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ABSTRACT. The paper discusses geometric and computational aspects associated with (n,n)-isogenies for
principally polarized Abelian surfaces and related Kummer surfaces. We start by reviewing the comprehen-
sive Theta function framework for classifying genus-two curves, their principally polarized Jacobians, as well
as for establishing explicit quartic normal forms for associated Kummer surfaces. This framework is then
used for practical isogeny computations. A particular focus of the discussion is the (n, n)-Split isogeny case.
We also explore possible extensions of Richelot’s (2, 2)-isogenies to higher order cases, with a view towards
developing efficient isogeny computation algorithms.

1. INTRODUCTION

Abelian varieties, as projective algebraic groups, generalize elliptic curves to higher dimensions. They
are important objects in both algebraic geometry and number theory. Among these, Abelian surfaces—two-
dimensional Abelian varieties— are of particular interest, due to their intricate geometric and arithmetic
structures, which often lead to important practical applications in applied computational fields such as
cryptography. This paper explores computational aspects associated with isogenies between Abelian surfaces,
with particular focus on (n,n)-isogenies with n € N>5. The present work may be seen as a continuation of
[14], concentrating primarily to Jacobians of genus 2 curves and their associated Kummer surfaces, with a
view towards applications to isogeny-based cryptography.

Kummer surface, defined as minimal resolutions for the quotient of an Abelian surface by its inversion
involution, provides a powerful geometric platform for studying isogenies. In the case of Jacobians of genus-
two curves, the associated Kummer surface may be explicitly described via various birational models given
by projective quartic surfaces. The quartic underlying polynomials are usually referred to as normal forms
and carry various names — Hudson, Gopel, Rosenhain, Cassels-Flynn, Baker. A common theme for all these
normal forms is that they can be derived from the theory of Theta functions and their coefficients can be
described in terms of special Theta constants called Thetanulls.

In the realm of cryptography, isogeny-based protocols like the Supersingular Isogeny Diffie-Hellman
(SIDH) leverage the computational hardness of finding isogenies—surjective homomorphisms with finite
kernels—as a foundation for secure systems. Extending this paradigm from elliptic curves to Abelian sur-
faces introduces significant advantages: the n*-torsion groups of Abelian surfaces are substantially larger
than the n2-torsion groups of elliptic curves, potentially enhancing security, while their richer endomorphism
algebras may enable more efficient protocols. However, computing (n, n)-isogenies for n > 2 presents formi-
dable challenges due to the increased complexity of the kernel, requiring methods beyond classical Richelot
(2, 2)-isogenies. Moreover, cryptographic security hinges on addressing vulnerabilities, particularly from split
Jacobians—Jacobians isogenous to products of elliptic curves—which can reduce the complexity of isogeny
problems.

Building on prior work, this paper provides a methodology for computing (n,n)-isogenies, generalizing
Richelot’s (2,2)-isogenies to arbitrary odd n with the Lubicz-Robert formula, achieving O(n?) complexity.
Our approach leverages the geometry of Kummer surfaces (for various realizations as projective hyper-
surfaces) and the associated Shioda-Inose surface—a K3 surface derived as a two-isogeny of the Kummer
surface—which provides a Hodge-theoretic connection between the Jacobian and its K3 counterpart, enrich-
ing the geometric framework for isogeny computations. We relate our methods to classical constructions,
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such as those of Dolgachev-Lehavi, enhancing their applicability through projective embeddings and n-tuple
techniques.

We also investigate the loci £, of (n,n)-Split Jacobians, characterizing their geometric properties and
linking them to Humbert surfaces, which are critical for understanding cryptographic vulnerabilities. Recent
advances in artificial intelligence and machine learning [56] and [46] enhance this exploration. The former
employs supervised models trained on datasets of genus 2 curves to detect £,, for arbitrary n, while the
latter leverages arithmetic insights in positive characteristic to refine cryptanalysis over finite fields.

The paper is structured as follows. Sections 2—4 lay the theoretical groundwork, detailing Abelian surfaces,
their endomorphism rings, Theta functions, the geometry of genus 2 curves and their Jacobians, and the
structure of Kummer surfaces, including their embeddings and (16,6)-configurations. Section 5 examines the
loci £,,, connecting split Jacobians to Humbert surfaces and highlighting their geometric and cryptographic
significance. Section 6 presents our computational methods for (n,n)-isogenies, emphasizing a Kummer
surface-based approach with the Lubicz-Robert formula, and comparisons to Dolgachev-Lehavi’s techniques.
Section 7 applies these results to cryptography, analyzing attacks on the superspecial isogeny problem that
exploit £,, and their implications for protocols like the Castryck-Decru-Smith hash.

2. ABELIAN VARIETIES

Let A, B be Abelian varieties over a field k. We denote the Z-module of homomorphisms A +— B by
Hom(.A, B) and the ring of endomorphisms A — A by End A. In the context of linear algebra, it is often more
convenient to work with the Q-vector spaces Hom(A, B) := Hom(A, B) ®z Q and End® A := End A @7 Q.
For an Abelian variety A defined over a number field K, computing Endg (A) is a harder problem than
computing End g (A); see [40, lemma 5.1] for details.

Lemma 1. If there exists an algorithm to compute Endg (A) for any Abelian variety of dimension g > 1
defined over a number field K, then there is an algorithm to compute Endg (A).

Proof. Since K C K, any endomorphism of A over K restricts to an endomorphism over K after base
change, but the converse requires additional structure. An algorithm for End (A) determines the Z-module
of K-rational endomorphisms. Extending scalars to K, we compute End g (A) = Endx (A) ®z K, leveraging
the finite generation of Endx (.A) and the algebraic closure of K. The lemma follows from the existence of
such an extension procedure. O

2.1. Isogenies of Abelian varieties. A homomorphism f: A — B is called an isogeny if Imf = 5 and
ker f is a finite group scheme. If an isogeny A — B exists, we say that .4 and B are isogenous. This relation
is symmetric, as shown in lemma 3. The degree of an isogeny f: A — B is defined as the degree of the
function field extension

(1) deg f:= [K(A) : f*K(B)].
This equals the order of the group scheme ker(f). The group of k-rational points has order #(ker f)(k) =

[K(A) : f*K(B)]*¢?, where [K(A) : f*K(B)]** is the degree of the maximal separable subextension. An
isogeny f is separable if and only if

(2) #ker f(k) = deg f,

equivalently, if ker f is étale.

Lemma 2. For any Abelian variety A/k, there is a one-to-one correspondence between finite subgroup
schemes KK < A and isogenies f: A — B, where B is determined up to isomorphism. Moreover, K = ker f,
B=A/K, f is separable if and only if K is étale, and then deg f = #K (k).

Proof. Given a finite subgroup scheme K < A, the quotient B = A/K is an Abelian variety over k, and the
natural projection f: A — B is an isogeny with ker f = K. Conversely, for an isogeny f: A — B, the
kernel K = ker f is finite, and B = A/K by the quotient structure. The map K — A/K is injective (distinct
kernels yield distinct quotients) and surjective (every isogeny arises this way), establishing the bijection.
Separability of f implies ker f is étale, and deg f = #/C(k) holds in this case due to the étale order matching
the field extension degree. ]



Isogenous Abelian varieties have commensurable endomorphism rings: if A and B are isogenous, then
End’(A) = End’(B). This follows from the existence of isogenies f: A — B and g: B — A such that
go f =[n], inducing an isomorphism on rational endomorphism algebras.

Theorem 1 (Poincaré-Weil). Let A be an Abelian variety. Then A is isogenous to
(3) AT ) AR X AP

where (up to permutation) A;, fori=1,...,r, are simple, non-isogenous Abelian varieties, and the factors
Al are uniquely determined up to isogenies.

Proof. Since A is an Abelian variety, its isogeny class contains a product of powers of simple Abelian
varieties. Let A = [[;_, A", where A; are simple and pairwise non-isogenous. The uniqueness follows from
the Jordan-Holder theorem for Abelian varieties: any two such decompositions have isomorphic factors with
equal multiplicities, up to permutation, due to the indecomposability of simple varieties and the structure
of End’(A). O

Corollary 1. If A is an absolutely simple Abelian variety, then every endomorphism not equal to 0 is an
150geny.

