gg Then,

(oo OEY () 05\ _ 0 o _
I¢—y<wg+ay> :v(yg 8x)—yaer =(d+1)f=f€Vin
oL O, O o]y 0, 0
T6= 52 [Ing@y}Jr {yg ax]Qﬁ Dz +yay

Thus, Ty = f and J¢ = g, so ®(¢) = (Z¢, T 4) = (f.9)-
Second, compute ®~! o ® on Rat;: Let ¢ = f—“ € Rat}l. Then,

fo 3f1>
dy

29+ (d—-1)g=g€ Va

(B0 ®) (6) = & Ty T o) = (yfo —ap, 2o

o (G5 )+ 4

(0 (33};) + afl) -2 [yfo—afi]

(3 +28) + (5120 —232)
N CT N Ty
afo—i—yaf(’—kfo dfo+ fo _ fo

= df1+ydf1+f1_df1+flzﬁz¢.

Since both compositions ® o ®~! and ®~! o ® are the identity maps, we conclude
that ® and &' are indeed inverse to each other. This completes the proof. ([l

yfo — fi]

x

3.1. Ring of invariants R(411),(a—1) and a theorem of Clebsch. The action
of GLy(k) on Vg induces an action of GLg(k) in Vgy1 @ Vy—1. To determine the
isomorphism classes of degree d rational functions, we have to determine the ring
of invariants of V11 @ Vy_1. This is a well known in classical invariant theory. We
briefly describe it below; ; see [18] for details.

Let V be an SLy-module and O(V') the algebra of polynomial functions on V.
SLa(k) acts on O(V) via

M -p(fr,....fr) = p(M 7 f, ..., M7 f),

for every M € SLa(k). An invariant of V is an element 7 € O(V) such that
MT =T, for all M € SLa(k). The set of invariants is denoted by O(V)SLz,
A transvectant (7,S); is called irrelevant if there exist 77,72, S1,S2 and [y, o
such that
l=lbi+l, T=T-T S§=85"-8,,

and [; < ord7q,ord Sy, and Iy < ord 75, 0rd Ss. A transvectant which is not irrele-
vant is called relevant.
Let V and W be two SLy-modules whose covariants are finitely generated, and
assume
Ti,...,T-: are the generators of the covariants of V'

1
(13) S1,...,8s: are the generators of the covariants of W.
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Theorem (Clebsch). The ring of covariants of V& W is finitely generated. More-
over, a finite generating system can be chosen from the set of all transvectants

(T,S),, for 1>0,

where T is a monomial in the T;’s and S a monomial in the S;’s. In other words,
by the relevant transvectants (T,S);.

3.2. ProjR4+1,4-1) as a weighted projective space. Let &o,...,&, be a gener-
ating system of R(q41,4—1). Since all &, ..., &, are homogeneous polynomials, then
R(a+1,a-1) is a graded ring and ProjR(q41,4-1) is a weighted projective space.

Let w := (qo,---,qn) € Z"! be a fixed tuple of positive integers called weights.
Consider the action of k* =k \ {0} on A"T!(k) as follows:

Ax (g, xn) = (A %0, ..., A2,

for A € k*. The quotient of this action is called a weighted projective space
and denoted by P” (k). It is the projective variety Proj(k[zo,...,z,]) associated to

the graded ring k[zo, ..., x,] where the variable z; has degree ¢; for i = 0,...,n.
We will denote a point p € P%(k) by p = [zo : @1 : -+ : ¢,]. Let é(z,5y) € Rat)
given by ¢(z,y) = [fo : f1]. Its associated binary forms Z, € Vgy1 and Jg € Vy_1,
and &o,&1, ..., &, the generators of the ring of invariants R(g41,4—1)-
The invariants of the rational function ¢ are defined as
(14) §(0) = [60(Zg, T 4):61(Zp, T 9), - -1 6n(Zg, T o)) € P ().

Moreover, ¢ = 7 for o € GLa(k) if and only if £(¢) = A *£(v), for A = (det O’)%.
Next we will determine explicitly invariants of R4y1,4—1. From now on f € Vgiq
and g € V;_1 where

d+1 d—1
(15) f= Zaixiyd"’l_i and g¢g= Zbiwiyd_l_i.
i=0 =0

3.3. Invariants of V,;®V,. To apply this framework, we specialize to d = 3, where
IZyeVyand Jy € Vo. We take d=3, f € Vy and g € V, as in Eq. (15)

(16) f(x,y) = agz® + aza® + agxy + ajxy® + agy®
g(z,y) = bax® + bizy + boy?
The generators of covariants of V; and V5 are

Tz{f’T:(f?f)QvE:(f7f)477§:((fﬂf)2af)4}
S=1{g, S2=1(9,9)2}

respectively. Hence, we are considering all transvectants (f* 727,73, g°1.55%),
for some my, ma, m3, My, S1, S2. Since T3, T3 and Sy are invariants, their exponents
must be zero, otherwise we get reducible invariants. Hence, 73, 73, 52 are part of
the generating set and further we only consider (™72, ¢°),. Then the relevant
transvectants are Ss, 72, 73, and

R3:=(T,9%)a, Ra:=(f.9")1, Re:=1(g"(f,T)1)s

Hence, the set of invariants is £(¢) = (£, . . .,&5), where

§o=1(9,9)2, &1 = (f, f)a, &= (T, f)a, &3 = Rz, 4= Ry, & = R
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with weights (2,2, 3,3, 4, 6) respectively. Let d = 3 and f, g as in Eq. (15). We have
the following expressions for invariants:

1
fo=1= (4b0b2 —b})

1
51 = 6 (a2 - 3a1a3 + 12(100,4)

1
§o = [ ( Qag + 9(ayras + 8apaqg)as — 27 (a4a§ + aoag))
1
§3= 5 (6a4b0 — 3asbiby + 2a2b2by + a2b1 + 6aob2 — 3a1b1b2)
1
54 = 72 (2a2b2 + 4a2b0b2 — 24a4a2b0 — 2461,00,2b2 6asasboby
—6aiasbiby 4+ 9a2b2 — 3ayasb? — 24agash? + 9a2b3 + 36a;a4bob1 — 6ayasbobs
—48agasbobs + 36apazbibs)
& = =) (a3bp + 8araiby — dasazasby — axa3biby — 8agaiasbibs — 16agaibi by

—2a1a3a4b1b0 + a1a3b2b0 — 4a1a2a4b2bg + 8a0a3a4b2b0 + a1a3bzb0 + 4(12cz41)1(72
—4a1a2a4b%b0 + 8a0a3a4b%b0 — a%agbgbo + 4a0a2a3b§bo — 8a0a1a4b2b0
—6aga3bibaby + 6a3asbibaby — agaibt + a?asb? — aib3 + dagaiazby — 8aazbi
—4a0a§b1b% + a%agblbg + 2a0a1a3b1b§ + 16a§a4b1b§ — a%agbbe + 4a0a2a3b§bg)

The ring of invariants R4 2 is generated by &, &1, &2, €3, &4, &5 and a relation between
invariants &, ..., &5 is, according to [18], satisfy the following equation

1 1 1 1 1 1 1
(17) & = {5g&0&r — 1860€5 — 5108183 — G&ali + Sofabala + 1618586 — 601l — &
Given a rational cubic
folz cox® 4+ 122 + cox + 3
(18) o) = 21D _ T Hod
filx)  caxd +esx? 4 cor + o7
we compute its invariants in terms of its coefficients. We have Is = Res(fo, f1)

3.3 3.3 2.3 3. 2 3.2 2 2
Is =c5¢y — cocr + cacheg — cycrcy + ciczca — c5cacscy — 030005 203010604

+ e3cacge] + cacicicy — 3cicocrc — Cicocacs + cicacacs + 2cacicics
+ 303036%04 — c%cocwg + 30300060504 — 20302000204 + 0302cocﬁc§
+ 3630261670421 + 203c10007c§ — 6301006365 — 020%670664 — 30201000304
+ C%C1C7C5C4 + 20360070604 — (C3C2C1CC5C4 — C3C2CHCTCHC4 + C3C1CHCTCECH
+ 636%6264 — 026307c§ + cacicoereges — 36363076665 — 2636%670564
The pair of binary forms Z, and J 4 associated to ¢ are

