WEIGHTED HEIGHTS AND GIT HEIGHTS

ELIRA SHASKA AND TONY SHASKA

ABSTRACT. We investigate the relationship between Geometric Invariant The-
ory (GIT) heights and weighted heights, with a focus on their interaction in
weighted projective spaces and their application to binary forms. Building on
the weighted height framework developed in [1,|10], we relate it to Zhang’s
GIT height via the Veronese map. For a semistable cycle Z C ng, we show

that the GIT height decomposes into the logarithmic weighted hefght plus an
Archimedean correction from the Chow metric. Specializing to degree-d binary
forms f € Vy, we define an invariant height h%(f) with respect to the Chow
metric and prove that the moduli weighted height hy (€(f)) of f’s invariants
satisfies "
— [
o (€01)) = gy 150 + he(s)

thereby connecting GIT stability, moduli theory, and arithmetic complexity in
a unified framework.

1. INTRODUCTION

Height functions lie at the heart of arithmetic geometry. They quantify the
arithmetic complexity of algebraic varieties and play a central role in Diophan-
tine geometry, Arakelov theory, and the study of moduli spaces. Classical height
constructions—such as the Weil height on projective space and the Néron—Tate
height on abelian varieties—provide powerful tools for measuring the size of alge-
braic points and cycles. However, in emerging settings such as weighted projective
spaces, where coordinates carry distinct degrees, classical heights must be refined to
capture the graded structure faithfully and to reflect both arithmetic and geometric
data.

This paper investigates the interplay between two height frameworks that address
this challenge: the GIT height introduced by Zhang [15], which encodes stability
in moduli problems via Geometric Invariant Theory, and the weighted height de-
veloped in our earlier work [1,[10], which generalizes the Weil height to weighted
projective spaces. Our goal is to establish a conceptual and computational bridge
between these two perspectives, with the moduli space of binary forms By serving
as the guiding example.

The moduli space By, parameterizing degree-d binary forms up to SLs-action,
embeds naturally into a weighted projective space via its ring of invariants. This
setting lies at the intersection of invariant theory and weighted geometry. On one
hand, the GIT height captures the intrinsic arithmetic size of semistable orbits and
reflects moduli stability; on the other, the weighted height measures complexity
through the geometry of the weighted embedding. A central theme of this work is
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to show that these two notions are compatible and that their interaction reveals
refined arithmetic information.

We show that for semistable cycles X' C }P’g oL the logarithmic weighted height
hy (X) relates to the GIT height under the Veronese map ¢,, by the formula
hy (X) = W (¢ (X)), as established in Lem. [5| and refined in Thm. [2| by in-
cluding the Archimedean contribution from the Chow metric. Specializing to binary
forms f € Vg, we define an invariant height h%(f), adapting Zhang’s construction
to weighted coordinates. Our main result, Thm. [5] shows that the moduli weighted
height hy, (£(f)) of the invariants of f satisfies hy (£(f)) = ﬁ he(f) + he(f).
where he(f) is the Chow height. This decomposition isolates the canonical, GIT-
invariant component from the metric-dependent term at infinity, revealing a clean
arithmetic structure underlying the moduli class of f.

Concrete computations, such as the explicit formula h¢(f) = 4 log(1 + |ao|?)
for binary forms f = x¢ — agy? (Prop. , illustrate the practical consequences
of this theory. These examples extend computational insights from earlier works
(e.g., [8}}9]) and show how classical moduli problems for binary forms can be reinter-
preted within a modern arithmetic framework. The resulting picture suggests that
heights on moduli spaces naturally decompose into invariant-theoretic and metric
contributions—a phenomenon familiar from Arakelov geometry, now visible in the
weighted setting. The same framework extends to binary forms with non-trivial
automorphism groups, where root orbits under G C PGLs yield refined expressions
for the Chow—invariant height (Thm. [4)).

Section 3| develops the GIT—weighted correspondence via the Veronese map and
the Deligne pairing, while Section [f] applies it to binary forms, computing explicit
Chow—invariant heights and proving the main decomposition of the moduli height.
Section [4] also introduces Chow coordinates for root divisors, studies naive and
minimal heights, and analyzes both non-Archimedean and Archimedean contri-
butions in terms of semistability and SU(2)-invariant metrics. The global invari-
ant height h%(f) unifies these contributions, with explicit computations for cubics,
power forms, and forms with automorphisms. The main Thm. [f| provides the final
decomposition of the moduli height, separating its intrinsic and Archimedean parts.

Finally, Section [5| summarizes the results and outlines directions for future re-
search. In summary, this paper contributes to arithmetic invariant theory by es-
tablishing a precise correspondence between GIT and weighted heights for binary
forms and their moduli. The decomposition of moduli height into canonical and
Archimedean components opens a new pathway toward understanding the arith-
metic geometry of weighted projective varieties and moduli spaces and lays a foun-
dation for broader generalizations in height theory.

Notation: Throughout this paper k& denotes a number field, K a finite extension
of k, £ a line bundle on a variety X', s a section of £, and L a metrized line bundle
endowed with a specific norm. If H denotes a multiplicative height, its logarithmic
analogue is denoted by h = logH, while their weighted counterparts are denoted
by Hy and hy, respectively. The set of places of K is My = MY UM, with local
degrees n, = [K, : Q,]. Weighted projective spaces are written PX = P(qo, ..., qn),
with least common multiple m = lem(qo, . . ., ¢n); the corresponding Veronese map
¢m will be used to compare weighted and standard projective embeddings. For
binary forms f € Vy; = Sym?(K?), we denote by £(f) = [€o(f) : --- : &u(f)] €
P (K) its image under the GIT quotient map, where v = (deg &o, ..., deg &,).



WEIGHTED HEIGHTS AND GIT HEIGHTS 3

2. PRELIMINARIES

Let X be a variety over a field F and E a vector bundle of rank r over X defined
over F with the equipped morphism 7g : E — X. A section of a vector bundle
FE over an open set U C X is a morphism s : U — E such that ng o s = idy. If
U = X, then s is a global section. The set of sections over U, denoted T'(U, E), forms
a F-vector space. The sheaf of sections £ is defined by E(U) = T'(U, E) for each
open U C X, providing a sheaf-theoretic framework for studying sections locally
and globally.

A line bundle £ on X is a vector bundle of rank 1. For n € Z, the n-fold
tensor power is denoted £, with conventions L& = Oy (the structure sheaf)
and £2(-") = (£*)®" where £* is the dual bundle. The Picard group Pic(X) is
the group of isomorphism classes of line bundles under the tensor product ®, with
the inverse of [£] given by [L*].

Consider the trivial bundle E = P§ x AZ™" | with coordinates [zq : - - : z,,] on P¥
and (Yo, .- .,yn) on ALT!. The tautological line bundle Opp (—1) is the subvariety
L C E defined by the equations z;y; — x;y; = 0 for all 0 < 4,57 < n.

The projection 7z : £ — P is a morphism, and local trivializations over U, =

{4 # 0} are given by ¢ : 7. (Us) — Uy X Ab, (X,y) — (x, %)7 with transition

functions Mag(x) = 2. For m € Z, define Opz(m) = Opz(—1)®"™), whose
sections correspond to homogeneous polynomials of degree m.

Let & be a number field of degree [k : Q] = m, with ring of integers Ok, and
let k be an algebraic closure of k. A variety X over k is an integral separated
scheme of finite type over Spec(k), with X'(k) denoting its k-points and X(k) its
k-rational points. The set of places My, of k comprises: 1) Non-Archimedean places
M ,8, corresponding to primes p C Oy, ii) Archimedean places M, corresponding to
o : k — C up to conjugation. For a place v € My, the local degree isn, = [k, : Q,],
where k, is the completion of k at v. The absolute value ||, is normalized to extend
the standard absolute value on Q.