Proof. For A absolutely simple, EndO(A) is a division algebra. A non-zero endomorphism ¢ has trivial kernel
(since ker ¢ # A and A has no proper subvarieties as a simple variety), hence is an isogeny. ([l

Fix a field k and an Abelian variety A over k. Let H be a finite subgroup of A. From a computational
perspective, we consider: (i) finding all Abelian varieties B over k such that there exists an isogeny A — B
with kernel isomorphic to H; (ii) given A and H, determining B := A/H and the isogeny A — B; (iii) given
A and B, determining if they are isogenous and computing a rational expression for an isogeny A — B.
For a survey and conjectures, see [25].

The scalar multiplication by n map [n]: A — A is an isogeny with kernel a group scheme of order
n2dimAs se0 [48]. We denote A[n] = ker[n](k), whose elements are the n-torsion points of A.

Lemma 3. Let f: A — B be an isogeny of degree n. Then there exists an isogeny f: B — A such that
(4) fof=fof=Mnl
The isogeny f is called the dual of f.

Proof. Define f via the dual Abelian variety and the polarizAation induced by f. Since f is an isogeny, there
exists a unique f: B — A such that fo f = [n] on B and fo f = [n] on A, satisfying the duality condition
due to the finite kernel’s order matching deg f = n. O

Theorem 2. Let A/k be an Abelian variety, p = char k, and dim A = g.

i) If ptn, then [n] is separable, #.A[n] = n?9, and Aln] = (Z/nZ)>9.
it) If p | n, then [n] is inseparable, and there exists an integer 0 < i < g such that

(5) Alp™] = (Z/p™Z)", for all m > 1.

Proof. If p { n, [n] is separable as its derivative is non-zero, and A[n] = (Z/nZ)* follows from the étale
nature of the kernel over k. If p | n, [n] includes a power of the Frobenius, making it inseparable, and the
p-torsion structure depends on the p-rank ¢, determined by the dimension of the p-divisible group. O

If i = g, A is ordinary; if A[p®|(K) = Z/p'*Z, it has p-rank t. For dim.A = 1, it is supersingular if
p-rank is 0; A is supersingular if isogenous to a product of supersingular elliptic curves.

2.2. Theta functions. Let A be an Abelian variety of dimension g over an algebraically closed field £,
which we take as C for simplicity; the arguments here extend to fields of characteristic p coprime to relevant
integers via algebraic Theta functions (see [48]). We consider an algebraic variety A that can be represented
as C9/A, where A = Z9 + 779 is a lattice, and 7 is a symmetric g X g matrix in the Siegel upper half-space
H,, satisfying ‘7 = 7 and Im(7) > 0.



A Theta function with characteristic [a, b], where a,b € Q9, is defined as

(6) 012](z,7) = Z exp (mi(n + a)'7(n+ a) + 2wi(n + a)'(z + b)) ,
nezd

for z € C9. The series converges absolutely due to the positive definiteness of Im(7), ensuring that 6 [§] (z,7)
is holomorphic on CY9. These functions are quasi-periodic with respect to the lattice A: for m € Z9,

0[5](z4+m,7)=0[5](27),
and for n € Z9,
0[%](z+7n,7) =exp (—min‘rtn — 2min' (2 + b)) 0 [¢] (2, 7).
When a,b € {0,1/2}9, the characteristic is half-integer, and the parity is even if 4a’b is even, odd if 4a’b is
odd, reflecting the function’s symmetry properties.

Proof of Quasi-Periodicity. For the first property, substitute z + m into the definition:
18] (z+m,7) = Z exp (mi(n + a)'7(n+a) + 2wi(n + a)'(z + m + b)) .

nezI
Since (n + a)m = n'm + a®m and n,m € Z9, the exponential term exp(2rinim) = 1, and a’m is rational,
so the sum reindexes to itself, yielding equality. For the second, let 2’ = z + Tn:

(2] (z4+Tn,7) = Z exp (mi(k + a)'7(k + a) + 27i(k + a)'(z + Tn + b)) .
kEZ9
Set kK = n — m, adjust the sum, and compute the difference in exponents, then factoring out the term
exp (—minttn — 2mwint(z + b)) due to the symmetry ‘7 = 7, confirm the multiplier. O

Abelian varieties of the form A = C9/A are in fact principally polarized. In fact, the canonical principal
polarization of A is given by the positive definite Hermitian form h on CY such that & = Imh(A, A) is the
canonical Riemann form on Z9 & 77Z9. In turn, this Hermitian form determines a line bundle .Z — A in
the Néron-Severi lattice NS(A). We call £ the line bundle associated with the principal polarization, and
L = ¥O" is its n-th tensor powers. Theta functions are sections of these line bundles over A.

A level n Theta structure is given by the functions 0 [9] (z,7/n), where b € (Z/nZ)9. It turns out that
these form a basis for the space of sections I'(A4, £™). The dimension of this space is n9, reflecting the
number of distinct characteristics b € (Z/nZ)9. This basis of sections induces a morphism

(7) pn: A— P 2 (019](207/1) ez mays -
For n > 3, ¢, is an embedding, realizing A as a projective variety (see [60], Chapter II).

Theorem 3 (Embedding Theorem). For an Abelian variety A of dimension g over C with a principal
polarization, the morphism ¢, : A — P =1 is an embedding for n > 3.

Proof. The line bundle £™ is ample for n > 1, and for n > 3, it is very ample, meaning it separates
points and tangent vectors. For distinct points ,y € A, there exists b € (Z/nZ)¢ such that 0 [9] (z,7/n) #
0[9](y,7/n), as the functions span a space large enough to distinguish cosets modulo A. For a point z and
tangent vector v € T, A, the directional derivative D, [?](z,7/n) # 0 for some b, due to the completeness
of the basis. Thus, ¢, is injective with injective differential, embedding A into P™"~1. O

A key result is the transformation law under the symplectic group Sp(2g,Z), which acts on Hy. For v =

(é g) € Sp(2g,Z), define the transformed period matrix 7/ = (A7+B)(C7t+D)~ ! and 2/ = 2(C7+ D)~ %
Shimura ([60], Chapter III) provides the functional equation:
(8) 0[¢](2,7") = k(y) det(CT + D)? exp (niz(CT + D)~'Cz") 0 (4] (2,7),
where k() is a constant, and o,V are transformed characteristics. This law governs the behavior of Theta
functions under automorphisms of A.
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Theorem 4 (Riemann Theta Relation). For zq, 20 € CY, the Theta functions satisfy

(9) 9(2’1 + 22)9(21 — 22) = Z 0 [m()/2} (221)9 [mo/2] (222),

me(Z/27)9
where 0(z) =0 (8] (z,7).

Proof. Consider the product 0(z1 + 22)0(21 — 22) as a sum over n,m € Z9. Pair terms with n+m and n—m,
adjust indices, and use the periodicity properties. The right-hand side arises from a Fourier expansion of the
product, with the half-integer characteristics m/2 accounting for the doubling 2z;,229. The identity holds
by the analytic continuation and symmetry of Theta functions (see [60], Chapter II). (]

The values 6 [$](0,7), called Theta constants or thetanulls, are significant. For a principally polarized A,
they determine 7 up to the action of Sp(2g,Z), parameterizing the moduli space A,. When a,b € {0,1/2}9,
there are 229 such constants, half even and half odd, reflecting the 2-torsion structure .A[2].

Lemma 4. The Theta constants 0 [§](0,7) for a,b € {0,1/2}9 are zero if and only if the characteristic [a, b]
is odd.

Proof. The parity depends on 4a‘b mod 2. If odd, the summand exp(wi(n + a)'T(n + a)) at z = 0 pairs
terms n and —n — 2a, with opposite signs due to the linear term 2mi(n + a)th, canceling to zero. If even, no
such cancellation occurs, and the constant is non-zero generically. (|

These results underpin the geometric and analytic properties of Abelian varieties, with Theta functions
serving as both coordinates and invariants (see [60] for a comprehensive treatment).

2.3. Jacobian Varieties. Jacobian varieties are special algebraic varieties that arise as the connected com-
ponent of the identity in the Picard group of non-singular algebraic curves.

Let X be a curve of positive genus over k, and assume there exists a k-rational point Py € X (k) with
attached prime divisor pg = (Pp). There exists an Abelian variety Jacg(X') over k and a uniquely determined
embedding

(10) op,: X — Jack(X) with ¢P0(P0) = OJaCk(X)7

satisfying:

(1) For all extension fields L of k, Jacy, X = PicOXL (L), with this equality given functorially.
(2) For any Abelian variety A and morphism 7: X — A sending Py to 04, there exists a unique homo-
morphism ¢: Jac(X) — A such that ¢ o dp, = 1.