Iy = 03x3y + c2x2y2 + clxyg + 00y4 — 07:174 — C6x3y — C5x2y2 - C4xy3
(19) To = 3031‘2 + 2cony + cly2 + 061‘2 + 2c52y + 3C4y2
Next we evaluate the following transvectants
bo=(T¢:Te)y, &1=1(T4,Tg)y, §2=(Zp:Zs)2: Loy

20
( ) 53 = (I¢7\73$)4a 54 = ((I¢7I¢>27\7§S)4a 65 = (‘72” (I¢7 (Id)aIdJ)Q)l)ﬁ
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&0 =2(3caco + cacs — 2 — 2c1e6 + 9Ycocr + 3eres — cg)

&1

1
— 6(12C3C4 + 3caco — 3eacs — c% + 2c¢1c6 — 3coer + 3cres — c?;)

T2c3c1c4 + 27C3cg — bdezcpes — T2c3cgca + 270303 — 270304 — 9¢acico

1
§2=— 5(
+ 9cacics + 9cacocg + Sdeacres — 9eacecs + 2c§ — 60?06 + 9cicocr — 9eic7es

+ 60102 — 9¢copcres — 270?04 + 9¢creees — 262)
1
&3 =§(2703c(2) + 18czcocs + 303c§ — 30§C4 — 9c¢aci1c0 + c2c1e5 — 15cacoce + 9cereses

— 202 — 18coc7cq — cacges + 20? + 20505 + 9cicocr + 15¢1c705 — 201c§
— 9¢cocreg — 270?04)
&y =— %(1863626004 + 6¢cscacses + 1203621!64 — 36¢czcicocs + 24c3c1c6Cq — 12csclc§
+ 54636%66 + bdescoeres + 18czcreseq + 12C3C§C4 — GCgcﬁcg — 66%6164 + 96363
+ 6030005 — 12030604 + 3c§c§ — 6020?00 + 2020?05 — 6cacicocs + 2c2c1C6C5
— 18020307 — 24cocoeres + 6020062 — 36¢cacreges + 66267C§ + 2628(2365 + c;l
+ 66%6067 + 66%6765 — 2c§c§ — 6c1cperes + 54C1C§C4 — 6cierescs
+ 27cgc$ — 180()C$C5 + 6cocw§ + 90?0? — 6070205 + cé)

2 2 2 2. 2 2 4 22 222
36c3c1cpca + 24c3ci1cocsca + 4cscicsea + 27czcq + 36¢3cpc6ca — 18c3¢qcs

& =— 1
5 =— —
4
2 2 3 2 2 2 4 2 2 2 2 2
+ 24c3cocecsca — 8czcocs + 4ezcecsca — e3¢5 + 4escacicy — 6escacpca — 8cacacocsca
2 2 2 2 2 2 3 2
+ 4cscaeecy — 2c3¢5¢5c4 — 8cacacicoca — 8cscacicsca — 18cscacicy — 18cscacicyes
2 2 3 3
— 16c3cacicoceca + 2c3cacicocs + 24cscacicrey — 16¢scacicscsca + 2c3cacics + 18cscacycs
2 2 2 2 2
+ 6cscacoescs — 24cs3cacocresca — 8cscacocgea + 6escacocscs + 24cscacrcecy — 8cacacrcsca
2 3 3 2 3 3 2 2 2 2
— 8czcacgesca + 2c3cacgcy + 4escicy + 8cscicocs + 4escics — 12csciches + 24cscicocres
2 2 2 2 3 2
— 8cscicocscs — 8cacicrescy + 4escicecs + 18cscicyer — bescicgeres + 48cscicocrceca
2 2 2 2 3 3
+ l4cscicoeres — 16¢scicocges + 36cscicrcy — 16¢scicresesca + 6escicres + 18cscyercs
2 2 2 23 2 2 2 2
+ bdcscperes — 42cscpereses + 16¢schcg + 24cscocreges — 10cscocrescs + 36¢3c7cqcy
2 2 2 3 4 2 3 3 33 3 2
— 6cscrcseq — 8cacrcgesca + 2¢acrceCs — CoCy + 2¢5c1C0Cs + 2¢5¢105¢4 + 4cycy + 4eacpes
3 3 2 3 22 2 2 2 22 2 2 2
+ 6cacoceca — 8cacrcy + 2c5¢6C5¢4 — caciCy — 2¢5¢1cocs — C3C1C5 + 2¢3C1CHC6
2 2 2 2 2 2 23 2 2 222
— 10c5c1c0c7ca + 6¢5c10705¢4 + 4Cscic504 — 205C106C5 — 12¢5¢chc7 — 4escheres + 3cacpcs
2 2 2 2 2 222 2 23 22 2
+ 14cscocresca — 8cacocrcs + 2¢5cocges — 18c5c7¢y + 2¢5¢7¢6C5C4 + 4CaCgCa — C5C6CH
2 2 2 2 2 9 2 2
+ 2cacicoer + 4deacicocres — 16cacicresca + 2cacicres — 8cacicoerce — 42cac1cocrca
2 2 2 2 2 2 2
+ 8cacicocreses + 6eacicrescys — 8cacicreges + 24cacyczes — 10cacgercg — 6eacocrcsca
2 2 2 2 2 3 3 2 2 3 2
— 4cacocrcs 4 deacocreges — 18cacrcgesca + 4eacrcs + 8cacrcgea — 2cacrcges + 16¢1¢7ca
2 2 2 2 2 22 2 2 2 3 2 3
+ 3cicoer — 10cicocres 4 3cicres + 6eicgeres + 18cicocrca — 8cicocrcscs + 18cicresca
2 2 2 2 22 2 3 3 2 2 2 4 2
— 12¢1c7¢c5¢4 + 2c1c7c6c5 + 3chercg + 18cocrcsca — 12¢cocrcs + 2cocrcges + 27crch
3 3 2 3 3 222
+ 4cres + 4ercges — 18cicscsca — c7cgCs)
The modular resultant Az, 7, = Res(Zy,J4) is a homogeneous polynomial of
degree six in terms of ¢y, ..., c7. Hence, we will denote it by Js := Res(Zg, T 4).
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Thus, there are three invariants of degree 6 in the case of cubics, namely Ig, Jg,
and &5. We would like to express I and Jg in terms of &g, ..., &5. The expression
of Is was computed in [18, pg. 38]

Q) To= g8+ 68 - S8 - Satt —E+ aE — bk — o

It seems there are a couple of typos in the printed version of [18, pg. 38], and we
could not verify it directly. It can be easily noticeable that it is incorrect since it
is not a homogeneous polynomial of degree 6; see for example the monomials £7,
&1, &3, £o&3 which are not of degree 6.

The correct expression can be derived using computational algebra. This involves
expressing Ig and Js as linear combinations of the 10 degree 6 invariants: &5, £4&o,
€461, 6577€], €3 fl,forZ—O 1,2, 3andj—0,1,2 We have

1 1
=58 - 3845051+ S - - S8 S+ b — 6

Jo = §§ — 48480 + gfofl
The space P32 33.4,6) can be embedded into P5 via Veronese embedding as

(22) [507513625537547]6} — [6875?75375?}17523 Ig]

Since I # 0, we can divide by 12 and represent each point as

6 ¢6 ¢4 ¢4 3
%:%:%:%:%:1 e P®
Is Ig I Ig I
This motivates the definition of the following invariants
& . _ & & . _& &

Toy 2= 75, 13 = 75, 4= —5, 15 = 75
2 2 2 2 2
IG IG I6 IG IG

256

(23) i =

which are GLy(k)-invariants and are defined everywhere in the moduli space Rat:l,,.
We call such invariants i1, ..., i5 absolute invariants of ¢(z,y). Hence, we have:

Lemma 3. Two degree three rational functions are conjugate if and only if they
have the same absolute invariants.

Proof. Let ¢,9 € RatS be degree 3 rational functions over k given by ¢ = ;0

¢ =2 and £(¢) = [§0(9), .-, &(9)], £(¥) = [§o(¢), ..., &5(1)] as in Eq. (14) and
absolute invariants as in Eq. (23), where Is(¢) # 0 and Is(¢)) # 0.