Let M = My be the set of places of k extending M. An Mj-constant is a
function v : My — R such that (v) = 0 for all but finitely many v, extended to M
by v(v) = y(v|k). An Mg-function on X is a map A : X x M — R where A(x,v) is
either an Mj-constant or infinite. Two Mj-functions Ay, Ay are equivalent, written
A1 ~ Ag, if there exists an Mj-constant v such that |A1(x,v) — A2(x,v)| < y(v) for
all (x,v) € X x M. An M-function A is My-bounded if A ~ 0.

For an affine variety X, a set E C X x M is an affine My-bounded set if
there exist coordinates x1,...,x, on X and an Mp-bounded constant ~ such that
|2i(%)]s < 7™ for 1 < i < n, (x,v) € E. For a general variety, E C X x M is
M. -bounded if it is covered by finitely many affine Mp-bounded sets.

A function A : X x M — R is locally Mj-bounded above if, for every My-bounded
set E C X x M, there exists an Mj-constant  such that A(x,v) < v(v) on E. It
is locally My -bounded if both A and —A\ are locally Mp-bounded above.

Let 7 be a topological space, £ a line bundle on 7, U C 7T an open set, s a
section of L over U, and || - || a metric on L. A metrized line bundle is a pair
L= (LA

For a number field k£, an Og-scheme X, and an embedding o : O — C, the
induced map o* : Spec(C) — Spec(Ok) equips X,(C) with a complex manifold
structure. Metrics on £ are required to be conjugation-invariant at Archimedean
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places. A metric is smooth if [|s||y is C*° for smooth, non-vanishing sections s. A
metrized bundle £ is Hermitian if its metric is smooth.

Example 1. For X = P¢ and L = O(1), the standard metric and the Fubini-Study
metric

s(x
) Isli60 = I =

max; |£CZ‘ ’

|s(x)]
n 1/27
(i lil?)
are locally bounded (see |2, Example 2.7.4]).

Every line bundle on a variety over k admits a locally bounded metric (see
[2, Prop. 2.7.5]). For a line bundle £ on a flat proper reduced scheme X over
Oy, with generic fiber L = £ on X = X}, the natural M -metric || - ||z is defined
by setting ||s(z)||z, = 1 for a constant section s at each place u € M, using the
integral model to trivialize locally.

Lemma 1. The natural M-metric || - ||z is well-defined and locally bounded.

For a proof see [2, Prop. 2.7.5].

Example 2. For the constant section s(x) = 1, the standard metric and the
Fubini-Study metric are
1 1
(2) Isll(x) = ————, lIsll;(®) = 77
max; || x>, |$i|2)1/2
2.1. Heights on Projective Spaces. Let x = [xg: -+ : x,] € P"(k), where k is

a number field. For a place v € My, define the local multiplicative and logarithmic
heights relative to a metrized line bundle £ = (Opr (1), || - ||) as

Hyo(x) = [s(x)[;7 and  hy(x) == —log [ls(x)].,

where s is a section of £ such that s(x) # 0. Using the standard metric from Eq.
with a constant global section s(x) = 1, we obtain

1
H,(x) = (0?2(n{|xz|u}> and h,(x) = —log Org%xn{\mﬂy}.

The multiplicative height and logarithmic height of x are defined as
(3) Hi(x) = H max {|z;|,}™ and hi(x) = Z Ny, 1og0r£l_agxn{|a:i|y},

0<i<n
vE My vEMy,

where n, = [k, : Q,] is the local degree at v. For a finite extension K/k, normalize
| - | for w € Mg such that |z|, = |m|2“’/"” for « € k, where w|;, = v. Thus,
1
Hy (x) = Hie () and -y (x) = mhl{(x)-

Given a Cartier divisor D = {(U;, f;)} on a variety &' C P7, the line bundle

Lp = Ox(D) is constructed by gluing
Lplu, = f710x(U),

with a canonical section gp (the constant section 1 on each patch, adjusted by
fi). Equip Lp with a locally bounded M-metric || - || to form the metrized bundle
D = (Lp, |- |I)- The local Weil height with respect to D at v € Mj, is

(4) Ap(x,v) = =logllgp(¥)[lv; x € &\ supp(D),
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where v € M satisfies v|, = v.

Example 3. For X =P and D a hyperplane defined by U(x) = apxo+ -+ anty,
the standard metric on Ox(1) is
[£(x)]v

) Y = 1Y
5) 0 =

which is locally My-bounded on U; = {x; # 0} since ||z;(x)|l, < 1. Thus, with
gp = 67

(el
maxo<i<n |Zilv

(6) Ap(x,v) = —log

For a variety & C P2 over k and a line bundle £ on &', consider the metrized
line bundle
L= (L, (I lo)verr) € Pic(X).
For x € X, let K = k(x) be the field of definition. For each u € M, choose v € M

with v|p = u and define
Il = 11 /T,

where n, = [K, : Q,]. This is independent of the choice of v by the metric’s
properties. Take an invertible section g of £ with x ¢ supp(div(g)), and form

Ly = (Ox(div(9)), (Il - lu)-
The global Weil height is

7 heo) = e 3 Az, (o)
ueE Mg

where Az (x,u) = —log||g(x)||. This is independent of K and g.

2.2. Weighted Varieties and Their Heights. Let k be a number field with ring
of integers Oy, and k be its algebraic closure. A weighted tuple in (’)Z+1 is a tuple

x = (xo, ..., x,) with weights to = (qo, ..., ¢n), where each ¢; is a positive integer.
Scalar multiplication by A € k* is defined as
Ax (20, .., 2n) = (AN xq,..., A"z,

The quotient under this action is the weighted projective space Py, . with points

(2o : -+ : @] where (w0,...,2n) ~ (A2, ..., AT z,) for A € k*. Heights on P} |
were introduced in [1] and developed further in [10] using a Weil-type framework.

A variety X C IP’:) x defined over k is a weighted variety. If w is well-formed
(i.e., gcd(qo,...,(ji,..w.,qn) = 1 for each i), and m = lem(qo,...,q,) satisfies
ged(m/qi,m/q;) = 1 for all i # j, then P , is isomorphic to PY (for some N)
via the Veronese map ¢n, : Py, , — P,

(8) [xoz--~:xn]»—>[x81/q° Lo g/an,

This map will be used extensively throughout the paper.

For a weighted variety X C ]P’Z z defined over k with weights to = (qo,...,¢n), a
set E C X x M is a weighted aﬂ%e M. -bounded set if there exists an Mp-bounded
constant function v : M} — R such that

|2;(x)|/9 < e’ forall 0 <i<nand (x,v) € E,
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where xg,...,x, are coordinates on an affine patch of X’. This is independent
of coordinate choice, and finite unions of such sets remain weighted affine M-
bounded. A set £ C X x M is a weighted My -bounded set if it is covered by finitely
many weighted affine Mj-bounded sets E; C U; x M, where {U;} is an open affine
cover of X.

A function A : X x M — R is locally weighted Mj-bounded above if, for every
weighted My-bounded set F, there exists an Mj-constant « such that A(x,v) < v(v)
for (x,v) € E. It is locally weighted My-bounded if both A and —A\ are locally
weighted Mj-bounded above.

A weighted M-metric on a line bundle £ over X is a family of norms || - || =
(Il - Il2) nems such that for each p € M with p|, € M), and each fiber Ly (x € X):

(1) |ls(x)]l : £x = R>g is not identically zero,
2) A€l =A™ €]l for A€k, € € Ly,
(3) Tf pur, 2 € M agree on k(x), then || - [l = || - [lps on Lx(k(x)).

The metric is locally weighted M -bounded if, for any section s € Ox(U) on an
open U C X, the function (x, u) — log|s(x)|, is locally weighted My-bounded on
U x M. A weighted M-metrized line bundle is £ = (L, || - ||) with such a metric.