This universal object Jac(X), called the Jacobian variety of X', maps a prime divisor p of degree 1 on X, to
[ — po] in Pick, (L).

Lemma 5. The Jacobian Jac(X) is unique up to isomorphism among Abelian varieties satisfying the above
properties.

Proof. Suppose [J1 and J> satisfy the conditions with embeddings ¢1: X — J1 and ¢2: X — J5. By
property (2), there exist homomorphisms ¥12: J1 — Jo and ¥91: Jo — J1 such that ¥12 0 ¢1 = ¢o and
Y91 © 2 = ¢1. Composing, 1 0 P12 0 p1 = ¢1. Since ¢1(X) generates J; as a group (by the Abel-Jacobi
theorem), and J7 is Abelian, 197 o 112 acts as the identity on a dense subset, hence 191 0 Y12 = id,.
Similarly, 119 0 121 = id 7, , establishing an isomorphism J; = Jo. O

Let L/k be a finite algebraic extension. Then Jacy, X is the scalar extension of Jac X’ with L, forming a fiber
product with projection p: Jacy, X — Jac X'. The norm map is p., and the conorm map is p*. If f: X —
D is a surjective morphism of curves sending P, to g, there exists a unique surjective homomorphism
fv: Jac X — JacD such that f. o ¢p, = ¢g,. If Jac X is simple and : X — D is a separable cover of
degree > 1, then D = P!, as any non-trivial quotient of a simple Abelian variety is trivial.
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2.4. Endomorphism rings of Abelian varieties. The endomorphism ring of an Abelian variety is a
fundamental invariant that encodes its algebraic symmetries and arithmetic structure. For an Abelian
variety A of dimension g over a field &k, we define End(A) as the ring of regular morphisms ¢ : A — A
that preserve the group operation, satisfying ¢(x + y) = ¢(x) + ¢(y) for all z,y € A(k’) over any extension
field k¥’. Equipped with addition and composition, and with the identity map as the unit, End(A) forms a
Z-module, but its full complexity emerges in the rational endomorphism algebra End’(A) = End(A)®zQ, a
finite-dimensional Q-algebra. Over an algebraically closed field such as C or Q, this algebra provides insight
into the variety’s isogeny class and geometric properties.

An endomorphism ¢ € End(A) is an isogeny if it is surjective with a finite kernel, its degree deg ¢ being
the order of ker ¢ as a group scheme. Such a ¢ has a dual isogeny ¢: A — A such that $od = [deg ¢], where
[n]: A — A denotes multiplication by n. A key property across all dimensions is that End"(A) is invariant
under isogeny: if A and B are isogenous Abelian varieties, meaning there exists an isogeny f: A — B,
then their rational endomorphism algebras are isomorphic. To see this, consider f with dual f satisfying
fof =I[n]. The map ®: End(B) — End(A) given by ®(¢) = fo ¢ o f is a ring homomorphism, and
extending it to End’(B) via @' (¢) = %foqﬁo f yields an isomorphism, as @’ is injective (if fopof =0, then
¢ = 0 since f and f are isogenies) and surjective via the inverse map adjusted by scalars (see [48], Chapter
III, §19). This invariance underpins the study of endomorphism algebras across isogeny classes.

For an Abelian variety A, the structure of Endo(.A) depends on its decomposition. The Poincaré-Weil
theorem asserts that A is isogenous to A7* X --- x A", where the A; are simple (having no non-trivial
Abelian subvarieties) and pairwise non-isogenous, with the factors uniquely determined up to permutation
and isogeny ([48], Chapter III, §15). If A is simple, End®(A) is a division algebra over its center Z, and
[Z : Q] [End’(A) : Z] = (dimA)? = ¢%. If A is not simple, End’(A) is a product of the endomorphism
algebras of its factors, adjusted for isogenies.

When we narrow our focus to Abelian surfaces, where dim A = 2, the classification of End’(.A) becomes
more precise, especially over Q. Here, an endomorphism ¢ acts on a 2-dimensional variety, and the possible
structures of End’(A) are richly detailed by Albert’s classification, as refined in [51]. For a principally
polarized Abelian surface A—where a polarization A\: A — A to the dual has degree 1—the algebra
End%(.A) can be one of several types: Q, a real quadratic field (e.g., Q(v/d), d > 0 square-free), a CM field

of degree 4 over Q (a totally imaginary quadratic extension of a real quadratic field), a non-split quaternion

algebra over Q (e.g., (%f’), a,b € Q*), adirect sum Fy @ F, where each F; is Q or an imaginary quadratic field

(e.g., Q(v/—=d)), or a matrix algebra from the Mumford-Tate group with center F' being Q or an imaginary
quadratic field.

Theorem 5 (Albert’s Classification for Abelian Surfaces). Let A be a principally polarized Abelian surface
over Q. Then End®(A) is isomorphic to one of:

(1) Q,

(2) a real quadratic field,

(8) a CM field of degree 4 over Q,

(4) a non-split quaternion algebra over Q,

(5) Fy & Fy where F; = Q or an imaginary quadratic field,

(6) a matriz algebra over a center F'= Q or an imaginary quadratic field.

Proof. Since A is an Abelian surface over Q, its dimension is 2, and by the Poincaré-Weil theorem (Theorem
1), A is isogenous to a product A7* X --- x A", where the A; are simple Abelian varieties, pairwise non-
isogenous, and the decomposition is unique up to permutation and isogeny. Given dim A = 2, only two cases
arise: (i) A is simple (r = 1, ny = 1), or (ii) A = E; X Ey, where dim E; = dim E = 1. The rational
endomorphism algebra End”(A) = End(A) ®z Q is semi-simple due to the principal polarization’s Rosati
involution, and its structure depends on this decomposition.

Case 1: A is simple. If A is simple, End’(A) is a division algebra over its center Z, a number field
over Q, and the dimension formula holds: [Z : Q] - [End’(A) : Z] = (dim.A)?> = 4. Since A is principally
polarized, the Rosati involution ¢ + ¢ (where ¢f = Ao (;3 oM A A — A the polarization) is positive
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definite, fixing Z and constraining EndO(A) to be a division algebra with involution. We consider possible

dimensions of Z:

(1) If Z = Q, then [Z : Q] = 1, and [End’(A) : Q] = 4. Possible division algebras over Q of dimension 4
include:

(a) Q itself, dimension 1, where End’(A) = Q, and every non-zero endomorphism is an isogeny (mul-
tiplication by a rational).

(b) A real quadratic field, e.g., Q(v/d), d > 0 square-free, dimension 2, where End’(A) embeds into
M;(R) via real multiplication, satisfying the dimension constraint with [End’(A) : Z] = 2.

(¢) A CM field of degree 4, e.g., Q(+/d, ), a totally imaginary quadratic extension of a real quadratic
field, dimension 4, with [End’(A) : Z] = 1, compatible with complex multiplication and the
involution (conjugation).

(d) A non-split quaternion algebra over Q, e.g., (%), a,b € Q%, dimension 4, with [End’(A) : Z] =1,
where the standard involution (conjugation) is positive definite under the polarization.

(2) If Z is a quadratic field (real or imaginary), [Z : Q] = 2, then [End’(A) : Z] = 2. Here, End’(A) is a
division algebra over a quadratic field:

(a) For Z = Q(v/d), d > 0, End’(A) could be a quaternion algebra over Z (dimension 4 over Z, but 8
over Q), exceeding 4, so this is not possible unless End° (A) = Z, already covered.

(b) For Z = Q(+v/—d), similar constraints apply; a CM field over an imaginary quadratic field has
dimension 8 over Q, ruling it out.

(3) If Z is quartic, [Z : Q] = 4, then [End”(A) : Z] = 1, so End’(A) = Z, a CM field, as above.
Thus, for simple A, End®(A) is Q, a real quadratic field, a CM field of degree 4, or a non-split quaternion
algebra over Q.

Case 2: A FE; x Ey. If A is not simple, it is isogenous to E; x FEy, where E; and Es are elliptic
curves over Q. Then End"(A) = End’(E;) ® End’(E,), as endomorphisms respect the product structure
(no cross-terms exist unless Ey & F5). For an elliptic curve E; over Q:

(1) End"(E;) = Q if E; has no complex multiplication (CM), dim= 1.

(2) EndO(Ei) = Q(v/—d), an imaginary quadratic field, if E; has CM, dim= 2.
Thus, End’(A) = F} @ F,, where F; = End’(E;), yielding dimensions 1+1 = 2 or 242 = 4 over Q. If
E; = By, End"(A) = My(F), where F = End"(E;), a matrix algebra over Q (dimension 4) or an imaginary
quadratic field (dimension 8), but the principal polarization constrains this to a division algebra unless
adjusted by the Hodge structure.