Suppose ¢ ~ 1, i.e., p = ¢° = 0L o0 ¢ o o for some o € PGLy(k). By Lem. 1,
Ty =13, Ty = Jg. Since & are SLa(k)-invariants of V4 @ Vo (Subsection 3.3),
§i(V) = &i(Zy, Ty) = &i(Z5,Tg) = &i(@). For o € GLa(k) with det o = A, we have
Ei(97) = XVi/26(9), 16(¢7) = N Is(9), so

Z(w) _ gj_1(¢)12/u)j—l _ ()\ulj-l/2§j_1(¢))12/u)j_1 _ >\6£j—1(¢)12/wj—1
j Is(3)? (A315(0))2 SOATIE
Thus, ¢ ~ ¢ implies i;(¢) = i;(1)).

) ) ) 12/w;_q . 12/w;_q
SUpposlez/Zj(qi)) = 1;(¢) for2] =1,...,5. Then %= 1(1(15% oL =4 1§f2¢)2 , SO
o Wj—1 T, . .

(%ﬁ;g) — (,ﬁgg) . With w = (2,2,3,3,4,6), ged(w;) = 1, there exists

X € k* such that &_1(6) = Ni=1&; 1 (1), Io(9) = A*Ls(1). Hence, £(6) = AxE()
and 3o € GLy(k), det o = A2, such that ¢ = 1. Thus, ¢ ~ . O

=1ij(¢).
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We now define the map ® : C8\ {Is = 0} — C® as

(24) (coy.-.yc7) = (i1(coy .- yc7)y . yis(co, ... 7)),

where i1, ..., 5 are defined in Eq. (23). The condition I # 0, ensures that 41, . .
are defined everywhere in the moduli space.

To study the unage Img(®), we examine the Jacobian matrix J(®), a 5 x 8
matrix with entries 811 forj=1,...,5and k =0,...,7. The rank of J(®), which
is at most 5, governs the local geometry of ®:

If rank(.J (<I’)) =5, then ® is a submersion at that point. By the Implicit Function
Theorem, Img(®) is locally a smooth 5-dimensional manifold near ®(cy, ..., c7).

If rank(J(®)) < 5, i.e., all 5x 5 minors vanish, ® is not a submersion, and Img(®)
may have singularities at such points. These singularities typically correspond to
rational functions with extra automorphisms.

We hypothesize that the singular locus of Img(®), where rank(J(®)) < 5, aligns
with the set {Js = 0} C C®, as defined in Eq. (25). It would be challenging to
verify this computationally.

'7i5

(25)

Je = 81c§cg — 540302@00 + 54C§CQCOC4 + 12030‘;’ — 36020?04 + 5403010005 — 108030102
+ 108030305 + 3780§COC5C4 + 324c§c2 + 126%6%60 — 3c§c§c§ + 6c§c§clc4 — 36C§C§C()C5
+ 4503030421 + 12070%03 + 6c§020305 — 1266362610006 — 606§Cgclcsc4 — 1626%62606604

— 10805020005 23405020504 + 2805(:106 1803010007 + 1203010504 + 45030%02

— 1080301000704 — 18030100060r — 252c3010()c4 + 15003c1c504 + 54c§c(2)cé 1628300C7Ci
+ 1626360660504 — 60636005 — 108030664 + 45c3c5c4 + 40630200(36 — 1063020?(36

+ 2003030106&1 + 1440303000704 + 720303000605 + 15003030603 — 1003020?07

— 2863626%8665 + 96¢3cocicocres — 66¢3cac cocg + 162030201070421 — 5407060502

+ 288czcacocrescs — 1266362606%04 + 24630200060§ + 378(:3@0702 + 81c?cf41

— 2203010705 + 20030106 120301000706 — 1260301070504 + 6803010604 + 4000602

— T2cscicocrcscq + 480301000705 — 30cscy 000605 — 16203clc7csc4 + 486067066504

+ 200301060504 + 12030(2)02 — 108636067060i + 14403COC7C§C4 — 1SC3coc§C5C4 — 10(306%6504
— 803c006c5 + 5403C7C5c4 3603c6c4 + 6c;gcec§c4 16020067 + 40201 c7 — 86301(27(24

+ 12020006 — 60626764 + 2002616765 — 3020106 + 160201000706 + 120604 36(236%6421

+ 240301070504 + 60301 C§C4 + 48030007%04 — 960300@0? + 28030@%05 — 1080207050421

— 602c‘1’07ce — 3002&070604 + 28@0?070? — 10@0?0205 + 32c¢acicocregcs — 1002010002

+ 726261676%64 — 2862616(256504 + 96¢acocreecscy — 64020007c§ — 2202000204 + 20020()0%0%
— 3602070?0421 + 60203050421 + c;lcg + 120?0?04 — 100?070605 + 4c§cg — 2cfco(:7c§ + 540?(:?(:2
— 660?0706%04 + 120?076;’ + 200?0204 301c6c5 12010007c604 + 160100@0605 — 601000205
+ 108016$ci — 12601C7CGC563 + 4061C7C5C4 + 28clcﬁc4 — 100166C5C4 + 6066 — 18c007c6ci
+ 48030301 coCr — 6403000705 — 160007c§ + 4503030421 — 18cacq 07060421 + 540207060431

2 2 2
— 104cscacicseses — 18cscacicrey + 603010605 + 1203010604 60cscacscscy
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4. AUTOMORPHISMS

In this section we will define and study the automorphism groups of rational
functions. The approach will be similar to studying the automorphism groups of
hyperelliptic curves; see [12,14]. Such groups have long been the focus of many
authors in arithmetic dynamics; see [2,4,6,18]. First we recall some preliminaries.

Let G be a finite subgroup of PGLa(k). Therefore G is isomorphic to one of
the following: C,,, D,,, A4, S4, or As. Since each is embedded in PGLs(k), we can
represent their generators as matrices, informing the forms of o € Aut(¢) later.
Below we display all the cases:

el o)
o on(8 5 9
20 w ([ L))
iv) s4f=V<__1 ﬂ[(l) _01]{_11 _11}>

| 0
o/ w 1 w ¢
o ax([7 UL )

t

where w = _1'2*'\/5, (n is a primitive n

of unity.

4th

h root of unity and 4 is a primitive root

Remark 2. In each case above, there is 0 € G which fizes 0 and co. The proof
is elementary. In the first two cases, the Mobius transformation o(x) = (na will
fiz 0 and co. In the next two cases, o(x) = —x will do that, and in the last case,
o(x) = wz is in the group and will fit 0 and oo. This property constrains Aut(¢)
later.

Let ¢ € Rat}. A point [z : z1] € P! is called a fixed point for ¢ if ¢(zq, 1) =
(xg,x1). Let t = x1/x9. Hence, ¢ can be taken as a rational function in ¢, say
o(t) = % Then ¢ is a fixed point if ¢(t) = ¢, which implies that

S(t) == F(t) —tG(t) =0

which is at most a degree (d+ 1) equation in ¢. Hence, a degree d rational function
has at most (d + 1) fixed points.

We denote the set of fixed points of ¢ by Fix(¢). Notice that if Fix(¢) =
{wy,...,ws} with s < d+1 is known, then we can uniquely determine the rational
function ¢ by solving the linear system F(w;) — w; G(w;) = 0, for i = 1,... s,
assuming s = d+ 1. A function ¢ has less than d + 1 fixed points exactly when the
discriminant A(S,t) = 0.

An automorphism of ¢ is called a 0 € PGLy(k) such that poo =00 ¢.

1 7. 1
Px ]P)$
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The set of automorphisms of ¢ is denoted by

Aut(¢) := {0 € PGLa(k) : ¢° = ¢}.
It forms a group. For any o € Aut(¢), by Fix(c) we denote its set of fixed points.
Remark 3. As in the case of curves, there is some confusion in the literature
on what is called the automorphism group of ¢. Throughout this paper, by G :=

Aut(¢), we mean the full automorphism group of ¢(x) over the algebraic closure
of k and not simply some G — Aut(¢) as it is used frequently by many authors.

Lemma 4. Let ¢ € Rat} and o € Aut(¢). Then

(i) If p € Fix(o), then ¢(p) € Fix(o).