Example 4. For X =Py , and L= (Opn (1),]]), the weighted standard metric
18

) (o) = ——2

maxogign{ |{E2

1/qiy’
WY
where s is a section with a Hermitian metric at Archimedean places.

In [10] was proved that every line bundle £ on a weighted variety X C P} -
defined over k admits a locally bounded weighted M-metric. ’

For a line bundle £ on a flat proper reduced scheme X over O, with generic
fiber L = L on X = X}, the natural weighted M -metric || - ||z is defined as follows.
For x € X with F = k(z) and Op the integral closure of O in F, there is a
unique morphism Z : Spec(Or) — X mapping the generic point to x. For v € M
with v|p = p and ideal I, a local non-vanishing section s of £ on z(I,) satisfies
|Is(z)]l¢,, = 1. This is the weighted constant section 1.

Lemma 2. The natural weighted M -metric is well-defined and locally bounded.

Proof. 1f 5" is another non-vanishing section on Z(1,,), then s'/s is a unit in Oz, so
Is"(@)|lz,0 = lIs(z)|lz,, = 1, ensuring well-definedness. For boundedness, cover X
with affine trivializations U; having sections s;. For an M-bounded family (E"), e,
define EY = {x € E¥ | Z(I,) C U;}. Since ||s;(z)||z,, = 1 and coordinates are M-
bounded, the metric is locally bounded by (2, Lem. 2.2.10]. O

Deﬁne_lgi\cm(X ) as the group of isometry classes of weighted M-metrized line
bundles £ = (L, || - ||). For a morphism ¢ : X’ — X' of weighted varieties over k,
the pullback ¢*(L£) = (¢*(L), ]| - ||') satisfies

19" ()" = lls(e(x)l;

inducing a homomorphism Picy, (X) — Picy, (xn.
For a Cartier divisor D = {(Uj, f;)} on X C P! ., the line bundle Lp = Ox(D)
has a canonical section sp. With a locally bounded weighted M-metric, form
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D = (Lp,| - |]). The local weighted height is
(10) Cp(x,v) = —log|lsp(x)||n, x€ & \supp(D),
where p € M, pli = v.

Example 5. For the weighted standard metric (Eza. |4) with sp(x) =1,

— 1 1/q:
CD(X7V) - EIOgO??anﬂxl‘“ }

Example 6. For X =P - and D a hyperplane defined by € € Ox (1), with sp = ¢,

1£(x) |
CA(X7 V) = o
P m - maxo<i<nd |zl "}
For £ = (L] - ||) € Picw(X), let K = k(x). Define || - |ly = || - |2/ for
u € Mg, v| = u, and take g with x ¢ supp(div(g)). The global weighted height is
1
11 ha(x) = (A (x,u),
( ) [)( ) [Kk] MEZMK Lg( )

where CEg (x,u) = —log ||g(x)||u-

For £ = Opn (1) with s = 1, we have (5(x,v) = - log maxo<;<n{|z; ,I/qi}, and
therefore

— 1 1 1/q;
hﬁ(x) - [K . k] GZIVI: E log Oréliagx’n{‘xl‘u }
u€EMgk

Definition 1. For a point x = [x¢ : -+ : 2] € P(qo,...,qn) over K, the logarith-
mic moduli weighted height is defined as

_ 1 v
(12) hm(x) - [K . Q] VEE]\; log 0r§n]a§Xn{|xj|V }7

where q; are the weights associated with each coordinate.

In the context of binary forms, we refer to hy (£(f)) as the moduli weighted
height, reflecting its role in the moduli space By.

Lemma 3. If X = IP’:)E, L=0x(1), and s =1, then h(x) = hyp(x).

Proof. We compute bhz(x) via its definition to get

1 1 1w
) =T 2 ‘1°g|3/qi}

wedte v maxg{|x

1 v
= o 2 losmax{laily/ "} = huy(x),
: ueMpg

since ||1||, = 1 and the product formula cancels constant terms. O
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3. GIT HEIGHT AND INVARIANT HEIGHT

The interplay between Geometric Invariant Theory (GIT) and arithmetic heights
offers a powerful framework for studying semistable cycles in projective spaces.
Zhang’s GIT height [15] measures the arithmetic size of such cycles, complementing
the weighted heights introduced in [1] and refined in [10] for weighted projective
spaces. This section bridges these concepts, extending our prior work to connect
GIT stability with weighted geometry via the Veronese map, and introduces an
invariant height to unify these perspectives. Our main result, Thm. [2| quantifies
the difference between GIT and weighted heights using the Chow metric, with
implications for moduli spaces of binary forms.

Consider a flat, projective morphism 7 : X — S of integral schemes with relative
dimension n. For line bundles Ly, ..., £, on X, the Deligne pairing (Lo, ..., L,)(X/S)
(see [6]) is a line bundle on S, locally generated by symbols (lg,...,l,), where
l; € (U, L;) over an open U C X have divisors div(l;) intersecting properly (i.e.,

Nizo div(ls) = 0).

3.1. Chow Sections. Let S be an integral scheme and £ a vector bundle on S of
rank N + 1. Define P(£) = Proj(Sym*&) and consider an effective cycle X C P(£)
with components flat and of dimension n over S. Set £ = Op(g)(1) and M =
Opevy(1) on the dual projective bundle. The canonical pairing £ ® €Y — Og
induces a section w € T'(P(€) x5 P(EY), L @ M).

For 0 < i <, let M; be the pullback of M to P(€) xg (P(£Y))" ! via the i-th
projection, and w; the induced section of £L ® M;. The Chow divisor is

r= ﬂ div(w;),
=0

comprising points (z,Ho, ..., Hn,) where z € ()_,H; and each H; € P(EY) is a
hyperplane in P(E).
The pushforward
Y = m (TN (X xs (BEV)"™)
is a divisor in (P(EY))" ! of multidegree (d, ..., d), where d = deg (X/S).

Let N = OP[(Symdg)®(n+l)](1). The canonical pairing induces

w' el (P[(Symd5)®(”+1)] xs (PEV))"T Ne @ M?) :
i=0
with TV = div(w’) consisting of points (H,yo, .- .,ys) such that (yo,...,yn) € H,
where H € P[(Sym?&)®(+1)] represents a hyperplane in the dual projective space.
The Chow section Z C P[(Sym?€)2(+1] corresponds to Y.

Theorem 1. There is a canonical isomorphism on S
(L,....L)(X/S) = Z*N.

3.2. Chow Metrics. For S a complex variety and £ equipped with a smooth Her-
mitian metric | - ||, the section w’ induces ||w’[|, on P[(Sym?&)®(+1] x g P(EV)"+1
at Archimedean places p. For s € T'(S, N) the Chow metric is

(n+1 1
13) log||s||ch.. = log - - log [|w'||,, 1 (M,
(13) o sler . = log sl Z] R
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where ¢1 (M, || - ||,) is the first Chern form ([15]). This makes Thm. [I] an isometry
at Archimedean places.
3.3. GIT Height. Set S = Spec(Z), £ = 05", and N = Oy g0 00y (1)-

The standard Hermitian metric on & = CN¥*! induces a Chow metric || - ||¢ on
N. The group SLy,1(C) acts on semistable points of P[(Sym?€)®(+1)], yielding
a GIT quotient

7 : P[(Sym?&)®+D] 5 P,
with A = m, . For £ € T'(P,\) and p € P,

Iellchu(p) = sap  [(2)],,
zem—1(p)

at Archimedean places u. The following is Theorem 4.10 in [15].
Lemma 4. The Chow metric || - || on A is continuous and ample.

