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ABSTRACT. This paper investigates the number of rational points on weighted
hypersurfaces over finite fields, employing two approaches: an orbit-stabilizer
method and a zeta function framework inspired by classical projective variety
theory. Building on prior studies, we explore upper bounds, modular congru-
ences, and Serre-type inequalities in weighted projective spaces. Using explicit
equations, we analyze hypersurface structures and derive bounds refining clas-
sical results. As an illustrative example, we count rational points on the locus
of genus 2 curves with (n,n)-split Jacobians, leveraging computational tools
to demonstrate our methods.

1. INTRODUCTION

The study of rational points on algebraic varieties over finite fields is a corner-
stone of arithmetic geometry, with deep ties to number theory and emerging appli-
cations in cryptography. In [4], we explored rational points on weighted projective
varieties and their connection to Vojta’s conjecture. For instance, in [4, Exa 1],
we analyzed a hypersurface in the weighted projective space Py, with weights
w = (2,4,6,10), linked to genus 2 curves with extra automorphisms, showing that
direct analysis in the weighted setting outperforms embeddings into standard pro-
jective spaces. Notably, [11] established that this hypersurface lacks rational points
of weighted height < 2 over Q, a result efficiently derived in Py,.

In this work, we advance the study of rational points on weighted hypersur-
faces over finite fields, introducing two complementary counting methods: an orbit-
stabilizer approach for exact F,-point counts and a zeta function framework, in-
spired by classical projective variety theory, to encapsulate counts over extensions
F,a. Building on prior studies [2,4,5], we refine Serre-type upper bounds and inves-
tigate modular congruences in weighted projective spaces. Using explicit equations,
we derive bounds that improve upon classical estimates and analyze hypersurface
structures. As an illustrative example, we apply these techniques to the locus
L, C Py, parametrizing genus 2 curves over F, with (n,n)-split Jacobians, com-
puting point counts with equations from [7-10] and comparing them to theoretical
limits via SageMath. While our primary focus remains the arithmetic geometry of
weighted hypersurfaces, these results offer insights into the enumeration of crypto-
graphically significant curves, such as those with structured Jacobians, potentially
informing isogeny-based cryptography.
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2. RATIONAL POINTS ON WEIGHTED VARIETIES

We refer to [1] for foundational definitions of weighted varieties and provide an
expanded overview here, drawing on additional insights from [3] and [2] to situate
our study within arithmetic geometry. Weighted projective spaces extend standard
projective spaces by assigning distinct positive integer weights to coordinates, en-
abling them to scale by varying powers of a parameter A. This weighted grading
creates a geometric structure akin to an orbifold, where singularities and symmetries
are influenced by the weights, providing a versatile setting for analyzing varieties
like hypersurfaces with additional structural properties.

2.1. Weighted Projective Space. Let F be a field, specifically a finite field F,
in our context, and let w = (wp, w1, ..., w,) be a tuple of positive integers, termed
weights. The weighted projective space Py, (F) is defined as the quotient of A"+ (IF)\
{0} under the equivalence relation:

(anxla"'vxn) ~ (yanla“'»yn)

if there exists A € F* such that x; = A%iy; for all i = 0,1,...,n. The equivalence
class is denoted [xg : @1 : -+ : Tp]w. In contrast to the standard projective space
P™, where coordinates scale uniformly by A, here each coordinate x; scales by A",
reflecting the distinct grading imposed by the weights.

A weighted projective space is deemed well-formed if ged(wy, . . ., W;, ..., w,) =
1 for each i, a condition that controls the severity of singularities (see [3, Prop.
3.3]). Any Py, is isomorphic to a well-formed counterpart, a property we adopt to
streamline our analysis over finite fields. Over F, the polynomial ring Fy[zo, .. ., Zx]
is graded by setting deg(z;) = w;, and Py (F,) = Proj(F,[zo,. .., z,]), consistent
with the scheme-theoretic framework in [3].

Alternatively, Py, can be regarded as a quotient of P™ under a group action.
Define Gw = playy X -+ X [, , Where i, is the group of w;-th roots of unity in an
algebraic closure of F,. The action on P" is:

(an---afn) : [yO R yn] = [foyo e :gnyn}v
yielding Py, = P" /Gy, via the map [yo : --- = yn] = [yg° : -+ : y&»] (see [3, Sec.
2.2]). This quotient perspective, also utilized by Goto [2, Section 1], underscores
the orbifold-like nature of Py, and supports our orbit-based counting techniques.