(ii) If w € Fix(¢), then o(w) € Fix(¢).
Hence, Aut(¢) acts on Fix(¢) by permutation. Moreover, if o € Aut(¢p) is an
automorphism of order m, then m divides the cardinality of Fix(¢) \ Fix(c). The

dimension of the corresponding locus 6 = s — 1, where s is the number of orbits on
Fix(¢) \ Fix(o).
Proof. For any p € Fix(¢), o(p) € Fix(¢) since
¢(a(p)) = a(6(p)) = o(p),
which implies that o(p) € Fix(¢). If w € Fix(¢) then
o(w) = o(¢p(w)) = ¢(o(w)),
which implies that o(w) € Fix(¢).
Since (o) has no fixed points in Fix(¢) \ Fix(o), then it acts transitively on
Fix(¢) \ Fix(o). Hence, |o| divides its cardinality. We have fixed 0 and oo on PL.

Hence, the dimension of the family of rational functions ¢(z) is one less than the
number of roots of F' and GG. Hence, this number is exactly s — 1. (]

Proposition 1. Let o € Aut(¢) such that |o| = m. Then H := (o) acts on ¢$~1(0)
and ¢~1(00). Hence, ¢(x) can be written as

bx) = 2™ or pla) = - Y™,
where Y(x) is a rational function. Moreover, for G = Ay, S4, A5 then m = 2,4,5.
Proof. Let 0 € G and t € Fix(o). For each o € ¢~ () we have
¢(o(a)) = o(d(a)) = o(t) = t.

Then (o) acts on the fiber $~1(¢). From Remark 2 there is ¢ € G which fixes 0 and
oo. Then (o) acts on ¢~1(0) and ¢~!(c0). Then points in ¢~1(0) and ¢~ (c0) are

Oél7§a1;-..,§m—1a17 042,50[27.“,57”’_1@27 "'7ara§ar7---7§nl_l&r,
1 _1 .
51’561""757” Bla BvaﬂQa"'agm 527 ~..,5T,£6T7...,£m Bra

where r = % and a1,...,q., B1,...,0r € k\ {0,1,00}. Therefore,

r m—1 T
o) = [ I (&~ &nay) = [T@™ — o),
j=1 =0 j=1

T T

=11 ] H v =&u8) = [T =87

Jj=1
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Thus, ¢(x) can be written as

F(:L'm) ' 4 ar_lx(rfl)m +rarx™ 4 ag
p(r) = =z
G~ T et b by
or ¢(z) = zGéZ:;g) This completes the proof. 0

The above Lemmas give us a way to determine ¢(x) once an automorphism
o € Aut(¢) is given. Since the goal of this paper is to investigate computational
and machine learning techniques for d = 3 for the rest of the paper we focus solely
on this case.

5. AUTOMORPHISM GROUPS OF RATIONAL CUBICS

The automorphism groups for cubic rational functions and their parametric fam-
ilies were determined in [4] and in [18]. Here we give a brief treatment to sort out
some mistakes and furthermore determine explicitly families in terms of invariants
o, - .., &5 and in each case give a formula for the rational cubic defined over its field
of moduli.

Lemma 5. Let ¢ € Ratlli with d = 3. Then the following hold:
(i) Elements of Aut(¢) have orders at most 4.
(ii) Aut(9) is isomorphic to one of the following: {e}, Ca,Cs,Cy, V4, Dy, or Ay.

Proof. Suppose that o € Aut(¢) is of order n. There is no loss of generality to

assume that o = (1) CQ >, where (,, denotes a fixed primitive n-th root of unity
n

in k. Then, ¢? = ¢ if and only if ¢ commutes with o. If so, we can construct the

pair (F,G), defining ¢, from the set of pairs of monomials (z™0y3~70 2™ y3~"1) such

that n|rg —ry — 1. Since |rg — 1 — 1| < 4, then n < 4.

As a result, we only need to characterize cubic rational functions that have
an automorphism of order 2, 3, or 4 in terms of their invariants (recall that if
o € Aut(¢) has order 4, then 0 € Aut(¢) has order 2). From (i), we eliminate C,,
and Dy, for n > 5, as well as As, from consideration. Thus, possible groups are
{1}, Cs, Cs3, Cy, Vi, Dy, and Ay, as evidenced by the families below. We exclude
S, as shown in the rest of this section. O

Assume ¢ € Raty as in Eq. (18). Let W := Fix(¢) be the set of fixed points, and
o € Aut(¢) is a non-trivial automorphism of order n. By Lem. 5 we have n = 2,3,
or 4. The case of n = 4 is a subcase of n = 2. Hence, there are two main cases
n=2and n=3.

5.1. Involutions. Let 0 € Aut(¢) such that |o] = 2. We can pick a coordinate
in P! as in Eq. (26) such that o(z) = —z. Then Fix(c) = {0,00}. From Lem. 4,
we have that ¢(0),#(c0) € Fix(o). Hence, there are two cases: ¢ fixes points
of Fix(c) or ¢ permutes points of Fix(c) and each of them corresponds to an
irreducible surface as we will see next.

5.1.1. ¢ fizes points of Fix(c) = {0,00}. In this case, ¢(z) fixes both points in
Fix(o), so ¢(0) = 0 and ¢(cc) = co. By Prop. 1, ¢(z) = z(2%), where (2?) is
a rational function ensuring ¢ is degree 3 with o(z) = —z as an automorphism.
Hence,

2(22 4+ a)

0(2) = (%) = T

)
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for a,b € k. Assuming b # 0 (to avoid a pole at z = 0), rewrite ¢(z) as
1 2(z2+a) 1 2°+az

o) =5 21 b L2yt
Define t = a and s = % and we have
1 224tz
9(z) = b os22+1°
Since ¢ = % is defined up to a scalar multiple, we can scale by b, yielding:
224t
¢(Z) - z522+17

for ¢,s € k, with s # 0. This matches the family in [4]. Then
Is(¢) = t?s* — 2ts +1 = (ts — 1)% # 0.

Hence, in this case ¢ is conjugate to a rational function written in the form

23 +tz

(27) qb(z)zﬁ, p=1[1:0:¢:0:0:5:0:1]

for some t, s € k such that ts # 1.

5.1.2. ¢ permutes points of Fix(c). We are still under assumption that there is an
involution o € Aut(¢) such that o(z) = —z. Assume that ¢ permutes 0 and oo.
From Prop. 1, we have that ¢(z) = 11(z?), for some degree two rational function
¥(2). Lem. 4 implies that o permutes points in ¢~!(0) and ¢~!(c0) which are the
numerator and denominator of . Thus

122+b
9(z) = z224a

Similarly as the previous case, we can normalize b = 1 and get

sz +1

(28) (b(z):m, p=[0:5:0:1:1:0:¢:0]

for some t,s € k. The resultant in this case is
Ig(9) = —(ts = 1)* £ 0
which implies that ts # 1.

Remark 4. Notice that ¢(z) in Eq. (28) is the reciprocal of the function ¢ given
in Eq. (27).

5.2. Extra involutions. Assume that there is another involution 7 € Aut(¢).
Since o fixes 0 and oo, then 7 must permute. Hence 7(z) = % Thus we have the
Klein 4-group V; embedded in the automorphism group Aut(g).

Proposition 2. Let ¢(z) be a cubic rational function with an involution, written
as

az?+b
P(z) = m7
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where a,b,c,d € k. If ¢(z) has another involution, then ¢(z) is conjugate under
PGL(2,k) to one of:

tz2 +1 sz2 —1
o(2) = a1 7 ¢(z) =

23— 82’
for some t,s € k.

Proof. Let us see what condition on coefficients a, b, ¢, d are enforced by 7(z) = %

a(1)? = % z(a + bz?