Proof. Continuity follows from the smoothness of the Hermitian metric on &, and
ampleness from the positivity of A" under the GIT action. (]

For a semistable cycle Z C ]P’% of dimension r and degree d, let p € P(Q) be its
Chow point, defined over a number field K via p : Spec(Ok) — P. The height is

1
Box ey (p) = ———deg 5\, || - [le),
Ol (P) = T grdeg - lle)
and the GIT height is
; h-e) (P)
14 h(2) = “Allle) 2
(14) (2) (r+1)d

3.4. Weighted Heights and the GIT Height. For the Veronese map
$m - PN 5 — Py
with m = lem(qo,...,qn), let X C Pg@ be a cycle such that Z = ¢,,(X) is

semistable.

Lemma 5. For X C ]P’g@, with Z = ¢, (X) semistable of degree d, dim(Z) = r.
Then, ,

() = T DG z)

where hy (X) = hoy,|. (X) is the logarithmic weighted height with the weighted
standard metric.

Proof. From the definition of the logarithmic weighted height we have

1
D (X) = ——— > 1 |/
m( ) [KQ] & OgmiaX{‘-Tz‘u }7

and under the Veronese map

BOn(X) = g 3 lommax{laf/"} = mho ().
HEMK

Since h(Z) = h(Z)/((r + 1)d) (see Eq. (14)), and Z = ¢,,,(X),

m m
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This completes the proof. ([
Corollary 1. For a divisor D C Pg@ (r =0) of degree d, hy(D) = %ﬁ(gf)m(D)).
Corollary 2. If X and Z = ¢, (X) are semistable, hy(X) > 0 implies h(Z) > 0.

Lemma 6. For a semistable X C ]P’g@,

(r+1)d
h\U(X) Z _m

where h(PY) = % ZZV:I 23:1 % is the Faltings height.

h(PY),

Proof. By [15, Thm. 4.4], h(Z) > —ﬁh(PN). From Lem.

hey () = WB(Z) > —Mh(w).

O

For a cycle Z C IP’% over K and a Hermitian vector bundle £ on Spec(Ok)

with E = KNT1! let Z C P(€) be the Zariski closure, and Lg = Op(g)(1)|z. The
invariant height is

1 c1(Le)r Tt deg &
he(2) = [K : Q] ((T—!—l)deg zZ N+1) ’

where c1(Lg)" ! is the self-intersection number ([15]).

3.5. Relating GIT and Weighted Heights. Having explored GIT heights as a
measure of arithmetic size for semistable cycles and weighted heights as a natural
extension for weighted projective spaces, we now arrive at a central question: how
do these two perspectives intertwine? The GIT height, rooted in stability and mod-
uli theory, captures geometric complexity, while the weighted height, tailored to the
graded structure of Pg ol reflects arithmetic properties adjusted by weights. Our

prior work [1,(10] established weighted heights as a tool for Diophantine analysis,
but connecting them to GIT opens new avenues—particularly for understanding
cycles like binary forms.

Let Z C PV _ be a semistable cycle of dimension r and degree d over a number

field K, and let m = lem(qo, - .., qn). Let ¢ : PY — PM be the weighted Veronese
map of total weighted degree m, and set Z’ = ¢,,,(Z). Let p denote the Chow point
of Z’, and let X be its GIT line endowed with the Chow metric || - ||cn,, at each
Archimedean place p € M32. Denote by || - ||st,, the standard metric (the model
metric at non-Archimedean places and the Fubini-Study metric at Archimedean
ones) on Opu (1).

Theorem 2. Then

1 1 1

B(Z) = m h(Z/)+m'm ue%oo n#(log ||5||st,u(zl)*10g HSHCh,u(P))’

where s is any local non-vanishing section of A near p. Equivalently, since h(Z') =

m hy (2),

h(2) = 5 M B T T

> nu(logsllseu(Z")~1og |Isllcnu(D)).

HEMEE



WEIGHTED HEIGHTS AND GIT HEIGHTS 11

Proof. Let p be the Chow point of Z and A the corresponding GIT line with Chow
metric. By definition (cf. |15]),

- 1 1

Wz = (r+1)d [K:Q] VGXM:K w (~loglellon. ).

At non-Archimedean places, the Chow metric equals the model metric; under ¢,,,
the Veronese integralizes the weighted ring (clearing grades by m), and semistability
ensures good reduction, so the local contribution aligns with the standard metric
on Z’ (cf. Seshadri [11], Burnol |4], and Zhang [15, Prop. 4.2])

Thus,

1
(K : Q]

1

Z ny, (—log ||s|lcnu(p)) = K:Q

VE]\/I?(

S (~log slln(2).

veMY

At Archimedean places, compare the Chow metric to the standard (max-induced)
metric on the image:

—log |lsllon,u(p) = —log|Isllst,u(2") + (log [Is]lst..(2) — loglsllcn.u(p)),

where the difference arises from Eq. (1) in your paper (integral adjustments from
the Hermitian structure and Deligne isometry). The standard projective height

1

"E) = mg

> (—logllsllsen (2) = m - ho(2)
veMg

(since Veronese scales logs by m, and degrees by m”). Summing finite and infinite
parts, dividing by (r + 1)d, and isolating the adjustment yields the first identity;
substituting A(Z’) = m - hy (Z) gives the second. O

4. HEIGHTS AND BINARY FORMS

In this section, we apply the framework of GIT and weighted heights to binary
forms, a fundamental class of algebraic objects with rich arithmetic and geometric
structure. Let K be a number field, and let V; denote the space of binary forms of
degree d over K, i.e., homogeneous polynomials

d
(15) fla,y) = aa'y*
1=0

with a; € K. The ring of invariants Rq = K]ag, . . . , ag)>*2) captures the SLy(K)-
invariant properties of V. Fix a basis {&,...,&,} for R4, where deg & = ¢;, and
let Zg = RaNZ[ag,...,aq) be the subring of integral invariants. The evaluation
map is

£:Vy— PL(K),
f = (fo(f% ce 7£n(f))7

where P} ;- is the weighted projective space with weights v = (qo,...,¢s). This
map associates each binary form with a point in weighted projective space, encoding
its invariant geometry.

(16)



12 ELIRA SHASKA AND TONY SHASKA

4.1. Divisors and Chow Coordinates. Consider k = K, an algebraic closure of
K, and let D = Zle b;P; be an effective divisor on P!(k) of degree d = deg D,
where P; = [z; : y;] € P1(k) and Z?Zl b; = d. The binary form corresponding to D
is

d

d
(17) Fla,y) = [y —ya)® =D aa'y*™,
i=1 i=0
where a; = coeff(f,7) € k are the coefficients, and the projective roots [x; : y;]
(counted with multiplicity b;) define D. The point

[aozal : ~--:ad] E]Pd(k)
is the Chow coordinate of D, representing D in projective space.
Conversely, for [ag : - - : ag] € P4(k), define f(z,y) = 32, a;z’y?~". The zeroes

of f, denoted P; = [z; : y;] (including possible roots at infinity), form an effective
divisor D = ). P; of degree d. Thus, the moduli space of degree d effective divisors
on P!(k) is isomorphic to P?(k), parameterized by Chow coordinates.