When A’s Hodge structure (over C) defines a Mumford-Tate group, End’(A) may be a matrix algebra
over a center F. For dim A = 2, F' = Q gives M(Q) (dimension 4), or F' = Q(v/—d) gives a division algebra
(dimension 4 over F, 8 over Q), but the polarization restricts to M5(Q) or reduces to prior cases ([51], §4;
[60], Chapter IV).

The dimension bound 4 and semi-simplicity (via Rosati) limit End(.A) to these types. Higher-degree fields
or algebras (e.g., dimension 8) exceed dim A% = 4, and the polarization excludes non-division or non-positive
cases, completing the classification. O

A principal polarization A: A — A induces the Rosati involution ¢ of = Ao ngS o A, fixing the
center and ensuring End®(A) is semi-simple. The trace form (¢, 1) = tr(¢' o 1)) is positive definite: for
®#0, tr(o¢T o ) > 0, as ¢ o ¢ is a non-zero symmetric endomorphism, and the polarization’s positivity on
A guarantees this (see [48], Chapter IV, §21). Thus, End®(A) decomposes into simple algebras matching
Albert’s types.

The dimension of End’ (A) for an Abelian surface is at most 4, reflecting g = 2. If A is simple, it is 1, 2,
or 4; if a product, it sums to 2 or 4. For a Jacobian Jac(X), End%(Jac X) is typically @Q unless X has special
symmetries, yielding richer structures as detailed in [51].

3. GENUS 2 CURVES AND THEIR JACOBIANS

Let X be a genus 2 curve defined over a field k. A curve of genus 2 is a smooth, projective, geometrically
irreducible algebraic curve with genus g = 2, meaning its geometric genus—computed as the dimension of the
7



space of holomorphic differentials over an algebraically closed field—is 2. The gonality of X, denoted vy, is
the minimal degree of a non-constant morphism from X to P!, and for genus 2 curves, yx = 2. This implies
that X is hyperelliptic, admitting a degree 2 covering 7: X — P!, which we call the hyperelliptic projection.
By Hurwitz’s formula, applied to this double cover, the number of branch points » = 6. These 6 branch
points in P!(k) are the images of the Weierstrass points of X', points where the hyperelliptic involution s
(an automorphism of order 2) fixes the curve. The moduli space of genus 2 curves, denoted Mo, classifies
such curves up to isomorphism and has dimension r — 3 = 3, reflecting the three degrees of freedom in their
configuration after projective transformations.

The arithmetic structure of My was profoundly studied by Igusa [31], building on earlier work by Clebsch,
Bolza, and others. The isomorphism classes of genus two curves correspond to the equivalence classes of
binary sextics and therefore determined by their invariants. These invariants are homogeneous polynomials
in the coefficients of a defining equation, with degrees 2, 4, 6, 8, and 10, respectively, and we refer to [3] for
a comprehensive treatment of their properties and relations. Two genus 2 curves X’ and X’ are isomorphic
over k if and only if there exists [ € k* such that Jo;(X) = [%'Jy;(X’) for i = 1,...,5, a condition reflecting
the projective weighting of the invariants. When char k # 2, the invariant Jg is redundant, expressible in
terms of Js, Jy, Jg, and Jyg, simplifying the classification.

Henceforth, we assume char k£ # 2, ensuring a standard form for the curve’s equation. Then, X can be
represented by an affine Weierstrass equation

(11) y? = f(z) = ag2® + -+ + a1z + ao,

over k, where f(z) is a monic polynomial of degree 6 with distinct roots, and the discriminant A r=Jiwo#0
guarantees smoothness. Thus, we will be considering the weighted projective space P(3 4,6,10)(k) using the
invariants Ja, Jy, Js, Jio and the space P34.6,10)(k) \ {J10 = 0}, where Ji9 # 0 excludes singular curves.
From now on, by invariants of a genus 2 curve, we mean Jo, Jy, Jg, J19, and by a genus 2 curve, we refer to
its isomorphism class, represented as a moduli point [Jy : Jy @ Js : Jio] € P(2,4.6,10) (k).

3.1. Principal polarizations and Torelli theorem. The Jacobian Jac(X) of a genus 2 curve X is an
Abelian surface, a 2-dimensional principally polarized Abelian variety, constructed as the Picard group
Pic’(X) of degree 0 divisor classes on X. Given a k-rational point Py € X (k), the embedding ¢p,: X —
Jac(X), defined by P +— [P — Py, maps & into Jac(X) with ¢p,(Py) = 0. This embedding is canonical up
to translation, and Jac(X) is functorial; see Lemma 5. The hyperelliptic involution 2: X — X, swapping
sheets of the cover , induces an involution u,: Jac(X) — Jac(X) with ¢, (D) = —D, which, on the level of
the Abelian surface, we denote by —I and which is central to the construction of Kummer surfaces.

A map f: X — D between curves induces homomorphisms f*: Jac(D) — Jac(X) (pullback) and
fer Jac(X) — Jac(D) (pushforward), reflecting the functorial nature of the Jacobian. When f is a maximal
covering, i.e., not factoring through an isogeny, it reveals the Jacobian’s structure. For an Abelian surface
A, a polarization is an isogeny A: A — A to the dual, and A is principally polarized if deg A = 1. The Theta
divisor © C Jac(X), image of ¢p,, provides such a polarization, making Jac(X') a principal case.

Let us explain the construction of a principal polarization on Jac(X) in more and explicit detail: The
Siegel three-fold is the quasi-projective variety of dimension three, obtained from the Siegel upper half-plane
H, of degree two' divided by the action of the modular transformations I's := Sp,(Z), i.e.,

(12) Ao = Hy /T
Each 7 = (7'} 712) € Hy determines a complex Abelian surface A = C2/A obtained from the lattice A =

Ti2 T22

(Z? & T 7Z?%) with the period matrix (I, 7) € Mat(2, 4; C).

We consider two Abelian surfaces A and A isomorphic if and only if there is an M € I'y such that
7 = M(7). The canonical principal polarization of A is given by the positive definite Hermitian forms h on
C? such that @ = Imh(A, A) C Z where « is the Riemann form a(xq + xa7,y1 + y27) = 2} - y2 — y! - 72 on
Z? ® 7 Z*%. Similarly, we define the subgroup I'y(2n) = {M € Ty M =1 mod 2n} and Igusa’s congruence
subgroups I's(2n,4n) = {M € I'y(2n)| diag(B) = diag(C) =1 mod 4n} with corresponding Siegel modular
threefolds Ay(2), As(2,4), and As(4,8) such that

(13) [o/T9(2) = S5, T2(2)/T2(2,4) = (Z/22)*, T2(2,4)/T2(4,8) = (Z/27)°,

1By definition Hy is the set of two-by-two symmetric matrices over C whose imaginary part is positive definite
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where Sg is the permutation group of six elements. The geometric meaning of Ay(2), A2(2,4), and Ay (4,8)
will be discussed below.

The Hermitian form determines a line bundle . — A in the Néron-Severi lattice NS(A). A general
fact from linear algebra asserts that one can always choose a basis of A such that « is given by the matrix
(%8 with D = (do1 ;2) where dy,ds € N, dy,ds > 0, and dy divides dy. For a principal polarization
one has (dy,d2) = (1,1). Since transformations in I'y preserve the Riemann form «, it follows that the
Siegel three-fold is also the set of isomorphism classes of principally polarized Abelian surfaces, i.e., Abelian
surfaces with a polarization of type (1,1).

For a principally polarized Abelian variety A the line bundle .Z defining its principal polarization is ample
and satisfies h°(#) = 1. There exists an effective divisor © such that ¥ = O 4(©), uniquely defined only
up to translations. The divisor © € NS(.A) is precisely the Theta divisor associated with the polarization.
It is known that the Abelian surface A is not the product of two elliptic curves if and only if © is an
irreducible divisor. Torelli’s theorem states that the map sending a curve X to its Jacobian Jac(X), that is
X — (Jac(X), ©), is injective and defines a birational map My --» As.

Conversely, if the period matrix 7 of a principally polarized Abelian variety A is not equivalent to a point
with 75 = 0 relative to I'y, then a © divisor on A is given by a non-singular curve X of genus-two, i.e.,
© = [X] such that A = Jac(X). Thus, a principally polarized Abelian surface is either the Jacobian of
a smooth curve of genus two with a Theta divisor or the product of two complex elliptic curves, with the
product polarization.