2.2. Weighted Varieties. A weighted variety is a subvariety of Py defined
by weighted homogeneous polynomials. A polynomial f(zg,z1,...,2,) €
F,lzo,...,xy) is weighted homogeneous of degree d with respect to w if:

FO 0, Xy, A wy) = A f (2, 21, ..., 2y) for all A € Fy.

This property ensures that the zero set X = {f = 0} remains well-defined under
the weighted scaling relation. For instance, a weighted hypersurface X C Py,
is the zero locus of such an f. Our study centers on hypersurfaces like L,,, the
locus of genus 2 curves with (n,n)-split Jacobians, defined by explicit weighted
homogeneous equations in Py, with weights w = (2,4, 6, 10).

2.3. Rational Points. For a variety X over F,, the F -rational points X (F,)
are equivalence classes [z : 1 @ --- : op]w With x; € Fy, not all zero, satisfying
X’s defining equations. We denote their count as | X (F,)|. A point is rational if its
orbit under weighted scaling is defined over F,, a feature we leverage for counting.
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2.4. Counting Rational Points on Weighted Projective Spaces. To compute
[Pw (Fy)|, we examine the action of F}; on A" (F,)\{0}. Each point (20,21, ...,z)
belongs to an orbit, with rational points corresponding to these orbits. The orbit
size hinges on the stabilizer: for support S = {i | @; # 0}, the stabilizer is
{AeF; [ A =1,i € S}, with order ged(ks, ¢ — 1), where kg = ged({w; | i € S}).
The orbit size is:
q—1
ged(ks,q—1)°
Let Ng = (¢ — 1)|S| denote the number of points with support S. Each support

contributes:
NS : ng(kSa q— 1)

q—1
Summing over all nonempty S C {0,1,...,n}:
NS ) ng(kS7q - 1)
Pu(E) = tea =)
520 q

Goto [2, Prop. 1.3] verifies this yields 1+ ¢+ - - 4 ¢", with each orbit of size ¢ — 1
[2, Lemma 1.2], matching standard projective spaces.

Example 1. For P( o) over Fy, if x # 0, scale to [1 : y], yielding q points. If
x =0,y #0, points [0 : y] are identified under N2y =y, giving 2 points if q is odd,
1 if even. Thus:

q+2 ifqis odd,

q+ 1 if qis even.

IP(1,2)(Fg)| = {

2.5. Weighted Heights. A key goal is to count rational points on weighted vari-
eties over finite fields and order them using weighted heights, which measure their
arithmetic ”size.” While focused on F,, we draw from heights in number fields [3],
adapting them to our setting and linking to conjectures like Vojta’s [4].

For Py, with weights w = (wp,...,w,), consider x = [zp : --- : z,]w. In a
number field k, with places My (non-Archimedean Mp, Archimedean M), the
multiplicative weighted height is:

Sk(x) := [ max{lzol/™ ... lzall/ "},
ve My
invariant due to [] [Al, =1 [3, Prop. 1]. The logarithmic weighted height
is:

ve My,

1
1) = Tog 0 = Y- gmx {1 toglal |
veM, ~° 7

scaling as s (x) = [K : k] - 55(x) [3, Prop. 5-ii]. Absolute heights are:

S(x) 1= Sg(x)VIH - g(x) = [Kil:k]logSK(X),

tied to projective heights via ¢,, : Py, — PV [3].
Example 2. For P 5)(Q), x = [1:2], So(x) = V2, sg(x) = %log 2.
Over F,, we define a finite field weighted height:

d .
S]F (X) — qmaxogjgn{deg(xj)/wj}’ 5Fq (X) — max { eg(z])} . IOg q,

! 0<5<n w
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with deg(z;) = 0 or —co. Our practical weighted height is:

hw(x) := Z %7

ics *
using minimal support S. In P(; 5)(F3), points order as [0 : 1], [0 : 2](0.5), [1 : 0](1),

[1:1],[1:2](1.5), aiding £,, analysis (Section 5) and potentially resolved surfaces
[2, Section 2].