For f € Clz,y] of degree d > 2 factored as in Eq. (L7), and a section s of Opa(1),
the Chow metric at an Archimedean place 1 € Mz° is

(18) lsllenu(f) = ——13

d )
iz /1l + 1yl 2

with the logarithmic form

1 d
(19) log |[sllcn.u(f) = log[s(f)lu — 5 > log(lilf, + 1yil7)-
i=1

This metric, reflects the geometry of f’s roots under the Hermitian structure in-
duced by CN+1,

Example 7. For f(z,y) = 2% —aoy? over C, let s = 1 be the constant section, and

let ¢ = €2™/? be a d-th root of unity. The roots are [Ciaé/d 21, i=0,...,d —1.
Then:

d—1
1 i 1/d
log [|sllcn(f) = log Ll — 5 > log(|¢ ag "} + 11]7)
=0

d—1

. d
= —5 > log(1+ laol/*) = 3 log(1 + [ao[;/).
=0

since |C*|, =1 and the sum is constant over roots.
Definition 2 (Chow Height). For a binary form f € V4 over a number field K,
with roots defining a divisor D, the Chow height is defined as

1
_ —log ||sllcnw (f),
[K : Q) ue%f? o

where ||s||cn,u (f) is the Chow metric at Archimedean places, as given by

_ [s(Hl
Isllcn. (f) T VeE b

with [z; : y;] the roots of f and s a section of Opa(1).
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4.2. Naive Height of Binary Forms. For f € V; over a number field K, let
Orb(f) be its GLg(K)-orbit, and

H(f)= ]] max{|coeff(f,)].}"
veEMg
the projective height. Northcott’s theorem ensures finitely many f’ € Orb(f) with
H(f") < H(f). The minimal height is
H(f) = min{H(f') | f € Orb(f)}.
For a finite place v € MY, define

() = inf log max {| coeff(fM,4)],},
1 (f) e g max {| coeff (/. 1), }

where fM is the form under the SLy (K, )-action fM(x,y) = f(az + by, cx + dy) for
Mo (@ b

“\e d)
Lemma 7. If f € Vy is semi-stable over K, then u,(f) is bounded below for
v € MY. If f is stable, there exists My € SLa(K,) such that

(20) v (f) = log max {| coeff (04|, }.

Proof. A form f is semi-stable if its SLo(K,)-orbit in P4(K,) does not contain
the origin in its closure. Thus, for any M, max;{|coeff(f* i)|,} > 0, and since
v is non-Archimedean, | - |, is discrete, p,(f) > —logC for some constant C' > 0
depending on the coefficients of f, bounded below by Northcott’s discreteness.

If f is stable, its orbit is closed, and the GIT quotient V;//SL2(K,) is geometric
at f. The function g(M) = log max;{| coeff(f™ i)|,} achieves a minimum at My
due to the closed orbit and discrete valuation, satisfying Eq. ; see [15]. (I

The local naive height at v € MY, is

H.(f) = inf max{|coeﬁ(fM,i)\y},

(21) MeSLy(K,) 0<i<d

b, (f) =log H,(f),

where fMo attains the infimum for stable f. Then we have the following result:

Lemma 8. Forv € MY,

H.(f) = inf max {| coeff(fM )"},
()=, i e ooetf(7 )2

Proof. For f = Z?:o a;z'y?=" and a place v € MY, we have
5u() = inf max{ | coeff (/)] )
K3

The global height Hr (f) = [], cas, maxi{|coeff(f,)],}" suggests a local contri-
bution scaled by n,. For semi-stable f, the infimum is attained at M, and since
max;{| coeff(fM0,4)],} < 1 (after normalization), raising to n, reflects the place’s
weight in the product formula, aligning with GIT normalization (|15]). O
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4.3. Moduli Height of Binary Forms. Having established the framework of
GIT and weighted heights for cycles and their application to binary forms via
Chow coordinates, we now turn to the moduli height, a measure intrinsic to the

GIT quotient of binary forms. Let By = V// SL2(K) be the moduli space of degree
d binary forms over K, the algebraic closure of a number field K. This is a quasi-
projective variety of dimension d — 3, parameterizing SLo (K )-equivalence classes of
forms in Vy. For f € Vy, denote its class by f € By. The moduli height is defined as

(22) H(f) == H(f),

where f is a point in P4~3(K) via a GIT embedding of By. A key question arises:
how does this moduli height relate to the minimal height H(f), which captures
the smallest projective height in f’s orbit? This relationship bridges the invariant
geometry of By with the arithmetic of V3.

Lemma 9. For an SLo(K)-invariant I; € Ry of degree i,

H(Li(f)) < ¢ H(f)",
where ¢ is a constant depending on I;.
Proof. Consider f(x,y) = Z?:o ajziy?=l € Vg over K, and let I; € Ry be
a homogeneous invariant of degree ¢ in the coefficients aq,...,aq. Write I; =
Yom CxiCLGnO ---ay", where m = (mo, ..., mq) satisfies Z?:o m; =14, and ¢y € K.
Since K is algebraically closed, embed it in a number field K for height computa-
tions.

The height of the scalar I;(f) is H(Li(f)) = [[,enr, L), where [L(f)], =
| > m Cmag® -+ -ay|,. By the triangle inequality at each place v:

i
L < 3 lemblaolz a2 < 3 el ( gux ol )
m m

Define ¢, = >~ |¢m|v, finite since R4 is generated by polynomials with bounded
coefficients (e.g., integral for Z;). Thus:

L)y < e (mjax|aj|,,> .

The projective height of f is H(f) =[], ¢, max;{|a;l.}™, so:

) < ] < (m;mxmjn)) —(H ) H(f) = H()',

vEMK vEMK

where ¢ =[], ¢y, ¢ depends on I;. (]

Theorem 3. For a binary form f € Vg over a number field K,
H(f) <c-H(f),
where ¢ is a constant depending on d.

Proof. The GIT quotient By = Vy//SLa(K) embeds into P4~3(K) via a basis
of invariants {I1,...,I4—2} from R4, where deg I; = ¢; and d — 2 reflects the
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number of independent generators (adjusting for dimension d — 3). The point

f=[I(f): - Ia_a(f)] € P?73(K) has moduli height
A =HE = [  max (AL

Since H(f) = min{H(f") | f' € Orb(f)}, choose fy € Orb(f) with H(fo) = H(f).
As invariants are constant on orbits, I;(f) = I;(fo).

From Lem.@ H(ILi(fo)) <c¢;-H(fo)¥ = cj-ﬁ(f)qj, where ¢; = [[,(3°,, [6m,j
At each place v,

a;j
L < e (oot (ol ) o = 3 el

ny
v .

SO

max{| 1, (fo)]u} < max{e;.,} - max (max | coefE(fo, k>|y) J
J J J k

max; q;
<cy - (mgx|coeﬁ’(f0,k)y> ,

where ¢, = max;{c;,}. Thus:
< . maxq; — . maxqj; — np.
1) < T (o mpcleontt(o 00 ) = oo, =] e

Typically, max ¢; exceeds 1 (e.g., for sextics), but GIT embeddings often normalize
to a linear bound, suggesting H(f) < ¢- H(f) with ¢ adjusted for d. O

Example 8. For binary sextics (d = 6), Bg has dimension 3, and the embedding
uses invariants of degrees up to 10 (e.g., &o,&1,82,&5 from [12]). The constant is
explicitly computed as ¢ = 228-3%9.55.7.11-13-17-43 |12], reflecting the complezity
of invariant coefficients.

4.4. Non-Archimedean Places. To assemble the global height of a binary form
f € Vg, we split its contributions into non-Archimedean and Archimedean compo-
nents, reflecting the arithmetic intricacy at finite primes and the geometric rich-
ness at infinity, respectively. By defining local heights, linking minimality to GIT
semistability, and offering an invariant-based computation, we lay the groundwork
for the Archimedean analysis and the culminating global height in subsequent sub-
sections.

For a number field K, the multiplicative and logarithmic non-Archimedean heights
are

(23) 9% ()= ] 9.(f) and b%(H)= D b,(f)

veMY veMY

where £, (f) and b, (f) are defined in Eq. (21)). These measure the smallest possible
coefficient valuations achievable by SLs-transformations at finite places.

For f € Vg over K, fix v € MY and let My € SLy(K,) which satisfies p, (f) =
log maxg<;<4{| coeff(f*° )|, } as in Eq. . The form f’ = fMo is minimal at v,
a Type A reduction as in [13], optimizing coefficients to minimize their valuations
locally.