Igusa proved [34,35] that the ring of modular forms is generated by the Siegel modular forms 14, ¥, X10,
X12 and by one more cusp form 35 of odd weight 35% whose square is the following polynomial [34, p. 849]
in the even generators

1
X35 = 91239 X10 (224 3% X3y — 2" 3% 4 X1, — 2" 37 g X4112 +3% ¥§ i,

=23 g X2 — 2 3% Y 6 x10 X2 — 2% 3% 5% xdo Xy + 3 U5 X,

+211 39379 xio x3s + 21 3%5 - T g xdo xT, — 22375 s xo X1
(14) — 3297 o xaz + 23294 0 o xaz + 2 375+ 199 s x xa

+2203% 5% 1194 X0 xa2 — 3% a5 xFo xaz + 21 3757 48 3o xa2

— 294 s xo — 2" 3 ¥ Xio + 2% ¥ 8 xio + 2" 3757 9 Ui o

+ 27137 5% ha s xo — 298 xio + 27737 5% xY) -
Hence, the expression Q := 2123% x4, /x10 is a polynomial of degree 60 in the even generators. Igusa also
proved that each Siegel modular form (with trivial character) of odd weight is divisible by the form yss.

Igusa [34, p. 848] proved that the relations between the Igusa invariants of a binary sextic y? = f(x)

defining a smooth genus-two curve X and the even Siegel modular forms for the associated principally
polarized Abelian surface A = Jac (X) with period matrix 7 are as follows:

_ _ 93, X12(7)
JQ(f) =-2 3X10(7—) )

W= ).
Jo() = =2 ) - v A2

X10(7)
Jio(f) = —2" x10(7) #0.

Here, the Igusa invariant Jig is the discriminant of the sextic f(z) and we are using the same normalization
as in [43,45]. It follows that the moduli space M2 has a compactification A% as the weighted projective
space P(3 46,10y (k) using the invariants .Jo, Jy, Jg, J10 and

(16) Az = P2.4,610)(k) \ {J10 =0}

(15)

2For a detailed introduction to Siegel modular forms relative to I'2, Humbert surfaces, and the Satake compactification of
the Siegel modular threefold we refer to Freitag’s book [24].
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3.2. Gopel groups and Theta divisors. For an Abelian surface A, such as the Jacobian A = Jac(X) of
a genus 2 curve X over a field k, the group of 2-torsion points A[2] consists of elements = € A(k) satisfying
2z = 0, forming a group isomorphic to (Z/2Z)%9 = (Z/2Z)* over k when char k # 2. Translation by a 2-
torsion point is an isomorphism of A, mapping A[2] to itself, preserving its structure under the Weil pairing,
which defines an alternating bilinear form on A[2]. A subspace G < A[2] is isotropic if the Weil pairing
vanishes on G x G, and a maximal isotropic subspace, or Gopel group, has dimension 2 (containing 4 points,
as 22 = 4).

Let us explain the construction of Gopel groups in more and explicit detail: consider the Jacobian A =
Jac (X) of a genus-two curve X’ in Rosenhain form

(17) X y? =az(r— 2)(x — A2)(x — Maz)(x — \32),

with roots at A1, Ao, A3, Ay = 0, A5 = 1, \¢ = 0o. Every nontrivial order-two point on A can be considered
the difference of Weierstrass points P; € X for 1 < 4 < 6. In fact, the sixteen order-two points of A are
obtained using the embedding of the curve into the connected component of the identity in the Picard group,
ie., X < Jac(X) = Pic’(X). We obtain the 15 elements P;; = [P; + P; — 2 Ps] € A[2] with 1 <i < j <6
and set Py = Pgg = [0]. For {i,4,k,l,m,n} ={1,...,6}, the group law on A[2] is given by the relations

(18) Py+ Py =Py, P;j+P;=F, Pj+Py=PFPu, Pj+Pr=DPF.

The subgroup I'y(2) = {M € T's| M =1 mod 2} with I'y/T'2(2) = Sg where Sg is the permutation group of
six elements is now realized as the permutations of the roots of the right hand side of Equation (17) when
we have identification A = Jac(X). Accordingly, As(2) is the three-dimensional moduli space of principally
polarized Abelian surfaces with level-two structure.

The space A[2] of order-two points admits a symplectic bilinear form, the aformentioned Weil pairing
such that the two-dimensional, maximal isotropic subspace of A[2] with respect to the Weil pairing are the
Gopel groups. It is then easy to check that there are exactly 15 inequivalent Gopel groups, and they are of
the form

(19) {Po, P;j, Per, P }

such that {i,j, k,l,m,n} = {1,...,6}. The standard Theta divisor © = O = {[P — Ps] | P € X'} contains
the six order-two points Py, P;g for 1 < i < 5. Likewise for 1 <1 < 5, the five translates ©; = P;s+ © contain
Py, Pis, P;j with j # 4,6, and the ten translates ©;;6 = P;; + © for 1 < ¢ < j < 5 contain P;j, Pis, Pjs, P
with k,l #4,5,6 and k < [. Conversely, each order-two point lies on exactly six of the divisors, namely

(20) Py, € 0 fori=1,...,6,
(21) Pis € ©4,06,0;56 fori=1,...,5 with j #+1,6,
(22) B-je@i,@j,leg fOI‘lSZ<]§5W1th k,l#%,],(i and k < [.

Hence, we have a configuration of sixteen elements Py, P;; € A[2] and sixteen Theta divisors ©, 0;, Ok,
where each Theta divisor contains six order-two points, and where each order-two point is contained in six
Theta divisors. This configuration is called the 16g configuration on the Abelian surface A.

Moreover, we call the divisors {©;} and {O;rs} with 1 <i <6 and 1 < j < k < 6, the six odd and the
ten even Theta divisors, respectively. In this way, the odd Theta divisors are the six translates of the curve
X by P with 1 < i < 6, and thus with the six Weierstrass points P; on the curve X. Furthermore, there
is a one-to-one correspondence between pairs of odd Theta divisors and two-torsion points on .A[2] since
©,N0, ={Py, P;;}, and, in turn, unordered pairs {P;, P;} of Weierstrass points since P;; = P;s + Pj¢.

3.3. Theta constants of genus two. For (Z; Zj ) € F3 — where Fy denotes the finite field with two elements

— there are sixteen corresponding Theta functions. We always identify (ZI ‘;j) € F3 with the corresponding
characteristic [{], a,b € (Z/2Z)?. The Theta functions with characteristics [a,b], a,b € (Z/27)?, are defined

as

(23) 03] (z,71) = Z exp (mi(m + a)'7(m + a) + 2mi(m + a)'(z + b)) .
meZ?
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We note that this definition is obtained by specializing the situation of Section 2.2 to g = 2. Among the
Theta functions, 10 are even and 6 are odd functions according to

(24) o{gi ‘Zj](—z,ﬂ = (~1)*"? e{‘;i ‘;j(z,r).

A level-n Theta structure is given by the functions 6 [9] (z,7/n), where b € (Z/nZ)?. For a period matrix
7 € Hy, the values of the Theta functions [%](z,7/2), with a,b € (Z/2Z)? at z = 0, are called theta
constants or theta null points. In particular, we set 6; = 0 [Z‘] (0, 7), where corresponding to either

(25) (86),(29),(88),(89) € Fa,
or, equivalently, the characteristics a = 0, b = [0, 0], [1/2,1/2] [1/2,0], [0,1/2], we have labeled the functions
01,02,03,0,.