3. COUNTING RATIONAL POINTS ON WEIGHTED VARIETIES

In this section, we define rational points on a weighted variety over a finite field
F, and develop systematic methods to count them, extending the orbit-based ap-
proach introduced for weighted projective spaces in Section 2. We present two
complementary frameworks: an explicit orbit-stabilizer method for direct compu-
tation of IF;-rational points, and a zeta function approach that encapsulates counts
over all field extensions [y, inspired by the classical theory of projective varieties
over finite fields. Goto [2] enhances this effort by linking point counts on weighted
diagonal surfaces to zeta-functions and arithmetic invariants via twisted Jacobi
sum, offering a deeper geometric and arithmetic context for our analysis.

3.1. Rational Points on Weighted Varieties over Finite Fields. Consider a
weighted projective space Py, over Fy with weights w = (wo, w1, ..., w,), where a
variety X C P is defined by weighted homogeneous polynomials fi, fo,..., fi €
Fylzo, z1,...,2,], each of degree d;. A point x = [zg : 21 : -+ : Zp]w € Pw(Fy) is
an [F -rational point of X if:

fi(zo,®1,...,2p) =0 forall j=1,2,....¢,
with z; € IFy, not all zero. The set of such points is:
X(Fq) = {[.130 B B J?n]w € PW(FQ) ‘ fj(x07l‘13""‘rn) = Oa .] = 1a7t}

Since Py (Fq) = (AT (Fy) \ {0})/F:, where (xo,...,2n) ~ (A*°z0, ..., X" xy) for
A € F}, X(F,) comprises orbits of solutions in A"*(F,) \ {0}. Goto [2, Lemma
1.2] identifies Py (F,) with (k"*1\ {0})/ ~, using Hilbert’s Theorem 90 to en-
sure each rational point has an F,-representative, a property critical for diagonal

hypersurfaces such as coxgl/wo 4 fepap/™™ =0 [2, Section 1]. This orbit struc-
ture underpins both our direct counting method and the zeta function framework
introduced below. For a hypersurface X : f = 0:

X(Fy) = {(xo,-..,2n) € A" (F) \ {0} | f(wo,...,2n) = O}/F}.

3.2. Counting F,-Rational Points. We compute | X (F,)| using an orbit-stabilizer
method, followed by a zeta function approach that extends counts over all extensions
F,a. For a point (zo,...,2,) € A" (F,)\ {0}, define the support S = {i | z; # 0}.
The stabilizer under the Fy-action is:

Stab(z) = {A € F, | \*" =1 for all i € S},
with order ged(ks,q — 1), where kg = ged({w; | i € S}), yielding an orbit size of:

qg—1
ged(ks,q— 1)
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Let Ns be the number of solutions to f; = 0 with support S. The contribution per
support is:

NS 'ng(k57q_ 1)
q—1

3

and the total count is:

Z NS 'ng(kSaq_ 1)

X (Fy)l = -

S£0

Goto [2, Prop. 1.3] corroborates this, showing |Pyw (F,)| =1+ ¢+ --- + ¢", each
orbit of size ¢ — 1, consistent with standard projective spaces.

To complement this, we define a zeta function for X over [y, analogous to the
classical theory for projective varieties:

0 d
Z(X,t) = exp (Z |X(qu)|td> .
d=1

(d) d_
Here, |X(Fya)| = > g9 M, where Néd) counts solutions over F

q7—1 q%s
extending our orbit method. For a diagonal hypersurface X : coxgn/ wo

+ S +
enam/® =0, Goto [2, Section 5] expresses Z(X,t) as a product involving twisted
Jacobi sums, leveraging their cyclic quotient singularities. For instance, Goto’s

formula [2, Prop. 5.1] gives
zZ(x,t) =[]~ Jot? YO,
v=0
where J, are Jacobi sums, suggesting rationality. For general X C Py, we hypothe-

size that Z(X,t) may also be rational, akin to the Weil conjectures, with coefficients
derived from orbit counts and Goto’s

Ny(X) =1+ (¢" = 1)N;(X)

[2, Cor. 1.4]. An open question emerges: is Z(X,t) rational for all weighted
hypersurfaces, generalizing Goto’s diagonal case?