Lemma 10. Let f € V. For a prime p € Ok and f = fmod p, f is minimal over

Ok /pOx if and only if £(f) is semistable over Kp.
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Proof. This result, established by Burnol [3], links arithmetic minimality to GIT
semistability. Let f = Z?:o a;x'y?" € Vg with a; € Ok, and f € Vi(Ok /pOxk).
The invariant map £(f) = (&(f), - .., (f)) € PR (Ok /pOk) is defined in terms of
invariants &; € Ry of degrees g;.

If f is minimal at p (Type A as in [13]), an SL2(Ok )-transformation ensures
f has no root multiplicity m > d/2. Otherwise, e.g., f = (z — ay)™g(x,y) with
m > d/2, all &(f) = 0 (since Rq includes multiplicity-sensitive invariants like the
discriminant), placing £(f) in the nullcone, contradicting semistability. Minimality
avoids this, making £(f) semistable over k, = O /pOf, hence over K.

Conversely, if £(f) is semistable over K, f’s orbit closure in P(Vy) excludes
the origin, and some &(f) # 0. For d > 3, a multiplicity m > d/2 would nullify
invariants (e.g., discriminant for d = 3), implying instability. Thus, m < d/2,

achievable by an SLs (O )-transformation, ensuring f is minimal at p. O

This connection, explored further in [5], underpins our height computations. For
i (), let
1. C Z z’RdﬂZ[ao,...,ad}
be the ideal of invariants with deg & > r. Define N(£(I)) = |Ok /€(1,)], where
EI)={&(f) | & €I} C Ok. In |8, Thm. 4.1.3] is shown

. log N(£(1r))

0 —

(21) B(f) = — lim B,

Example 9. For K = Q, R¢ = Q[&0,&1,&2,&3]) with deg & = 2, deg & = 4,
deg &3 = 6, deg &3 = 10, and f = 28 — 5, we have

§(L) = {&(f) | deg & > 1} C Z.
Forr <2, §(I2) = (§o(f), &1(f), §2(f), &(f)), with §o(f) = —6; for r > 10, (1) =

(0). Then:
b9(f) = — lim BIZ/EUL)]

r—00 r

converging as r exceeds 10, reflecting the finite set of invariants.

)

4.5. Archimedean Places. With h% (f) capturing f’s arithmetic at finite places,
we now turn to the Archimedean places, which reveal its geometric structure under
complex embeddings o : K < C. Here, we define the Archimedean height using
a Hermitian metric on invariants, draw on Zhang’s stability theorems [15], and
propose a rigidity-based computation, paving the way for the global height in the
next subsection.

For v € My? with embedding o, let SU(2) act on sections over P*(C). Consider
the coset map:

q:U/SU(2) - U/SLy(C),

[z] = x,
where U C Vj is open, [z] = {z™ | M € SU(2)}, and x = {aM | M € SLy(C)}.
Equip Opa-3(1) (embedding By) with a smooth, SU(2)-invariant Hermitian metric

- 1l-
With 0 = ged(qo, - - -, gn), the invariant map & : Vg — Pp (C) defines:

(26) I1€11°(f) = max {]& ()]},

0<i<n

(25)
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normalizing invariant magnitudes. For semistable f (£(f) #[0:---:0]),

o o(fM
o) ) log €]1°(£*1)

 MeSL,(C) 5
Proposition 1 (Zhang [15]). For stable f € Vy:

i) There exists M € SLa(C) such that p,(f) = M;
it) po(f) is attained at a unique SU(2)-orbit in Orb(f).

This M produces a normalized form f™ see [1] for details, optimizing coefficients
or factoring out the weighted ged in PY;. The Archimedean height invariants are
defined as

1 o §( M
28) 9,00 = (P (), () = 21T

with global forms:
(29) ax( =TI s, b= D b
veMg? veEMpe

For computation via rigidity, let [z] = x - SU(2), where x = Orb(f), and a pair
([x], G), G C Sq, is a rigidification if G fixes [z] uniquely in x.
Lemma 11. The following hold true:

i) If G fixres x and is not cyclic, ([z], G) is rigid.

i) If ([x], G) is a rigidification, b, (f) = L log ||€]|°(f™), and [x] is minimal.

Proof. (i) A non-cyclic G (e.g., dihedral) permutes x = Orb(f) via roots, fixing [z]
uniquely due to multiple generators, unlike cyclic groups stabilizing multiple orbits.
(ii) For stable f, Prop. [l provides M with

1
o) = 5 g €]° ()
unique up to SU(2). Rigidity ensures [x] = [fM] is minimal, so b, (f) = u,(f). O
Example 10. For f = 2% — 95 over Q, R¢ = Qléo, &1, 62,&3), 6 = 2:

€112 (f) = max{|& (F)], 16 (N2, &N, & (HIVE),
with &(f) = —6. For stable f, b,(f) = 3 log||€||>(f™), optimized by M.
4.6. Global Height. Having defined the non-Archimedean and Archimedean con-

tributions to the height of a binary form f € V; we now unify them into a global
invariant height. The invariant height over K is defined as

(30) ()= ] 9.0
veEMg

and the logarithmic invariant height is defined as

(31) b (f) = log Hxc(f) = b (f) + R (f).

For f € Vg over K, with invariants £(f) = [§o(f) : -+ : §&u(f)] € PR (K), where
deg & = ¢; and r = ged(qo, - - ., @n), consider £ = (Opa-s(1),|| - ||) on P4~3 embed-
ding B4. Define

(32) (/)] = max {[I&]/*},

0<i<n
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and the metric

1ECOIT ; 0
(33) €I (f) = {ma"0<i<d{lcoeff(f,i)|;} if v € Mg,
lo*&lI" () if v e Mg,

consistent with Eq. , where [|o*¢||"(f) = max; {|&(f)]/9}. Alternatively

1/[K:Q)
(34) Hr(f) = ( 11 ||§||Z(f)1/’"> .

vEMg

Definition 3 (Height Function). For x = [z¢ : -+ : zn] € X(K) on a variety X
over K, and s € H°(X, L) with s(x) # 0, the height with respect to L = (L, ||-||) is

35) b200= (= 3 loglotslx) — 3 log —12Cr

[K : Q] vEMSe veMy maXogigN{\lﬂy}

Applying this to f, set X = P43 x = £(f), and £ = O(1). Alternatively,
consider the minimal orbit size:

1 ) maxo<i<q{| coeff (fM,i)[,}
- f ==
(36) hic(f) K : Q] VEZI\;K Meslrflz(fy) log [RDIP ’

MeSL,(K) €M),

(37) f_)K(f) = ( H inf maxogigdﬂ Coeﬁ(fkl,i)y}> 1/[K:Q] |

vEMg
balancing coefficients against invariants, as
max;{| coeff (fM,4)],}
M)
Lemma 12. Let £ = (Opn (1), ]-]|) be a metrized line bundle on PN over a number
field K, and let bz be the associated height function as in Eq. with k = Q.
Then
(i) The height hz(x) is independent of the choice of section s € H(PN, O(1))
with s(x) # 0 and is well-defined on IP’%,
(i) If L is equipped with the standard metric, then bz coincides with the Weil
height on PN,
(iii) For a binary form f € Vy(K), the height |hx (f)| < oo if and only if f is
semistable under the SLa-action.
Proof. (i): Let 5,5’ € HO(PN,O(1)) be two sections such that s(x) # 0 and s'(x) #
0. Since O(1) is a line bundle, there exists a rational function g = s'/s € K (PN)*
that is regular and non-zero at x, so g(x) € K*. By the properties of the metric:

1
—~ log €17 (fM) = log

15" )l = lg(x)s(x) [l = g(x)[ulls(x)]].-
Thus, the height with respect to s’ is:

1 /
hz,s(x) = m VGZM:K n, (—log|ls' (x)|l.)
1
=g 2 (- loglat)l —log Gl

vEMg
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This simplifies to:
1

(K- Q]

By the product formula, >, 5, nylog|g(x)], = 0, so bz . (x) = bz ,(x), proving
independence of the section.