- d T chd2?2 T ’
5(0(5)2%) R c+dz?
1 2(cz? + d)
2)) = — = .
T(QS( )) 2&2212) 0,2’2+b

Then ¢(7(z)) = 7(4(z)) implies
a+bz? B ez’ +d

c+dz2  az2+b’

which implies
abzt + (a® + b%)2% + ab = cdz* + (* 4 d?)2* + cd.
Hence we must have ab = cd and a? + b* = ¢ + d>. We solve this system of
equations for b, d in terms of a,c. Recall that ¢ # 0, otherwise deg ¢ < 3. Then we
have (b,d) = (¢,a) or (b,d) = (—¢, —a). If (b,d) = (¢,a) we have
az’ +c tz2 +1
$(2) = — ==
cz® +az  z°+1z
for t =a/c. If (b,d) = (—c,—a) we have
az’ —c _ tz? —1

¢(2) = =

23 —az 23—tz

tz2+1 s22—1
234tz r 23 —sz" U

for t = a/c. Thus, ¢(z) is conjugate to

5.2.1. First case. Let us denote the locus of all ¢(z) is in the first case of the Prop. 2
by L4. Notice that if ¢ € Lo this case implies that ¢ = s. Thus,

2241

29 = - 0 =10,¢,0,1,1,0,¢,0
() ¢(Z) Z3+tzﬂp [a7a777a]

Similarly one can show that if ¢ € £, then we still get t = s, which is a confirmation
that this locus will be the intersection £1 N L. We will denote it by L4.
We denote by
u =t
Then I invariant is

To(6) = —(* = 1) = ~(u—1)* £0,

5.2.2. Second case. Let us denote the locus of all ¢(z) is in the first case of the
Proposition by £4. Notice that if ¢ € Lo this case implies that ¢t = —s.

sz2—1
(30) ¢(Z) = Z3 - SZ, p = [07570a _17 1707 —8,0]

The resultant here is I(¢) = —s(s? — 1)2 # 0 for s # 0, +1.
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5.2.3. Alternating group: Aut(¢) = A4. Suppose we can extend such a V subgroup
within Aut(¢) to an A4 subgroup. In this case, from Eq. (26), we can take o(z) = —z

and 7(z) = Z£L. Then

23 -3
—322°

(31) o(z) = p=1:0:0:-3:0:-3:0:0]

5.2.4. Dihedral group D4. Here, we can assume that o is an automorphism of the
form o(z) = (42z. where (4 is a fixed primitive 4th root of unity in k, is an auto-
morphism.

Since o2 in Aut(¢) acts as o(z) = —z, a situation we discussed earlier, we can
begin with a rational function of the form in £ or Lo, which corresponds to

p=1[1:0:4:0:0:5:0:1] orp=[0:¢:0:1:1:0:5:0]
Verifying that o € Aut(¢), we can confirm that the first case does not yield any

possible rational cubic functions, while in the second case, it must be the case that
t = s =0. Hence

1
(32) ¢ = a5 p = [Oa070717 1a05070]

5.3. An automorphism of order 3. Let o be of order 3 taken as in Eq. (26), so
0(z) = (32. Then, by Prop. 1, we have (o) acts on the fiber ¢~!(0), which implies
that the numerator of ¢(z) is a polynomial p(z) = 23 — ¢, for some t € k*. We can
pick 0 and oo in ¢~1(00). Since ¢~!(c0) is an orbit of (o) and o fixes them, then
one of them must have multiplicity 2. Thus, we can take

(33) gzﬁ(z):ZSZ_t, p=1[1:0:0:—t:0:0:1:0]

for some t € k. The resultant is Is(¢) = —t®, which gives the condition that ¢ # 0.

G | ¢(2) peP’ dim | Eq. £; £(¢)
Ly| Co | 22 | [1,0,4,0,0,5,0,1] | 2 | (35) fr=6=0
E? 02 igiti [0a8a07 17 1707t50] 2 (36) €5 =0

£3 C3 ﬁ [150707 7t70707 1’0] 1 (43)

£4 Vzl 12241 [07 t7 07 1u ]-7 07 t? 0] 1 (38) 52 = 53 = 55 =0

Ls | Vi | =1 [0,6,0,—1,1,0,—£,0] | 1 | (39) |& =& =6=¢& =

Lo | Ay | 223 | [1,0,0,—3,0,—3,0,0]| 0 | (41) | [0:0:18:0:0:0]

Ly | Ds| & 0,0,0,1,1,0,0,0] 1| (40) | [0:=2:0:0:0:0]

TABLE 2. Automorphism loci of degree 3 rational functions
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This completes all the cases. We summarize all cases in Table 2. These results
agree with results in [4]. Justifying the last two columns of the table will be the
focus of the next section.

Inclusions among the loci are described in diagram Fig. 1. Notice that in each
node of the diagram Fig. 1 we also put the invariants which vanish in that locus.
Justifying these inclusions , computing the invariants, and describing each locus in
terms of these invariants will be done in the next section.

021 El : LZ
2,83 &
Vi: Ly Vi: Ls
52,53755 50753764,65
Dy: L7 Ay Lg
@ & #0 & #0

FIGURE 1. The inclusions among the loci for degree 3 rational functions

Remark 5. Those familiar with automorphisms groups of hyperelliptic curves no-
tice the similarity between the two problems. The zeroes and poles of ¢(z) now
play the role of the Weierstrass points of the hyperelliptic curve. While the reduced
automorphism group of a hyperelliptic curve acts on the set of Weierstrass points,
in our case here Aut(¢) acts on the set of zeroes of ¢(z) and on the set of poles. A
general treatment of autormorphism group of ¢(z) can be done similarly to that of
hyperelliptic curves; see [12].

6. COMPUTATION OF THE LOCI WITH FIXED AUTOMORPHISM GROUP

In this section, we compute the loci of rational cubics with a fixed automorphism
group in terms of invariants of rational cubics. We follow an analogy with algebraic
curves and build on previous work by the third author in computing similar loci in
the moduli space of genus 2 curves; see [15, Thm 3] or [13].

The first question is where this locus lies and what type of invariants we should
use to compute it. Let £ denote the image in P55 3 34,6) of the map

(O3 (Co,...,Cg) — (€O(CO7~'-aCS)7~--a€5(COa--~7C8))-
This image is a weighted projective variety in P52 33.4,6). Alternatively, one can
use the Veronese embedding in Eq. (22) and compute the locus of such rational
functions as a projective variety, or even as an affine variety in terms of absolute
invariants i1, ..., 5.
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Computing these loci in terms of iy,...,i5 is straightforward but highly ineffi-
cient. We could express i1,...,%5 in terms of the parameters described for each
family in the previous section and then use a Grébner basis approach to eliminate
those parameters. However, the degrees of the resulting equations are very large,
making this approach computationally challenging even for the relatively simple
families considered here.

A more efficient method is to compute the loci as subvarieties of weighted pro-
jective spaces. This requires a modification of Buchberger’s algorithm to handle
computations in a weighted projective space.

6.1. Grobner Bases for Weighted Homogeneous Ideals. Consider a subvari-
ety in P(wo, ..., w,) defined parametrically by a set of polynomials over m param-
eters. The coordinates are given by:

xi:§i7 ’L':(),...,TL,

where each &; is a polynomial in k[tq,...,t,], and t,...,t, are parameters with
assigned degrees (typically positive integers). The image of this parameterization
is a variety whose dimension depends on m; for m independent parameters, the
dimension is typically m — 1. To define this variety explicitly, we seek polynomial
relations among xg, ..., x, that hold for all parameter values, and these relations
must be weighted homogeneous with respect to the weights (wo, ..., w,). In other
words, the relations must be satisfied not only by tuples (o, ..., &,) but also by all
(A0, ..., XnE,,).
To compute these relations, we construct the ideal

I = <$0—§0,{L‘1—§1,.~~7xn_£n>

in the polynomial ring k[t1,...,tm, Zo,...,%s]. The defining equations of the pa-
rameterized variety’s image in P(wy,...,w,) are the elements of the elimination
ideal:

INklzo,...,zn),

which consists of all polynomials in zy, . .., z,, satisfied by the parameterization. By
choosing a monomial order that eliminates the parameters ¢4, ...,t,,, the Grébner
basis of I includes polynomials free of ¢;, representing the desired relations.

To facilitate elimination while respecting the weighted structure, we assign de-
grees to both parameters and coordinates, say deg(t;) = d; and deg(z;) = w;.
Typically, we set d; = 1.

The weighted degree lexicographic order (wdeglex) compares monomials first
by their total weighted degree, then lexicographically, with parameters ordered
above coordinates (e.g., t > -+ > t,, > xg > -+ > x,). This ensures that the
Grdbner basis computation prioritizes elimination of the parameters, yielding a set
of generators for I N k[xo,...,x,] that define the variety’s image in the coordinate
ring of P(wo, ..., wy).