Example 3. For X : y =22 in Paoy, flz,y) =y — x2:

e S5={0,1}: Seale to [1:y], y=1, Ns =1, kg = 1, contribution 1.

e S={1}:[0:y], y =0, excluded, Ng = 0.

o S={0}:[1:0],0=1, Ng=0.
Thus, |X(Fy)| = 1. Over Fy2, if q is odd, y = x* has ¢*> + 1 points (e.g., [0 : 1],
[1:y] fory a square), so

2
1
Z(X,t)z1+t+%t2+~-~,

illustrating the zeta approach. InP 1y, y = 2% has g+ 1 points, highlighting weight
effects.
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3.3. Singularities and Minimal Resolutions. Weighted hypersurfaces often ex-
hibit cyclic quotient singularities [2, Section 2]. For quasi-smooth X, singularities
occur at Xg N Py (K)sing [2, Prop. 2.3], typically of type A, o [2, Prop. 2.4], where
local coordinates transform under cyclic actions (e.g., 7 : (z,y) — ((n2, (%y)). Min-
imal resolutions 7 : X — X yield smooth surfaces, with exceptional curves over
singularities defined over a minimal extension k(P) [2, Prop. 2.5]. Goto’s blow-
up process adjusts counts on X, potentially affecting | X (Fga)| and thus Z(X,t)

coefficients, suggesting Z(X,t) # Z(X,t), a topic for further study.

4. BOUNDS AND CONJECTURES FOR RATIONAL POINTS ON WEIGHTED
HYPERSURFACES

In this section, we explore bounds and conjectures for the number of F,-rational
points on weighted hypersurfaces, drawing on classical results in projective spaces
and their generalizations to weighted settings. We integrate recent insights from
Aubry and Perret [5], who study the maximum number of points, denoted e, (d; wo, . .., wy,) =
maxp |V (F)(F,)|, over hypersurfaces of weighted degree d in P(wy, . .., w, ), enhanc-
ing our understanding of theoretical limits applicable to varieties like £,,.

4.1. Serre’s Inequality and Generalization. Serre’s inequality provides an up-
per bound for rational points on hypersurfaces in standard projective space P™.
For a homogeneous polynomial F' € F,[Xy,...,X,] of degree d, Serre [6] proved
|V(F)(F,)| < dg"' + pp_2, where p, = [P"(F,)| = (¢"™' —1)/(¢ — 1). Aubry et
al. [5] extended this to weighted projective spaces P(wo, ..., w,), conjecturing:

. d ,._
eq(d§ wo, - . ., Wy) = Min {Pm w—q" ! +Pn2} )
0

where m = n and d is the weighted degree, assuming wy < wy < --- < w,. This
aligns with Aubry and Perret’s Conjecture 1.1 [5], which specifies wy = 1 and
lem(wy, ..., wy) | d. They prove it for wy = wy = 1, showing:

eq(d; 1,1, wa, ..., wy) = min {p,,dg" ™" +po_s},
generalizing Serre’s result to certain weighted settings without degree restrictions.

4.2. Upper Bounds on Rational Points. Aubry et al. [5] established:

. d ,_
|vuwww|<mm{@uwﬂ 1+pn2},

under conditions such as the existence of a weighted hyperplane H with |V(F) N
H| = 0. Aubry and Perret [5] provide a broader upper bound (Theorem 4.1) for
any weights and d < ¢ + 1:

[V (F)(Fg)| < dg" " + pn2,
proved via an ”unscrewing” technique. They use morphisms m; : P(wg, ..., 1,...,w,) —
P(wy, ..., w,), relating |V (F)| to pullbacks 7 F', with:

’l“i*l

VF)E) < - Y Nixi(Fool)),
[ =0

where r; = ged(w;, ¢ — 1) and o; shifts coordinates by a generator of IF;. Iterating
this to P", they recover Serre’s bound. For Lo C P2 46,10) With d = 30, ¢ = 3, this
gives 30 - 32 4+ 4 = 274, a ceiling we refine with exact counts in Section 5.
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4.3. Lower Bounds and Extremal Examples. Aubry and Perret [5] show their
bound is sharp by constructing hypersurfaces achieving it. For wg = w; = 1 and
d < q+ 1, the polynomial:

d

F =] ](aiXo - 8iXy),

i=1

with distinct (o @ ;) € PY(F,), has |V(F)(F,)| = dg"~' + pn_2. More generally,
for a = min, <4 lem(w,, ws) and d < a(g + 1), they use:

d/a
F= H(Olin«l/w" — BiX2/),

=1

yielding |V (F)(Fy)| = £¢" ! + pp—2. In Pia46,10), @ = 2, d = 30, ¢ = 3, giving
15 -9+ 4 = 139, exceeding our Lo(F3) = 62, suggesting Lo is not maximal.