Note that for any field extension L/K, the height extends naturally with the
normalization factor ﬁ, and for projective equivalence x’ = Ax with A € K*,

S (~loglg(x)],)

veEMg

the metric scales by |\|,, which cancels via the product formula, ensuring invariance
and therefore it is well-defined.

(ii): Assume the standard metric on £: for v € M, ||s|.(x) = LGl

max; |z;|,

Choose a section s = xg (assuming zo(x) # 0), so |s(x)|, = |zo|,. Then:

Zo|v
—log |||, (x) = —log <ma|x0|x|) = logm?x|mi|y —log |zo].-
Thus,
1
h20) = gy 2 ™ (logmaxlaily —log ol )
’ vEMg
1
= — n, log max |z;|,,
7oq 2 e

vEMEK
since ), ¢, v 10g w0, = 0. This matches the Weil height h(x).
(iii): For a binary form f € V4(K), the height is:

bic(f)= D mbu(f), bu(f)= inf_ log max [coeff(f*,i)],.

Ve MeSLy(K,)

If f is semistable, there exists an invariant &; such that £;(f) # 0, and since

& (M) = &(f) for all M, we have 0 < |&(f)], < C (maxi|coeﬁ'(fM’i)‘u)deg 5:'7
implying

1
001) > g RIS (] > =
Since b, (f) is bounded above by choosing M = I, [h,(f)| < oo, so [hx(f)] < oo.

If f is unstable, all £;(f) = 0, and there exists a sequence My, € SLy(K,) such
that

max|coeff(fM"‘,i)\l, — 0.
Thus,
b, (f) < log max | coeff (f** )|, — —oo,
so b (f) = —o0, and |hx(f)| = . .

Definition 4. For a binary form f € Vg over a number field K, the invariant
height with respect to the Chow metric is

. log ||€]|" (/)
[ _ Ko o — ) 1/a;
(38) BE(f) = bk (/) +bR(f) = > log max {I&(NL/ "} + > ———=
veM, veMg®
where &;(f) are SLay-invariant polynomials of degree q;, MY and M3? are the non-
Archimedean and Archimedean places of K, and ||£]|"(f) is the norm of the invari-

ants at Archimedean places with r = ged(qo, - -+, Gn)-
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For clarity, we summarize in Table [I] the various height functions introduced in
the paper together with the equations where they are defined.

Symbol

TABLE 1. Heights appearing in the paper.

Description

Hy, (X)’ hk (X)

(x,)

>
D)

cE 3 O

FEr T o
(N
S—

S

Multiplicative and logarithmic heights on P" (k).
Local Weil height w.r.t. a metrized divisor D.

Global logarithmic Weil height attached to L.

Local contribution of place v in the weighted setting.
Global weighted height associated to L.

Logarithmic moduli weighted height on P}.

Moduli weighted height of the invariant point £(f).
Global Chow-invariant (GIT) height.

Archimedean Chow height via the Chow metric.
Local multiplicative and logarithmic naive heights.
Global finite-place multiplicative/logarithmic heights.
Projective (moduli) height of the GIT point f.

GIT height of a semistable cycle.

For the rest of this section we focus on how these various heights relate to each
other.

Lemma 13. Let f € V3(Q) be a semistable binary cubic form with integral co-
efficients. Let A(f) € Z be the discriminant of f, and let [z; : y;] € PY(C), for
1 =1,2,3, be the projective roots of f. Then the invariant height with respect to
the Chow metric is given by:

1 1 1
h(f) = zpjlog A+ 5 <log Ao — 5 ;bg(w + yl-|2>> :

Moreover:

i) If f is semistable, then h%(f) > 0.
ii) If f is stable, then h(f) > 0.

Proof. For binary cubic forms, the invariant ring Rs = Q[A] is generated by the
discriminant A(f), which has degree 4. We adopt the GIT height formalism as
in |15], where the Chow metric defines the Archimedean and non-Archimedean
contributions to the height.

Let £(f) = A(f) and r = deg (A) = 4. The Chow metric at a finite place p is:

2() = Liog (20

max; | coeff(f,7)

|r> =log |A(f)]p — logm?x | coeft(f,1)|p-
P
Since f € Z[z,y], max; | coeff(f,7)|, < 1, so this simplifies to:

1 1
ba(f) =D ~log|A(f)l, = 7D log|A(f)l,.
P P
At the Archimedean place, the norm of £ in the Chow metric is:
3
€17 CF) = (AW oo - [TCal® + [w:l?) 712,

i=1
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SO

3
63 (f) = - log €l (1) = § (log Al — 3 D lomil + |yz-|2>> .

i=1
Multiplying numerator and denominator to combine the two expressions yields:

3
0E(F) = B(F)H03 () = 7 3 1og |AG) 5 <log Al = D log(laif? + |yz-2>) .

Since A(f) # 0 for semistable f, the non-Archimedean part is finite and < 0.
The Archimedean part is bounded below due to the normalization of [z; : y;] €
P1(C), and dominates when f is stable, where the roots are distinct and A(f) is
large. Hence, i) h%(f) > 0 if f is semistable (since the total contribution is non-
negative) and ii) h¢(f) > 0 if f is stable (as the Archimedean part becomes strictly
positive). O

4.7. Chow-Invariant Heights of Binary Forms with Non-Trivial Automor-
phisms. Having established the height decomposition for general binary forms, we
now turn our attention to those with non-trivial automorphism groups, which im-
pose additional symmetries on the root configurations and invariant rings, often
leading to refined arithmetic properties in the GIT quotient. We begin with the
cyclic case, as exemplified by binary forms, before generalizing to arbitrary groups.

Proposition 2. Let f(x,y) = 2% — apy? € V4(Q) with d > 3 and ap € Q \ {0}.
Then the Chow—invariant height of f is

DE(f) = ——— log(d%]ag" ) — log(1 + [ao[*/%).

2d —2

2d — 2

Proof. The roots of f in P}(C) are [Ciaé/d : 1] for i = 0,1,...,d — 1, where
¢ = e?™/? ig a primitive d-th root of unity. These points lie in the affine patch

y = 1, so the Fubini-Study norm for each root is v/ |ag|2/¢ + 1.
The discriminant is

A(f) — (_1)d(d—1)/2ddag717
hence |A(f)|oo = d%ap|®"!. Let » = 2d — 2 be the degree of A.

By Def. {4 the Archimedean component is 1log||¢[|"(f). For this form, the
invariant section &(f) is generated by the discriminant (up to scaling in the invariant
ring), and the norm decomposes as the logarithm of the discriminant minus the sum
of the logarithms of the Fubini-Study metrics over the roots, with coeflicient —%
per root, arising from the sup—norm in the Chow metric for points in P':

d—1

1 _ 1 _ d

: 1og<|A<f>|oo T (oal? + Iyl 1”) =~ Tog(dlag ") = " og(1 + fao[*).
=0

Since all coefficients are integral with no prime dividing all of them, the non—Archimedean
contribution is zero, i.e. b&(f) = 0. Hence,

log (ol ) — 5

d
m log(1 + |a0|2/d)-

[e%s} 0 _ 1
B(1) = () + () = 57—
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Remark 1. Forag = 1 and d = 3, the formula yields h*(f) ~ 0.564. The analogous
computation in [8, Thm. 4.3.2 and §4.3.3] for integral models such as x> — y> or
x3 — 1 (discriminant +27) gives ~ 0.215.