We will also introduce Theta functions that are evaluated at 27. Under duplication of the modular
variable, the Theta functions 61, 05, 87, 6g play a role dual to 6,05, 603,60,. We renumber the former and use
the symbol © to mark the fact that they are evaluated at the isogenous Abelian variety. That is, Theta
constants {©%,03, 02,03} and {0%,63,63,03} correspond to the following Theta characteristics

(26) (88):(68),(506),(80), and (88).(99).(98).(39)-

Thomae’s formula is a formula introduced by Thomae relating Theta constants to the branch points of a
genus 2 curve. The three A parameters appearing in the Rosenhain normal form in Equation (17) are ratios
of even Theta constants. There are 720 choices for such expressions since the forgetful map to M is a Galois
covering of degree 720 = |Sg| where Sg acts on the roots of X by permutations. Any of the 720 choices may
be used, we choose the one also used in [27,52]:

Lemma 6. For any period point T € Ay(2), there is a genus-two curve X € Mgy with level-two structure and
Rosenhain roots A1, Ao, A3 such that

0262 0262 6262
(27) Alzﬁy 2:ﬁ, 3:#-
2V; 1%10 210
Similarly, the following expressions are perfect squares of Theta constants:
6262 6262 6262
M-l=cam h-l=gg - l=p
(28) 2by 1%10 2%10
620202 620202 620202
M Zgpe MM T gees TN e,
2Y4%10 2Y4%10 2Y4%10

Conversely, given a smooth genus-two curve X € My with three distinct complex numbers (A1, A2, A3) dif-
ferent from 0,1, 00, there is complex Abelian surface A with period matriz (Io,7) and 7 € Ag(2) such that
A = Jac X and the fourth powers of the even Theta constants are given by

04 = RAsA1(A2 — 1)(As — A1), 04 = RAa(Aa — 1)(As — A1),
04 = R A1 (A — A1)(As — A1), 04 = RAs(As — 1) (A — \1)
(29) 02 = RA\1(Aa — D)(As — D)(As — A2), 04 =R(As — Aa)(As — A1) A — A1),

02 = RAa(A3 — D)(A1 — 1)(A3 — A1), 03 = RA2A3(A3 — Aa) (A — 1),
05 = RA3(M2 — 1) (M — 1)(A2a = A1), 03g=RA (A1 —1)(\3 — Aa2),
where R € C* is a non-zero constant.
According to [52, Sec. 3] we have the following Frobenius identities relating Theta constants:
6202 — 6202 — 0262, 61408 — 04—t 0346l
(30) 0703 = 6705 — 0307, 07 + 0 01 — 03 + 05 — 05,
0203, = 0303 — 0307, 0 +01, = 01+05—03—01.
The following identities are called the second principal transformations of degree two [32,33] for Theta
constants:

(31)

07 = ©1+035+03+67, 05 = ©7+035-03;-06;,
02 = ©2-02-02+062, 02 = 02-02+02-02.
11



We also have the following identities:
02 = 2(0,03+020,), 02 = 2(
(32) 03 = 2(0104+0203), 03 = 2(0102+6304),
02 = 2(0:0,—0203), 02, = 2(0; @2 —030,).

2
2
2
The characterization of the Siegel modular threefolds As(2), A2(2,4), and As(4,8) as projective varieties
and their Satake compactifications was given in [36]*Prop. 2.2:

0,03 — ©,0,),

Proposition 1.
(1) The holomorphic map Zg 4: Hy — P? given by 7+ [O1 : O3 : O3 : O4] is an isomorphism between
the Satake compactification Az(2,4) and P3.
(2) The holomorphic map Z45: Ha — P given by 7+ [01 : -+ : 610] is an isomorphism between the
Satake compactification As(4,8) and the closure of E45 in PY.
(8) We have the following commutative diagram:

Ar(4,8) — = ,po

|l qu

As(2,4) =Ly p3 Yer, po
Rosl
As(2)
Here, 7 is the covering map with deck transformations I'y(2,4)/T'9(4,8) =2 (Z/2Z)°, the map Sq is
the square map [01 : -+ : O10] = [03 : -+ : 03], the map Ver is the Veronese type map defined by the

quadratic relations (31) and (32), and the map Ros is the covering map with the deck transformations
[2(2)/T2(2,4) = (Z/2Z)? given by plugging the quadratic relations (31) and (32) into Equations (27).

3.4. Richelot isogenies. Richelot isogenies provide a classical framework for studying (2,2)-isogenies be-
tween principally polarized Abelian surfaces, particularly Jacobians of genus 2 curves. Note that the Abelian
surfaces are here in general not split. It is well-known that the quotient A = A/G by a Gopel group G is
again a principally polarized Abelian surface, as detailed in [49]*Sec. 23. The natural projection ¥: A — A
is an isogeny with kernel G, called a (2,2)-isogeny because deg ¥ = |G| = 4 = 22, reflecting a kernel of rank
2 over Z/2Z.

Analytically, over C, if A = C?/A with A = Z?2®77? and 7 € Hy, a Gopel group G < A[2] corresponds to a
2-dimensional subspace of %A /A. The quotient A= A/G can be represented as C2/ A, where A = 72 32772,
adjusting the lattice to double the period in one direction. The isogeny is then

U A=C*/(2?® 7% — A=C?/(Z? ®277%)

(33) (z,7) = (z,27),

mapping points modulo the coarser lattice, with kernel G generated by representatives of A[2] spanning a
rank-2 subgroup.

For A = Jac(X), where X is a smooth genus 2 curve, we explore whether A= ac(/? ) for another genus 2
curve X, and how their moduli relate. Richelot addressed this geometrically in [54], with modern treatments
in [8]. Over C, A[2] has 229 = 16 points, and there are 15 Gopel groups (computed as the number of
2-dimensional isotropic subspaces in (Z/2Z)* under the symplectic form induced by the Weil pairing). Each
corresponds to a (2,2)-isogeny, and Richelot’s construction identifies X explicitly. Given X with equation

2 = f6(X, Z), a sextic in homogeneous coordinates, any factorization f¢ = A - B - C into three quadratic
polynomials A, B, C defines a curve X via

(34) AABC : Y2 = [Aa B] [A7 C] [B’ 0]7
where [A,B] = A'B — AB’ with A’ = % (assuming a dehomogenized coordinate x = X/Z), and Aapc is

the determinant of the coefficients of A, B, C in the basis {22, 22, 2%}. It was shown in [8] that Jac(X) and
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Jac(X) are (2,2)-isogenous, and there are exactly 15 such factorizations (corresponding to partitions of 6
roots into 3 pairs), yielding all distinct (2,2)-isogenous Abelian surfaces to Jac(X).

The geometric insight stems from the isomorphism Sg = Sp(4,Fs), where Sg permutes the 6 Weierstrass
points of X (or Theta divisors containing a fixed order-two point), and Sp(4,F3) acts on A[2].

3.4.1. An explicit model using Theta constants. To compute Richelot isogenies explicitly, we adopt a Theta
function approach, following [52]. For A = Jac(X), consider Gopel groups G = {Py, P15, P23, Pis} and
G = {Py, P12, P34, Pss}, where A[2] = {P;;}i<; labels the 2-torsion points, with Py = Ps¢ the identity.
These satisfy G+ G’ = A[2] and GNG' = {Py}, as |G+ G| =4-4/1 = 16. Set A = A/G, and let G be the
image of G’ in A. We aim to relate the Rosenhain roots of X

(35) Xy =xz(r — 2)(x — M\2)(z — Xe2)(z — A32),
where Ay = 0, A5 = 1, A\g = 00, to those of X with
(36) X: yr=x(@—1)(z—A)(z - A)(z — As).

Theta constants give explicit equations for the moduli of Jac(X) and Jac(X): for a period matrix
7 € Hs, we use #; for X and ©; for X, with characteristics forming Gopel groups. That is, we let
G = {Py, P15, P23, Py} correspond to the Gopel group in F3 formed by the characteristics

(37) (66), (21, (26, (51),
yielding the Theta constants 1, 02, 03,0,. They determine the moduli A1, A2, A3 in Equation (27) by plugging
in the quadratic relations (31) and (32).

The isogeny ¥: Jac(X) — Jac(X) modifies the lattice, and the dual Theta constants ©; for X relate to
0; via the isogeny’s action in (26). Results in [52] and [13] give
_ 9105, O30y, _ 6165

o301 7 ejel,’ 7 el

For G the corresponding Richelot isogeny is obtained by factoring fo = xz(z—z)(x —A12)(z—A22) (x— A32)
into

(39) A=(z—-Mz2)(x—2), B=(x—Xz)(x—A32), C=uz

(38) Ay

adjusting for homogeneity (e.g., C' = xz at infinity). Applying (34), we compute X and its Igusa invariants,

which are rational functions of {81,605, 6s,604}. A quadratic twist X*) with
 (Bu6 — 0:00)°(03 + 03 — 03 — 63)(63 — 03 + 63 — 62)
40102050, (07 + 03 + 03 + 07)(07 — 0% — 63 + 07)

adjusts the roots to

A = (07 + 63 + 03 + 07)(67 — 03 — 03 + 67)

(6% + 603 — 65 — 03)(67 — 03 + 63 — 63)’
(40) A, = (08— 08 — 03 + 02) (6205 + 0303 + 20102040,)
(67 — 03 + 65 — 03) (6163 — 6363) ’
Ay — (03 + 03 + 03 + 07)(0703 + 63607 + 26,62030,)