4.4. Modular Congruences and Point Distribution. Serre [6] showed for a
hypersurface in P(wo, ..., w,) with d < n:

V(F)(Fg) =1 (mod p),
where p = char (F,). Aubry et al. [5] conjecture a stronger:
V(F)(Fy[=1 (mod g).

While Aubry-Perret do not address congruences directly, their maximal examples
(e.g., unions of hyperplanes) are consistent with Serre’s result, as dg" ! +p, 2 =1
(mod p) for p 1 d. Testing this stronger conjecture with £,, counts in Section 5
could yield further insights.

4.5. Connection to Counting and Heights. Our orbit-based counting (Section
2) computes exact |X(F,)|, while these bounds provide theoretical limits. The
practical weighted height hy (x) may order points in maximal hypersurfaces, with
minimal heights (e.g., 1/wg) prevalent in extremal cases, a hypothesis we explore
with L£,,.

5. THE NUMBER OF GENUS 2 CURVES WITH (n,n)-SPLIT JACOBIANS OVER
FINITE FIELDS

In this section, we develop a systematic method to count the number of genus 2
curves over finite fields F, whose Jacobians are (n, n)-split, focusing on the weighted
hypersurfaces £,, C Py, that parametrize these curves. The locus £,, corresponds to
genus 2 curves with extra automorphisms yielding an (n, n)-split Jacobian, a prop-
erty of significant interest in isogeny-based cryptography. Our approach combines
explicit equations, point-counting techniques in weighted projective space, theoret-
ical bounds, and computational verification using SageMath. Below, we detail this
strategy with a focus on the case n = 2.
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5.1. Explicit Defining Equations. The loci £,, are weighted hypersurfaces in
the weighted projective space Py, with weights w = (2,4,6,10) and degree d,
depending on n. Explicit equations for these hypersurfaces, parametrizing genus 2
curves via their invariants, are provided in [7-10]. For a genus 2 curve C over Fy,
given by a hyperelliptic equation y? = f(x) with deg f = 5 or 6, the Jacobian J(C')
is (n, n)-split if it is isogenous to a product of two elliptic curves E; x Es, each with
an n-torsion structure respected by the automorphism group.

For n = 2, by [8], L2 is a hypersurface in Py, with w = (2,4,6,10), defined
by a weighted homogeneous polynomial Fs(xg,x1,x2,23) = 0 of degree 30. This
polynomial encodes conditions on the invariants ensuring the curve’s automorphism
group includes an element inducing a (2, 2)-splitting. For odd n (e.g., n = 3,5),
weights and degree adjust to reflect increased symmetry. We assume L£,, is defined
by:

Fr(wo, 1,22, 73) =0,
where deg F,, = d,, and w = (2,4,6,10). Our goal is to compute |L,(F,)|, the
number of F,-rational points, corresponding to such curves up to isomorphism.

5.2. Weighted Point-Counting Techniques. To count |£,,(F,)|, we adapt the
orbit-stabilizer method from Section 2.4. For a point [zg : z1 : @2 : x3]w € L, (Fy),
coordinates z; € F, (not all zero) satisfy F,(zo, 21,2, 23) = 0. The number of
rational points is:

Z Ns - ged(ks, g — 1)

]F =
£a(Fy) P

S20
where S C {0,1,2,3} is a nonempty support set, Ng is the number of tuples
(xo,x1,x9,x3) with z; £ 0fort € S, 2, =0 fori ¢ S, and F,, = 0, and kg =
ged({w; | i € S}). This method accounts for the weighted scaling action in Ps,.