The relations obtained from the elimination ideal are algebraically correct but
may not be weighted homogeneous, as their terms can have differing weighted
degrees. To make them valid defining equations in P(wy, . . ., w, ), a homogenization
step is required:

(1) Degree Computation: For a relation F' = > ¢,z%, compute the weighted
degree of each term as deg(z®) = Y7 wicy.
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(2) Target Degree: Determine a common degree d, typically the least com-
mon multiple (LCM) of the degrees of all terms in F, i.e., d = LCM(deg(z%)).
(3) Exponent Adjustment: Transform each term c,z® into c,x%*=, where
ko = d/ deg(z®), ensuring deg(z%*>) = k,-deg(z®) = d. Adjust coefficients
as needed to preserve the relation’s zero set.
This process yields a weighted homogeneous polynomial that defines the same va-
riety but adheres to the grading of P(wo, ..., wy).

6.1.1. General Algorithm. For a weighted projective space P(wy, . . ., w,) with weights
w = (wo, - ..,wy,) and a parameterization x; = & (t1,...,tm):
(1) Construct theideal I = (xg—E&p, 211, ..., Tn—En) INKk[t1, ... tm, oy« -+, T
(2) Compute the Grobner basis B of I using a weighted degree lexicographic
order with weights (d1, ..., dm, wo, ..., w,) and order t1 > -+ > t,, > xo >
> T,
(3) Extract the set R = {f € B | f € k[zo,...,%]}, the generators of the
elimination ideal.
(4) For each polynomial f € R:

e If f is single-term or all terms have the same weighted degree, retain
f as-is.

e Otherwise, compute d = LCM(deg(z®)) over all terms in f, and adjust
fto F =53 cqr®*e where k, = d/deg(z®), ensuring F is weighted
homogeneous of degree d.

(5) Define the ideal J = (Rhomog) in k[Zo, . .., Zy], which specifies the subvari-
ety in P(wy, ..., w,).

This method uses Grobner bases to eliminate parameters and enforces weighted
homogeneity, providing a computational framework for studying subvarieties in
weighted projective spaces with arbitrary weights (wyp,...,w,). The method is
described in [3] and related works by its authors.

In our situation, however, there is an additional consideration. Our invari-
ants &, ...,&s are homogeneous polynomials when applied to the definition of ¢
in Eq. (5), meaning they are homogeneous in ¢y, ...,c;. However, they are not
necessarily homogeneous with respect to our specializations for ¢ and s from the
previous section. Thus, we first homogenize these defining equations by introducing
another variable, say tg, and then apply the above procedure.

Next, we explicitly compute the loci as weighted projective varieties for each
case, illustrating the approach described above.

6.2. Locus £;. We assume that ¢(z) is given as in Eq. (27). Computing the
invariants £(¢), we obtain:

1
60:2(t+3)(8+3)7 glzi(t_l)(‘g_l)> §2=E8=0,

1
§a= =5 (%" + 2%+ 317 4 25% — 8ts — 6t + 35° — 654 9),

&= —(t—s)*(ts+t+s—3).

There is an involution permuting ¢t and s. Let v and v denote invariants of that
involution, defined as:

‘u:tJrs and v =ts.
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We can express all invariants in terms of u and v as follows:
1
fo=2(v+3u+9), &= i(U—U‘H), §2=E8 =0,

1
§4:_§(v2+3u2+2uv—14v—6u+9),

& = (u? —4v)(3 —u —v).
Also, I = (ts — 1)?> = (v —1)? # 0, so v # 1. Moreover, Jg is given by:
(34) Jo=4(s+3)(t+3)(st+s+t—3)?=4Bu+v+9)(ut+v—3)>

By computing a Grébner basis for the weighted homogeneous system as described
above, we obtain the following degree 24 weighted hypersurface:

(35)

27 729
L1: &€ — BIGEET — L8 — 27T6061E5 — 1086811 + T29606760 + — 60616063
729 243 729 729
+ 5 606 T+ T296EEE + 201666180 + “m6bi8s + - 6EIE + 616
: ;729
+ 14586:£165 + 291667 + a5 = 0

We can also compute £ in terms of the absolute invariants by eliminating v and
v. These computations are lengthy but express u and v as rational functions of the
absolute invariants. Thus, the map in Eq. (24) becomes:

OB\ {v=1} = &3
(U7U) — (i17i277;5)7
which is invertible when Jg # 0, i.e., (u +v — 3)(v + 3u +9) # 0. The map P,

provides a birational parametrization of L.

Remark 6. The invariants u = t+s and v = ts mirror dihedral invariants in genus
2 curves [5,15], symmetric under swapping t and s. Here, they are invariant under
parameter rescaling and conjugation adjusting t and s, simplifying computations
akin to symmetric polynomaials in root permutations—a pattern likely extending to
higher-degree rational functions.

If & = 0, then t = —3 or s = —3, and the moduli point is:
&(p)=10:8:0:0:0:0],
a singular point in £, with automorphism group isomorphic to D4 (cf. Eq. (40)).
Remark 7. Note that the factor u?> = 4v (or equivalently t = s) makes &5 = 0.
This locus corresponds to L4 (cf. Eq. (38)), where ¢(z) has an extra involution.

Since L4 lies in the intersection of L1 and the next locus, we will discuss it in detail
later.

6.3. Locus Ly. Assume that ¢ is given as in Eq. (28). We follow the same approach
as above. Computing &(¢), we get:
1

2 _ 2 _ 1 2
fo = —2(t+ )2, 51—6((75—3) -12), 52_—%(3—15)((75—5) +36) ,
2

&=306-00+s)’ &= —ém ) (6= +12), &=0.

We define invariants:
w:=(t+s)? and v:=s—t,
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and express the invariants in terms of u and v as follows:

_ _Loa _ L
§o = —2u, 5176( 12), &= 361)(7) + 36),

2 1
& = 3, §a = —§u(v2 +12), & =0.

Here, we have:
v?—u+4
1 .

Using a Grobner basis to eliminate u and v, we determine the equations for Lo in
P(2,2,3,3,4,5) as follows:

Jo(¢) = —16(s +t)* = —16u® and I =

55 = 07
€3¢ + 38k — 385 = 0,
(36) Lot &6+ ot — 366 =0,

§0&18a — £06283 — %5153% +36=0

The absolute invariants are:

1024u° , (v? —12)¢ _ vt (v? + 36)%
MHM=——————" 1o = 1a =
YT (2t u—4)2 T 2916(—02 +u—4)2 P 104976(—0? + u — 4)2
25604y ) 16u3(v? + 12)3
14 15 =

- 81(—v2 +u —4)2’ C729(—02 4 u —4)2°

Assuming Jg # 0 (i.e., u # 0), we eliminate v and v, finding:
(37) u=—g6 v=3
Similarly to the previous case, we define:
By K2\ {u—v?#4) kS
(u,v) = (i1,...,05).
Lo is an irreducible 2-dimensional variety birationally parametrized by the map:

(I)g : (u7v) — (50,53).
Moreover, the field of moduli of ¢(z) is F(u,v).
Consider now the case when:
Js = —16(s +t)* = —16u* = 0,
implying ¢t = —s. The function becomes:
522 +1
23 — sz’

¢(2) =

and then g = &3 =6, =& =0, & = % — 1, and & = —v. This corresponds to
Ls, as we will see later.

This concludes the loci £; and Lo for rational functions with involutions as
described in Section 5.1. The remaining loci are of dimension one or zero, making
their computations simpler. We will address each in detail below.
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6.4. Locus L4. Assume ¢ is as in Eq. (29), with homogeneous parameterization
in P2,2.3346):

16212
u70}
3

€(¢) = |:8t2, 72’[1,2, O, 0, -

In the affine patch (u = 1):

£(6) = [—&2, 20,0, 192 o] .