(6F + 03 — 03 — 63) (6103 — 636%) ’

matching the Richelot construction’s invariants, verifyingA ispmorphism. Simila}rly, for the AGtSpel group
G’ = { Py, P12, P34, P5g }, the dual isogeny ¥: A — A = A/G uses A = [B,C], B=[A,C], C = [A,B] to
recover X. These Richelot isogenies realize the pair of dual (2, 2)-isogenies, given by

(41) A=Jac(X) % A=Jac(®) = A/G L A= A/G,
for the complementary maximal isotropic subgroups G, G’. If we introduce new rescaled moduli
A1+ A2A3 A2+ A1 A3 A — Az + A1z
P r P
with 1 = A1 Ao\3, and similarly for A/, then these relate symmetrically, as shown in [13]:
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Proposition 2. The moduli of X in (35) and X in (36) satisfy

2N, — N, — N, N A, — Al
Ay =2 1X2 —ZAio, ; Sk 1A’ —QA’ B
40— M)~ %) AL 0505 = K
A/ A/ _ 1 3 I\ —
1) TP A I R +2>< %
40— M)~ X) A A~ A
Ay — AN =-——"F Ny — A = .
VA AV 1y R Tl R ¥V VR Y

4. KUMMER SURFACES

Given an Abelian surface A over a field k, the singular Kummer surface is the quotient K4 = A/(-1),
where the involution —I: A — A acts by P — —P. K4 is a singular algebraic variety of dimension two
with 16 ordinary double points, each corresponding to an order-two point in A[2] = {P € A(k) | 2P = 0},
the set of which has cardinality 222 = 16 over an algebraically closed field.

The quotient construction of K 4 leverages the group structure of A: the involution —I is an automorphism
of order two, and its fixed points, the 2-torsion points, map to singularities on 4. Each singularity is locally
isomorphic to the quotient of C? by the action z — —z, an A; singularity, characterized by a quadratic cone.
The minimal resolution is denoted the Kummer surface Kum(A) and is a smooth K3 surface, obtained by
blowing up each double point by gluing in an exceptional (—2)-curve; see [62] and [44] for details. Conversely,
there is a map Kum(A) — K4 contracting the (—2) curves.

4.1. Kummer surfaces with principal polarizations. For an Abelian surface A equipped with a prin-
cipal polarization .Z = O 4(©), one can always choose the Theta divisor to satisfy (—I1)*@ = O, that is,
to be a symmetric Theta divisor. The Abelian surface A then maps to the complete linear system [20)].
The rational map o: A — P3 associated with the line bundle .#2? induces a map to projective space P3,
its image o(A) is a quartic hypersurface, reflecting the degree of the line bundle .2 associated with the
doubled principal polarization, and @9 factors via an embedding through the projection A — A/(-T); see
[4]. We identify the singular Kummer variety .A/(—1I) with its image K 4 in P2. We will give explicit algebraic
equations for the image in Section 4.3.

For the principally polarized Abelian surface A = Jac (X) associated with a smooth genus 2 curve X
with the standard Theta divisor © =2 [X], we will now construct the morphism to P3 explicitly, using
the Theta functions from Section 2.2. In fact, the level-two Theta functions directly give the map s
into P? when we identify .# with the line bundle that was introduced in Section 2.2. Specifically, assume
that A is not a product of elliptic curves, for A = C2?/A with a period matrix 7 € Hy, the functions
wa(2) = (8]9] (=, T/2))b€(Z/QZ)2 satisfy pa(2) = ¢a2(—2) and induce the morphism K 4 — P3; see Section 3.3
and [4, Thm. 4.8.1]). This morphism ¢ is in fact an embedding and its image is a quartic surface in P3
with Theta constants determining its equation. We have the following:

Lemma 7. Let A be a principally polarized Abelian surface over C, not isomorphic to a product of elliptic
curves. The map pa: Ka — P3 defined by o2(z) = (0[9] (=, 7/2))176(2/22)2 is an embedding.

Proof. The Theta functions 60;(z) = 0[] (z,7/2) for b € (Z/27Z)?* are even, satisfying 6;(—z) = 0;(z) due
to the characteristic’s symmetry under the involution ¢. Thus, @5: A — P3 factors through the quotient
7: A — K4, inducing a well-defined map pz: K4 — P3. For A principally polarized, the line bundle
#? corresponds to 20, where © is the Theta divisor. The space of sections I'(A4,.#?) is four-dimensional,
spanned by the 6;. If A is not a product E; x Es, the polarization ensures .#? is very ample on Kum(A),
separating points and tangent vectors. Specifically, for distinct points z,y € K4 (not both in A[2]), there
exists ¢ such that 6;(z) # 6;(y), and for a point x with tangent direction v, some 6; has non-zero derivative
along v. Thus, p3 embeds K 4 as a quartic surface with 16 nodes at the images of .4[2]. O

The image of each order-two point of A is a singular point on the Kummer surface K4 and called a
node. That is, nodes are the images of the order-two points P;; € A[2]. Similarly, any Theta divisor of A
is mapped to the intersection of the singular Kummer surface with a plane. We call such a singular plane
a trope. In the complete linear system |20] on Jac(&X'), the odd symmetric Theta divisors ©; on Jac(X') are
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mapped to six tropes T;, and the even symmetric Theta divisors ©;;; on Jac(X) are mapped to the tropes
Tijk- The ten tropes T;j; with 1 <14 < j < k < 6 correspond to partitions of {1,...,6} into two unordered
sets of three, say {i,7,k} {l,m,n}. We use the formulas for T,; from [10, Sec. 3.7] paying careful attention
to the fact that we have moved the root Ag to infinity. Hence, a configuration of sixteen nodes and sixteen
tropes is induced on K 4, where each trope contains six nodes and each node is contained in six tropes. This
configuration is called the 16¢ configuration on the singular Kummer surface K 4.

4.2. Kummer surfaces from odd characteristics. The Jacobian Jac (X)) of a smooth genus two curve X
is birational to the symmetric product Sym?(X’). Let us consider the function field of Sym?(X) = (X xX) /(o)
where o interchanges the copies of X. For a smooth genus-two curve X in Rosenhain form (17), the function
field of the variety Sym?(X)/(z x 2) — where 2 x 7 is the involution on Sym?(X) induced by the hyperelliptic
involution 2 on X — is generated by z; = 202 2y = 2N 22 4 220 2y — (W22 and 2, = yWy?),
subject to the relation

3
(43) Zi = 2123(21 — 29 + 2’3) H (/\12 21 — N\ 29 + 2’3) .
i=1

Equation (43) is a special case of a double sextic surface, i.e., the double cover of P? branched on the union
of six lines (and hence over a sextic curve). The minimal resolution of a double sextic surface is always a K3
surface; see [2]. Equation (43) is known as Shioda sextic associated with A = Jac (X); see [61]. It follows
that the minimal resolution of W is isomorphic to the Kummer surface Kum(.A).

In Equation (43) the double cover of P? = P(21, 22, z3) is branched along the following six lines T; with
1 <4 <6, given by

(44) Mz —XNzo+23=0with1<i<3, 2 =0, 2z —20+23=0, 23=0.

These six lines are precisely the aforementioned odd tropes and tangent to the common conic Ky = 25 —

4 z123 = 0. Conversely, it is easy to see that any six lines tangent to a common conic can always be brought
into the form of Equations (44) using a projective transformation. Thus, we can rewrite Equation (43) as

(45) Z=TiT2TsTaTsTs .
Moreover, one easily checks that Moreover, there are fifteen linear relations between the odd tropes, and a
generating set is given by
T1 = (1 — Al)T4 =+ )\1T5 —+ Al(Al — 1)T6,
(46) To=(1=X2)Ta+ AT5 + Aa(A2 — 1)Tg,
T3 = (]. — )\3)T4 + )\3T5 + )\3()\3 — 1)T6
Humbert proved that the Kummer plane (P%;Ty,..., Tg) inherits essential information of the principally
polarized Abelian surface A = Jac (&) itself; see [30].
We consider the blow up p: A — A, replacing the sixteen order-two points with the exceptional curves
Eq,...,E1s. The linear system |[4p*© — > F;| determines a morphism of degree two from A to a complete

intersection of three quadrics in P°. The net spanned by these quadrics is isomorphic to P? with a discriminant
locus corresponding to the union of six lines (44). In [13] we showed the following:

Theorem 6. The Kummer surface Kum(A) associated with the Jacobian A = Jac(X) of a genus-two
curve X in Rosenhain normal form (17) is the complete intersection of three quadrics in P> =P(ty : -+ - : tg)
given by

t% = (1 — )\1)’[2 + Altg + )\1()\1 — 1)’[%,
(47) t5 = (1 — Xo)t] + Aot? + Aa(Xo — 1)tg,

t% = (1 - )\3)’[?1 + )\3tg + )\3()\3 - 1)’[%.