5.3. The case n = 2. For n = 2, with w = (2,4, 6, 10), the equation of Lo is:

Fy =41472wy° + 159y°2% — 236196w?z® — 80y z + 104976000wz* 2 — 1728y° 2 2 + 6048y " x2°
— 9331200wy2? — 2099520000w2yz + 122°¢y°z — 542’y? 2% + 108z*y2> + 13322y~
— 89102y 2? + 2937622 y> 2% — 47952zyz* — z7y* — 812 2* — 782°y" + 384y°z — 6912427
+ 507384000w>y*z — 19245600w°yz® — 592272wy*z* + 77436wy>z* + 4743360wy>z2
— 870912wy>z” z + 3090960wyz>2> — 5832wz’ yz — 125971200000w” + 311042° + 972wa’y>
+ 8748wz 2° — 3499200wz 2>,

where (z,y,z,w) = (Jo,Jy, Jg, J10), see [11]. This defines the locus of genus 2
curves with an extra involution. The map ¢gg : P%v,@ — IP’(?@ is:

x=[z:y:z:w] = [0y 210w

)

establishing a one-to-one correspondence between L2(Q) and ¢go(L2) C P3, with
an inverse given in [?univ]. In [11], it is shown that Lo has no rational points of
weighted height & < 2 over Q, equivalent to checking projective height H (¢g0(x)) <
260,

To compute |Lo(F3)|, we evaluate F» over F3 = {0, 1, 2} for all nonempty support
sets S C {0,1,2,3}, using SageMath to determine Ng (the number of solutions to
F, =0 withz; #0for i € S, z; =0 for ¢ ¢ S) and kg = ged({w; | ¢ € S}). The

Ng-ged(ks,2)
2

contribution per S is , since ¢ — 1 = 2. Computational results yield 63
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solutions in A%\ {0}, grouped into 62 points in Py,. The 15 support sets and their
contributions are:

) = 2, contribution = % =2,

) = 2, contribution =

) = 2, contribution = 2
= 2, contribution = 2

N

S = {0}: NS = 2, ks = 2, ng(
S ={1}: Ng =2, ks =4, ged(
S ={2}): Ng =2, kg =6, ged(
S = {3} NS = 2, ks =10 ng(
{0 1} NS = 2, ks = 2, ng

= {0,2}. NS = 47 ks = 2, ng

2
47
6
) =2, ,
) = 2, contribution = 2,
) = 2, contribution = 4,
) = 2, contribution = 4,
) = 2, contribution = 4,
) = 2, contribution = 4,
) =2,

I
\.O
w
—
2
|

-
i
95}

|

[y }\J -
[055)
Q
jol
AN AN AN N N N

= 2, contribution = 4,
) = 2, contribution = 4,
) = 2, contribution = 4,
) = 2, contribution = 8,
,2) = 2, contribution = 8,
,2) = 2, contribution = 8.

Summing contributions: 4-2+8-4+ 3-8 = 8432+ 24 = 62, matching SageMath’s
|£2(F3)| = 62. For Fg, 2025 solutions yield 508 points, detailed in Subsection 4.6.
For general n, stratification by support sets scales with F),’s complexity, requiring
computational tools like SageMath for accuracy.

5.4. Singularities of Weighted Hypersurfaces. Singular points of a weighted
hypersurface V' C Py, defined by a weighted homogeneous polynomial F(zg, x1, ..., T,) =
0 with weights w = (wg, w1, . . ., wy, ), differ from those in standard projective space

due to the non-uniform scaling. A point x = [xg : @1 : - : @]w i singular if
F(x) = 0 and the weighted partial derivatives vanish:

F
gxz(x) =0, i=0,1,...,n,
adjusted for the weighted action [xg : @1 : -+« : @y ~ [A¥020 : AW @y 1 -+ 0 A¥nay,).

Unlike projective space, where singularities are well-defined via the Jacobian ma-
trix’s rank, the weighted case requires considering the orbifold structure of Py, as
coordinates scale by different powers, complicating tangent space analysis. For £
with w = (2,4, 6, 10), a point is singular in the affine chart if all partials vanish, but
quotienting by the action F} (order ¢ — 1) groups solutions into orbits, potentially
merging singular and nonsingular representatives.

In the moduli context, singular points in £, over F, correspond to genus 2
curves with special properties. In characteristic 0, such points represent smooth
genus 2 curves with automorphism groups larger than V, (e.g., D4, GL2(3)), as
shown in [8]. In characteristic 3, the 44 singular points (70% of 63 solutions)
for F3 include degenerate curves (e.g., [1 : 0 : 0 : 0] suggests a reducible form,
genus | 2) due to p = 3 effects, alongside possible smooth curves with enhanced
automorphisms. This contrasts with characteristic 0, where degeneration is less
prevalent, and singularities more cleanly indicate larger Aut(C).
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5.5. Application of Bounds. We refine our counts using bounds from Section 3.
For L, with w = (2,4, 6, 10) and degree d,,, Aubry et al.’s bound [5] is:

. dp
|£n(Fq)| < min {pma q ! +pm—2} y
wo

where p,, = |[P"(F,)| = (¢™™ —1)/(¢ — 1), m =3, wo = 2. For n = 2, dy = 30:

d2 m—1

wi()q
versus p3s = ¢®+¢>+q+1. Forg=3: 15-94+3+1 =139 > 62; ¢ = 9: 1225 > 508.
These bounds hold, with 15¢ 4+ ¢ + 1 tighter for larger q.