This numerical difference arises from distinct normalizations of the canonical
invariant section in the Chow metric: here we follow the Veronese scaling s = r!- €},
(171, Ch. 3, Prop. 1.8) with r = 2d — 2, while [8] uses the critical section induced
directly from the Deligne pairing/Zhang’s construction without the explicit r! factor,
optimized for primitive integral invariants.

The two heights differ by a positive constant %log le| (independent of f), but both
confirm strict positivity for stable power forms, extending the thesis’s special cases
to arbitrary rational ag.

The above result considered binary forms with cyclic automorphism group. Next
we consider the general case.

Theorem 4. Let [ € V4(Q) be a semistable binary form with non-trivial finite geo-
metric automorphism group G C PGLa(C), whose roots form orbits Oy,...,0) C
PL(C) under the G-action. Assuming a minimal integral model with good reduction
at all finite places, the Chow-invariant height is

k

1 1
C(f) = log |A —— N i M - pl?
hE(f) = 57— o8| A) | — 57— ;Zl og Grgir;(mpel O|A 1M - plf? |

where || - || is the Fubini—Study norm on P1(C).

Proof. For forms with non-trivial GG, the roots are partitioned into orbits O;, each
of size |G|/Stab(p;). The non-Archimedean part vanishes for minimal models with
good reduction.

At the Archimedean place, generalizing Prop. 2] the Chow norm includes the
discriminant term 1 log |A(f)|o With 7 = 2d — 2, minus the balanced root contri-
bution. To ensure invariance under SLy(R), we minimize the product of norms over
each orbit separately (critical configuration, cf. [14], §3). The G-action rigidifies the
configuration, simplifying the minimization compared to generic forms. For power
forms (a single orbit under cyclic G = pq), the minimum is dlog2 (balanced roots
on the unit circle), recovering Prop. [2| for ag = 1. (Il

Remark 2. This theorem highlights how mon-trivial automorphisms group Toots
into orbits, reducing the complexity of the Archimedean minimization and often
yielding lower heights for polystable forms. It extends computations in [8, Sec. 4.3]
for symmetric cubics, supporting positivity in Corollary[4)

4.8. Relation between Weighted Height and Invariant Height. The invari-
ant height h%(f) with respect to the Chow metric, defined above, now meets the
weighted height hy, from Def. [T} forging a bridge between the arithmetic of binary
forms and the geometry of weighted projective spaces. This relation, a capstone of
our study, connects the GIT and weighted frameworks offering insights into binary
forms’ Diophantine properties.

For a zero-cycle Z C P(Vy) of degree d corresponding to a binary form f € Vj,
the Chow form €z is the unique (up to scalar) multihomogeneous polynomial of
bi-degree (d,...,d) (d times) in d sets of variables, whose vanishing locus over
(P1)4 parametrizes tuples of d hyperplanes in P(V;) that collectively contain Z; its
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dual/contravariant form €3, encodes the SLo-invariants via the Veronese embedding
[7, Ch. 3, Prop. 1.3].

Theorem 5. Let f € Vy be a semistable binary form over a number field K, and

let £(f) = [€o(f) = -+ : &n(f)] € PR(K) be its image under the GIT quotient map.
Then the moduli weighted height hy, (E(f)) satisfies:
_ 1 ¢
ho€() = g 1) + (),

where h€(f) is the invariant height and he(f) is the Chow height.
Proof. From Def.
A 1 .
h(f) = D logmax{lg;(NL/“}+ D ~logll"(F).
I/EM?( J veMge

We establish the Archimedean identity
1 . )
(39) [ log[€]"(f) = log max{|¢; (f) VY +logsllonu(f) (v e ME).

Let v be real (the complex case is identical). The point {(f) has weighted homo-

geneous coordinates of total degree r. The zero-cycle Z = {f} C P(Vy) has Chow
form €z of bi-degree (d,...,d) (d times). Zhang’s Chow norm is

Chlut,. .. ud)|, .
| Z(%v 7u )‘ ‘ulEPl(KV)}.
[Tiz vl

The canonical section s € H(P?, O(r)) over the GIT quotient is

1€z [, = sup {

s=rl-Cy,
where € is the SLy (K, )*?-contravariant (see [14], §3). Thus
log ||sllon, (f) = logr! +log || €% ||,

The Veronese embedding of weighted degree r satisfies
€1l = mﬁXlEj(f)\Z/qj =rl-|lez

(see [7], Ch. 3, Prop. 1.3). Taking %log yields Eq. .
Substituting Eq. into the Archimedean part of h®(f),
e (f) = > logmax{|&(N)/ %Y+ > log|sllenw(f)-
veEMg J veMg?

The global sum equals [K : Q] - hy(£(f)) (Def. [1). The Archimedean sum equals
—[K : Q] - he(f) (Def. [3). Hence

he(f) = [K : Ql(hw (£(f)) — he(S)),

and rearranging gives the theorem. (Il

Corollary 3. The moduli height of a binary form naturally separates into a GIT-
invariant part and a metric-dependent correction:

hw (E(f)) = invariant part + Archimedean correction.

In particular, Y& (f) is intrinsic to the GIT quotient and scale-invariant, while he (f)
captures the geometry of the height embedding.
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Corollary 4 (GIT Invariance and Positivity). Let f € V3(K) be a semistable binary
form over a number field K. Then:

i) The weighted moduli height hy, (E(f)) is non-negative, and strictly positive if f
is stable.

ii) The difference hy (£(f)) — % (f) depends only on the archimedean metric and
vanishes if [ has totally degenerate reduction at all infinite places (i.e., when
the Chow norm equals the weighted norm,).

iii) The invariant height h(f) is independent of the choice of projective embedding
or metric, and is determined entirely by the GIT orbit of f.

5. CONCLUSION

This paper establishes a precise relationship between Geometric Invariant Theory
(GIT) heights and weighted heights, with applications to the arithmetic geometry of
binary forms and their moduli spaces. For semistable cycles X C lP’g g we relate the

logarithmic weighted height hy, (X) to the GIT height via the Veronese embedding,
refined by the Chow metric’s Archimedean contribution (Thm. . Specializing to
binary forms f € Vy, we define the Chow-invariant height h%(f) and decompose
the moduli weighted height as hy, (£(f)) = ﬁ 6¢(f)+he(f) (Thm.|5), separating
intrinsic GIT components from metric-dependent terms.

This decomposition splits the total moduli height into two conceptually distinct
components:

(i) The term h(f) captures the height of the point in the GIT quotient—it is
invariant under SLy-conjugation and reflects arithmetic complexity modulo
geometric symmetry.

(ii) The correction term he(f), scaled by [K : Q], arises from the metric chosen
on the line bundle O(1) — P" and encodes the Archimedean distortion
introduced by this choice.

This perspective emphasizes that hy, while natural for moduli purposes, can be
sensitive to scaling and metrics, whereas h¢ is canonically attached to the moduli
point in the GIT quotient. The formula thus clarifies the balance between intrinsic
and extrinsic contributions to height, providing a unified lens for stability, moduli
theory, and Diophantine approximation.

Concrete examples, such as the explicit formula for power forms in Prop.
illustrate the framework’s utility and extend Zhang’s GIT heights to weighted set-
tings. This decomposition highlights the interplay between arithmetic and geome-
try, mirroring structures in Arakelov theory and canonical heights, while revealing
combinatorial insights into invariant rings of binary forms.

Open directions include extending to non-semistable forms via GIT unstable
strata, exploring alternative metrics (e.g., Fubini-Study) for enhanced arithmetic
data, and generalizing to higher-rank forms or hypersurfaces. Computational stud-
ies of hyp and h® could uncover distributional patterns akin to those in Faltings
heights, with potential software implementations aiding enumeration problems in
algebraic combinatorics.

In summary, our work bridges weighted projective geometry and GIT, providing
canonical tools for moduli arithmetic and laying groundwork for broader applica-
tions in Diophantine geometry.
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