The Grobner basis with weighted degree lexicographic order is:

£y {§o§1+3€40,
* Sa=86=§(=0

This defines a 1-dimensional variety in P22 33 4,6)-

(38)

6.5. Locus L5. Assume ¢ as in Eq. (30). Its invariants are

s2+3)  2s(s—3)(s+3)
3 9

£(6) = {07 2 10,00

and Is = (s — 1)%(s + 1)2. Here we use the absolute invariants i; and i3 and have
the following system

4 8
ot — 20t 4y — —t* — 2 —4=0
12 1217 + 19 9 3

4 8
att — st 43— —t0+ ¢t —42 =0
13 1317 + 13 31 +9

By taking the resultant of these two polynomials with respect to ¢t we get the affine
version of this 1-dimensional variety

1603 — 72i3i3 + 8lig i3 — 96i3 + 216iqi3 — 3673 + 144iy — 96i3 — 64 = 0
By replacing for i3 and i3 their definitions we get a degree 18 weighted hypersurface

Ls: 726065 — 1667 + 9667 Ts — 816765 — 2166765 s — 14467 IE + 368516

39
(39) + 9663515 + 6415 = 0

6.6. Locus L7. Assume ¢ as in Eq. (32).. Its invariants are
(40) f(QS) = [03 72707()’050] = [0717()’05070]

Notably, the involution ¢’(z) = 1 acts as an additional automorphism for ¢ = i—z,
confirming that the loci £(C4) and £(Dy) are identical. Additionally, og ¢ Aut(¢),
implying that the locus of £(S4) is empty.

6.7. Locus Lg. Assume ¢ as in Eq. (29). The moduli point is
(41) Lo: &(Pp)=[0:0:18:0:0:0]=[0:0:1:0:0:0]

Furthermore, it should be noticed that in this case Js(¢) = 0.
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6.8. Locus L3. Assume ¢ as in Eq. (33). Next, we compute its invariants

1 271t+2  27t+2 54t -1 t(27t — 16)

§(¢) = |74 6’ 79 ) 3 ) 9 ) 4
Notice that I =t # 0. The absolute invariants are
. 64 1 _ 7t+2) . ent+2)* . (54t —1)3
1= "6y12= e 3= , 4 = y 15 =
16 46656t5 26873856t2 8112 729¢2

By eliminating ¢ from these equations, we can express t as a rational function in
terms of i1, i5 and get the following affine curve

(42)

614787626176508399616i115 + 44264709084708604772352i 143 + 4958982259217 i3

+ 11508824362024237240811524 152 — 6248317646592:7i2 + 129843146648478573998899204 175

+ 4% + 35704672266240i7i5 4+ 59491769009848364814041088i1i2 — 4760622968832i7
+ 793223586797978197520547844115 + 7554510350456935214481408¢,
—3996019499184929743169818581358608384 = 0

We can express this as a weighted projective curve by substituting for i; and is:

(43)
I§€0 — 2834352136567 + 2479491129657 + 3779136155 + 892616806656 15565
+ 7140934453248 15 €363 4 476062296883215€3 + 199900462710443212817 = 0

This completes all the cases.

Remark 8. We computed each locus as a weighted projective variety in the weighted
projective space P33 3 4.6)- From the arithmetic point of view we are interested on
rational points on these weighted projective varieties. Rational points on weighted
varieties are discussed in [8] based on weighted heights which give in general a more
efficient approach then projective heights.

7. A DATABASE OF CUBIC RATIONAL FUNCTIONS

In this section, we construct a comprehensive database of cubic rational functions
over the rational numbers Q, denoted Raté, leveraging the weighted projective space
P> (Q) with weights w = (2,2,3,3,4,6) as a parametrization framework. This
database, denoted PJ, catalogs rational functions ¢(z) = ;fg;; € Q(z) of degree 3,
where fo(z) and fi(z) are polynomials of degrees 3 and 2, respectively, ensuring the
degree of the rational function is deg(¢) = deg(fy) — deg(f1) = 3. Each function is
represented as a projective point in I%, and we impose constraints on height and
coprimality to define the dataset systematically.

A cubic rational function ¢(z) is given as in Eq. (18) and corresponds to a
point Py = [co : ¢1 1 -+ : ¢7] € Pl We define the naive height of ¢ as H(¢) =
max{|¢;| | i =0,...,7}, and restrict our dataset to functions with H(¢) < h, where
h is a specified height bound. To ensure well-definedness, we require that the
coefficients are coprime, i.e., ged(cp, c1,...,¢7) = 1, and that the resultant I(¢) =
Res(fo, f1) # 0, guaranteeing that ¢ has no common roots between numerator and
denominator. Thus, we define:

P = {Py € Py | Ho(Py) < h, ged(co, ..., c7) = 1, Is(¢) # 0}
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For each ¢ € P}, we compute several invariants and properties to enrich the data-
base. These include the automorphism group Aut(¢), determined by checking
against the classification of possible groups for cubic rational functions (e.g., {e},
Cy, Dy, etc.) as outlined in Table 2, the invariants p = [£, &1, &2, 3,84, &5] in
P5 (Q), and the absolute invariants (i1, 4z, i3,44,%5). Additionally, we calculate the
invariant Jg(¢) and the weighted moduli height ﬁ(¢), which measures the height
of the invariants in the weighted projective space. The data is stored in a Python
dictionary, with keys given by the coefficient tuples (cg,c1,...,c7) and values as
lists containing:

H(¢): the naive height,

p = (&0,&1,&2,83,84,&5): the projective invariants,
h(¢): the weighted moduli height,

Js(¢): an additional invariant,

Aut(¢): the automorphism group (e.g., {e}’),

(i1,42,13,14,%5): the absolute invariants.

An example entry from the database is:
(2,3,-1,-3,1,2,-3,1) — [3,(32,12, 13, —164, —424, 2572), 5.66, 89360, {e}’,

1073741824 2985984 531441 723394816 76225024
44521 7 44521 7123367 44521 44521

Here, the key (2,3, —1,-3,1,2,—3, 1) represents the coefficients of

2+ 3z — 2% — 323
P(z) = 3
142z —3x*+=x

with H(¢) = 3, invariants £; mapping to a point in P5 (Q), a weighted height of 5.66,
Js = 89360, the trivial automorphism group {e}, and the corresponding absolute
invariants.

To illustrate the dataset’s scope, we present the distribution of automorphism
groups for rational cubics with height H(¢) < 4 in Table 3. This table categorizes
points by their associated group labels (Lo to L£7), which correspond to {e}, Cs
variants, Dy, etc., as determined by prior classification efforts.

TABLE 3. Distribution of automorphism groups for rational cubics
of height H(¢) < 4

h Lo Ly | Lo | L3 | Ly| Ls | Lg | L7 | Total
1 2223 9 8 6 0 0 0 2 2248
2 84267 | 34 |12 | 17| 0O 0 0 2 84332
3 814126 | 81 | 66 | 44 | 1 | 22 | 18 | 50 | 814408
Total | 900616 | 124 | 86 | 67 | 1 | 22 | 18 | 54 | 900988

The table reveals a significant skew toward the trivial group {e} (labeled L),
reflecting that 900616 out of 900988 points possess this automorphism group up to
height 3. Minority groups such as Dy (£3) and A4 (L7) appear less frequently, con-
sistent with their rarity in cubic rational functions. Notably, the data for height 4 is
incomplete in this summary, but earlier computations indicate a total of 350679 dis-
tinct moduli points across all heights considered, suggesting substantial conjugacy
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among the functions. For instance, multiple entries with Aut(¢) = D, are isomor-
phic to the canonical form ¢(z) = Z%, reducing the number of unique equivalence
classes.

This database provides a robust foundation for subsequent analysis, including
the machine learning classification of automorphism groups discussed in Section 8.
The inclusion of both projective and absolute invariants, alongside height metrics
and group labels, enables a detailed exploration of the geometric and arithmetic
properties of Rat:l,).

8. CLASSIFICATION OF AUTOMORPHISM GROUPS OF RATIONAL FUNCTIONS
USING MACHINE LEARNING

In this study, we aim to classify the automorphism groups of rational functions
using machine learning techniques, drawing inspiration from graded neural networks
as detailed in [16] and [10]. Our investigation proceeds in two phases: an initial
model employing the coefficients of rational functions as input features, followed
by a refined approach using invariants to enhance classification performance, par-
ticularly for minority classes. The dataset exhibits extreme class imbalance, with
the distribution of automorphism groups shown in Table 4, where the dominant
class, denoted ’{e}’ (previously group 6), constitutes 99.84% of the samples, while
minority classes are significantly underrepresented.