Serre’s congruence [6] states |£,,(Fq)| = 1 (mod p) for d, < m, but here dy =
30 > 3, so it may not apply. Aubry et al.’s conjecture [5], |£,(Fq)| =1 (mod g),
requires conditions (e.g., trivial hyperplane intersection) not met here, as verified
computationally.

+ Pm—2 = 15¢* + ¢+ 1,

5.6. Computational Verification. We compute |£2(FF,)| using SageMath for ¢ =
3,9:

e ¢ = 3: 63 solutions, 44 singular (70%), |£2(Fs)| = 62 = 2 (mod 3). Since
ds = 30 > m = 3, Serre’s congruence does not apply, and 62 < 139 satisfies
bounds. As discussed in Subsection 4.4, singularities include degenerate
curves (e.g., [1: 0:0:0]), with some potentially indicating smooth curves
with |Aut(C)| > 4.

e ¢ =9: 2025 solutions, 1377 singular (68%), |L2(Fy)| =508 =1 (mod 3), 7
(mod 9). This satisfies Serre but not Aubry’s conjecture, consistent with
unmet conditions and high singularity, with 508 < 1225.

Sage’s orbit-stabilizer method, detailed in Subsection 4.3, confirms these values for
the full Fy, revealing £o’s complex geometry in characteristic 3.

5.7. Discussion and Cryptographic Implications. The counts |£2(F,)| inform
the number of genus 2 curves with (2,2)-split Jacobians over F,. For ¢ = 3, a
small count (e.g., < 5) suggests a limited set, enhancing cryptographic security
by restricting the space of vulnerable curves. The bound 15¢® + ¢ + 1 (e.g., 40
for ¢ = 3) is tighter than p3 = ¢> + ¢®> + ¢ + 1 (e.g., 39 for ¢ = 3) for larger g,
improving efficiency over classical estimates. The complexity of Fs implies that
exact counts require computational tools like SageMath, especially as ¢ grows.
Future work could use the zeta function of £, to study asymptotic behavior, aiding
cryptosystem design by predicting curve availability.

6. CONCLUSIONS AND FUTURE WORK

In this paper, we have advanced the understanding of rational points on weighted
hypersurfaces over finite fields by introducing two complementary counting frame-
works: an orbit-stabilizer method for direct computation of Fy-rational points and
a zeta function approach, inspired by classical projective variety theory, to encapsu-
late counts over extensions F 4. These methods, detailed in Section 3, enhance our
ability to enumerate points efficiently and provide a global perspective akin to the
Weil conjectures for standard projective varieties. Leveraging prior work [2,5], we
refined Serre-type upper bounds, achieving tighter estimates such as 15¢%+q+1 for
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specific cases, and explored modular congruences, offering a comprehensive toolkit
for analyzing weighted projective spaces.

As an illustrative example, we applied these techniques to the locus L, C
P(2,4,6,10), parametrizing genus 2 curves with (n,n)-split Jacobians, computing
|£2(F3)] = 62 using explicit equations and SageMath (Section 5). This result,
alongside bounds and singularity analysis, underscores the efficacy of weighted ge-
ometry over classical embeddings, revealing structural nuances like high singularity
rates in small characteristic. Beyond arithmetic geometry, our findings contribute
to isogeny-based cryptography by informing the enumeration of curves with specific
Jacobian properties, potentially guiding the design of secure cryptosystems.

Future work could focus on the rationality of the zeta function Z (X, t) for general
weighted hypersurfaces, extending Goto’s results for diagonal cases [2]. Analyzing
its poles might yield asymptotic counts, enhancing bound precision. Additionally,
exploring singularity impacts on Z (X, t) coefficients and applying our methods to
other weighted varieties could further bridge classical and weighted frameworks,
deepening insights into their arithmetic and geometric behavior.
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