Automorphism Group Proportion of Data Samples in Test Set

{e} (6) 99.84% 179,910
C2-2 (2) 0.12% 214
C2-1 (1) 0.02% 29
D4 (3) 0.01% 16
V-1 (4) 0.0075% 17
A4 (0) 0.0067% 12

5 0.0002% 2

TABLE 4. Class distribution in the dataset, with group labels
mapped to notation used in subsequent tables.

8.1. Initial Model: Using Coefficients as Features. We formulate the classi-
fication of automorphism groups as a supervised learning problem, where the input
features are the coefficients of rational functions, and the target variable is the cor-
responding automorphism group. A Random Forest classifier with 100 estimators
is trained on these features, achieving an overall accuracy of 99.97%. However, this
high accuracy is deceptive due to the dataset’s skewness, which favors the majority
class '{e}’. The performance metrics, detailed in Table 5, reveal that while {e}’
is perfectly classified (precision, recall, and F1-score of 1.00), minority classes suf-
fer from low recall—e.g., 0.14 for ’C2-1’ and 0.41 for 'V4-1'—indicating frequent
misclassification into the dominant class.

8.1.1. Addressing Class Imbalance. To counteract the pronounced class imbalance,
we apply class weighting to the Random Forest classifier, a technique designed to
prioritize minority classes during training. The weight for each class ¢ is computed
as
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Class Precision Recall Fl-score

A4 (0) 1.00 058  0.74
C2-1 (1)  1.00 0.14  0.24
22 (2)  0.97 091  0.94
D4 (3) 1.00 094  0.97
V4-1(4)  0.78 041  0.54
{e} (6) 1.00 1.00  1.00

TABLE 5. Performance metrics for the initial model using coeffi-
cients as features.

N
wi= C x 7’L7;’

where N is the total number of samples, C' is the number of classes, and n; is
the number of samples in class 7. This adjustment assigns higher weights to un-
derrepresented classes, inversely proportional to their frequency, aiming to balance
their influence in the model. After retraining with these weights, the overall accu-
racy remains high at 99.96%, and the updated performance metrics are presented
in Table 6. Notably, recall improves for some minority classes—e.g., A4’ increases
from 0.58 to 0.83—but remains inadequate for others, with ’C2-1’ dropping to 0.10
and 'V4-1’ to 0.29. These results suggest that while class weighting mitigates some
effects of imbalance, it alone cannot fully compensate for the limitations of using
coefficients as features.

Class Precision Recall Fl-score

A4 (0) 1.00 083  0.91
C2-1(1)  1.00 010  0.19
C2-2(2)  0.98 090  0.94
D4 (3) 1.00 094  0.97
V4-1(4)  0.71 029 042
{e} (6) 1.00 1.00 100

TABLE 6. Performance metrics after applying class weighting to
the coefficient-based model.

8.2. Using Invariants as Input Features. Given the shortcomings of the coefficient-
based approach, particularly its struggle with minority classes despite class weight-
ing, we propose a refined model using invariants—denoted value [1] in the dataset—
as input features. These invariants, derived quantities unchanged under specific
transformations, are hypothesized to encapsulate the structural properties of ratio-
nal functions more effectively, potentially enhancing classification accuracy across
all classes, with a pronounced benefit for minority groups. To test this, we replace
the coefficients with invariants and train a new Random Forest classifier, configured
with 100 estimators and employing the same class weighting strategy as above.
The dataset is partitioned into training and testing sets consistently with the
initial model, and performance is evaluated using precision, recall, and F1-score,
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focusing on minority classes such as ’A4’, 'C2-1’, 'C2-2’, 'D4’, and 'V4-1’. The
results, shown in Table 7, demonstrate a substantial improvement, with an overall
accuracy of

Accuracy = 0.9999223076837701 ~ 99.992%.

Class Precision Recall Fl-score Support
A4 (0) 1.00 1.00 1.00 12
C2-1 (1) 1.00 0.93 0.96 29
C2-2 (2) 1.00 0.95 0.98 214
D4 (3) 1.00 1.00 1.00 16
V4-1 (4) 0.89 1.00 0.94 17
{e} (6) 1.00 1.00 1.00 179,910
Accuracy 1.00 180,198
Macro avg 0.98 0.98 0.98 180,198

Weighted avg 1.00 1.00 1.00 180,198

TABLE 7. Performance metrics using invariants as input features
with class weighting.

The recall for minority classes improves dramatically: 'C2-1’ rises from 0.10 to
0.93, ’C2-2’ from 0.90 to 0.95, and ’A4’, 'D4’, and 'V4-1’ achieve perfect recall of
1.00. The majority class '{e}’ retains perfect classification, with "V4-1’ showing a
slight precision drop to 0.89 due to minor false positives. These outcomes validate
our hypothesis, demonstrating that invariants offer a superior feature set for dis-
tinguishing rare automorphism groups, significantly outperforming the coefficient-
based model.

In conclusion, while the initial model using coefficients excels for the majority
class, its performance on minority classes remains limited, even with class weighting.
By contrast, the invariant-based model, bolstered by the same weighting strategy,
achieves near-perfect accuracy and robust recall across all classes, highlighting the
efficacy of invariants in capturing essential properties of rational functions and
addressing class imbalance effectively.

9. CONCLUSIONS AND FURTHER DIRECTIONS

In this paper, we have explored the application of machine learning techniques to
study degree 3 rational functions on the projective line, with a focus on their moduli
space M3, which we identify as the weighted projective space P5 (Q) with weights
w = (2,2,3,3,4,6). We constructed a dataset P3 comprising 2,078,697 rational
functions over Q with naive height bounded by 4, and employed supervised learning
methods to classify their automorphism groups. This endeavor has provided a
computational lens through which to examine the symmetry properties inherent in
these functions.

The theoretical framework, developed in Sections 2 through 4, rests on the invari-
ants &, &1, €2, €3, €4, &5, which serve as coordinates in P2 (Q), and the identification
of automorphism loci L4, ..., L7, corresponding to the finite subgroups Cs, Cj,
Cy, V4, Dy, and Ay of PGLy(Q). These loci, defined by explicit equations in the
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invariants, parameterize rational functions with non-trivial automorphisms. This
study demonstrates the application of machine learning techniques to classify these
automorphism groups, leveraging the weighted projective space structure.

In Section 8, we translated this algebraic structure into a practical computational
approach. Initial attempts using a Random Forest classifier directly on the coef-
ficients of rational functions achieved high overall accuracy but performed poorly
on minority classes due to extreme class imbalance. By incorporating class weight-
ing, we improved the recall for some minority classes, but limitations persisted.
However, when we switched to using the invariants &, ..., &5 as input features, the
Random Forest classifier achieved a substantial improvement, with an overall ac-
curacy of approximately 99.992% and near-perfect classification across all classes,
including the minority ones. This highlights the efficacy of using invariants in
capturing the essential properties of rational functions for classification tasks.

A critical observation emerges from our experiments: machine learning models
applied directly to the coefficients of rational functions perform inadequately in
classifying Aut(¢), whereas models operating on the invariants excel. This dis-
parity underscores the importance of the invariant space Ws, where each point
uniquely represents an isomorphism class, compared to the raw coefficients un-
der the PGL2(Q)-action. The success of the invariant-based approach motivates
further exploration of neuro-symbolic methods, where a symbolic layer computes
invariants before classification, potentially enhancing performance while retaining
interpretability. For higher degrees, where the generators of the ring of invariants
R(a+1,a—1) are not fully known, this approach could be adapted once such invariants
are determined or approximated.

This work opens several avenues for future research. First, extending the dataset
to include rational functions of higher heights or over different fields could provide
deeper insights into the distribution of automorphism groups and the geometry of
M. Second, developing neuro-symbolic models that integrate symbolic computa-
tion of invariants with machine learning could offer a powerful tool for studying
rational functions of higher degrees. Finally, addressing the challenge of deter-
mining invariants for d > 3 remains a crucial step for scaling this framework,
potentially enabling the classification of automorphism groups where traditional
algebraic methods are intractable.

In summary, this integration of machine learning with arithmetic dynamics pro-
vides a practical means to classify rational functions and enhances our understand-
ing of their dynamical properties across M}i. By offering a computationally efficient
alternative to traditional methods, particularly for higher degrees where automor-
phism groups defy complete classification, this work suggests a pathway to combine
data-driven insights in arithmetic dynamics and could possibly even be adopted for

M3,
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