Proof. The Shioda sextic is given by the double cover of P? branched along the reducible sextic that is the

union of the six lines given by the tropes Ti,...,Tg. The tropes Tq,..., T4 satisfy fifteen linear relations

of rank three equivalent to Equations (46). Introducing T; = t7 such that Z; = titatstststs, the (smooth)
15



Kummer surface Kum(A) = VZ/(—]I) is the complete intersection of three quadrics in P® 3 [t; :ta i t3 : tyg :
ts : tg] given by Equations (47). O

The following fact is well known:

Remark 1. For the principally polarized Abelian surface (A, L), a basis of sections for £*, called the Theta
functions of level (2,2), is given by the odd genus 2 Theta functions that we denote by 0;(z) for 11 < i < 16.

In [13, Lemma 4.11] it was shown that Thomae’s formula provides an explicit relation between tropes and
the Theta functions used in Theorem 6. In particular, it was shown that the following holds:

Remark 2. There is a bijection between the six tropes T1,..., Tg and the squares of the odd Theta functions
02,(2),...,0%(2) such that Equations (44) are induced by the Mumford relations for Theta functions.

The Shioda sextic is closely related to two quartic equations, known as the Baker quartic and Cassels-Flynn
quartic. The Baker quartic is obtained directly from the Shioda sextic in Equation (44), using parameters

Ly = 14X+ X+ 23, L3 = A+ A+ A3+ A1 A+ Aad3 + A As,

4
(48) L = Aods, Lo = AAs+ Aads 4+ AAs + MAghs

and the variable transformation given by

W = Kj 2, X =Ksz, Y = Kj 23,

(49) Z = 224 — (LlZ%ZQ — 2L22%23 + L3212223 — 2L4212’§ + ZQZ%) .

Equation (43) is then equivalent to the quartic surface in P? = P(W, X, Y, Z) given by the vanishing locus
of the following Baker determinant, i.e.,

0 LW ./ Y
LW 20,W4+2Z L;W-Y X
7 I3W-Y 2L,W-2X W
Y X W 0

(50) ~0.

The Baker determinant was first derived in [1].
In addition to K5 introduced above, let us also define homogeneous polynomials K; = K;(z1, 22, 23) of
degree 4 — [ for [ = 0,1 with

Ky = zg — 42123, K, = —2zzz§ — 2lefzg + 4ngfz3 — 203212023 + 4L4zlz§ ,
(51) Ko = Liz} —2L1 L3z} 23 + (2Ly — 4LoLy + L3)2325 + 4L  Lyzize2s
+3(—2L1 2323 + 2Loz923 — L3z3)z + 25 .

A variable transformation in Equation (43), given by
N 1
(52) zZ4 = E (K2Z4 + 2K1) 5

or, equivalently, the variable transformation in Equation (50), given by

(53) W =Kz, X =Ksz2, Y = Ky 23, Z=Ksozs+ Ky,

yields the quartic projective surface K in P? = P(zy, 29, 23, 2z4) given by

(54) Ko(z1, 20, 23) 23 + Ki(21,20,23) 24 + Ko(z1,22,23) =0.

The quartic appeared in Cassels and Flynn [10, Sec. 3] and is called the Cassels-Flynn quartic. Recall from
Proposition 1 that Q(A1, A2, A3) is the rational function field of the moduli space A2(2). In summary, for the

principally polarized Abelian surface A with the standard Theta divisor © 2 [X] and polarizing line bundle
Z = 0 4(©) we have the following; see [9]:

Proposition 3. Assume that A1, A2, A3 are the Rosenhain roots of a smooth genus-two curve X in Equa-
tion (17). The surfaces in Equations (43) and (50) are birational equivalent over Q(A\1, A2, A3). In particular,
the quartic hypersurfaces are isomorphic to the singular Kummer variety K 4 associated with the principally
polarized Abelian surface (A, Z).
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4.3. Kummer surfaces from even characteristics. In this section we give explicit algebraic equations
for the singular Kummer variety K4 = A/(=1I), associated with a principally polarized Abelian variety
(A,.ZL): they are called the Hudson quartic, Gépel quartic, and Rosenhain quartic; see results in [4].

Let . again be the symmetric ample line bundle of an Abelian surface A defining its principal polarization
and consider the rational map s : A — P3 associated with the line bundle .#2. Its image ¢2(A) is a quartic
surface in P? which in projective coordinates [w : z : y : 2] can be written as

(55) 0=¢& (wh + 2% + 9y + 24 + L uwayz

+€1 (w2z2 4 .732y2) + 62 (w2x2 4 Z/222) _|_€3 (w2y2 + $222),
with [£o : &1 1 o 1 &3 1 &) € P Any general member of the family (55) is smooth. As soon as the surface
is singular at a general point, it must have sixteen singular nodal points because of its symmetry. The
discriminant turns out to be a homogeneous polynomial of degree eighteen in the parameters [y : & : &o :
&3 : &) € P* and was determined in [4, Sec. 7.7 (3)]. Thus, the Kummer surfaces form an open set among

the hypersurfaces in Equation (55) with parameters £y : & : & @ & : &) € P*, namely the ones that make
the only irreducible factor of degree three in the discriminant vanish, i.e.,

(56) Eo (1667 — 4€7 — 465 — 485 + €]) + 46166 = 0.
Setting £y = 1 and using the affine moduli & = —A, & = —B, {5 = —C, £ = 2D, we obtain the normal
form of a nodal quartic surface. Thus, we say that a Hudson quartic is the surface in P3 = P(w, z,vy, 2) given
by
(57) 0=w*+a* +y* + 2* + 2Dwaryz
—A(w222 + $2y2) _ B(le‘Q + y2z2) _ C(w2y2 4 1‘22’2) ,
where A, B,C, D € C such that
(58) D?*=A>4+B*+C?+ ABC — 4.

The Hudson quartic in Equation (57) is invariant under the transformations changing signs of two coordinates,
generated by
[wiz:y: 2zl > [~w:—z:y:z2], [w:z:y:z]>[-w:z:—y: 2z,
and under the permutations of variables, generated by [w:z:y: 2] = [z:w:z:yland w:z:y: 2] = [y:
ziw: ]
A different quartic hypersurface equation is due to Kummer [38] and Borchardt [7]. We say that a Gopel
quartic is the surface in P> = P(P,Q, R, S) given by

(59) ®2 —46°SPQR =0,

with

(60) ®=P"+Q°+R*+5*—a(PS+QR)—B(PQ+RS)—~v(PR+QS),
where a, 3,7, € C such that

(61) =+ +y +apy—4.

We have the following:

Proposition 4. The Hudson quartic in Equation (57) is isomorphic to the Gopel quartic in Equation (59),
for suitable sets of parameters (A, B, C, D) satisfying Equation (58) and («, 8,7, 98) satisfying Equation (61).
In particular, the quartic hypersurfaces are isomorphic to the singular Kummer variety K4 associated with
the principally polarized Abelian surface (A,.£L).

Proof. We first introduce complex numbers [w : Zg : Yo : z0] € P? such that

4 .4 .4 4 4 .4 .4 4 4 4, .4 4

Aiwo_%_yo‘kzo B_wo"'xo_yo_zo C_wo_xo+yo_zo

=T 22 22 =T 22— 22 =T R — 22
0~0 oY% 0o — Yo<0 090 0~0

(62) P WoToY0z0 [L creqany (wh + exg + €'yg + e€'25)
(w322 — 23y3) (wgad — y2z3) (wEyd — 2323)
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and

2,2 2.2 2.2 2.2 2.2 2.2
_Qwoyo"'l’ozo 8= wy To + Yo 2o 2wozo+$oyo
= 2.9 .92 27 2.2 227 2.2 _ 2.9
Wy Yo xozo Wy Lo — Yo = Wy 29 — Lo Yo
4 /
(63) 5 _ 16 wox5Yo %0 e e{j:l}(wo + w3 + €'y2 + e’ 28)
- 2,2 2,22 22,2 2,2\2°
(Wi y§ — 2§ 25)" (w§ 2§ — ¥ 25)” (w§ 2§ — 2§ ¥5)

Then, the linear transformation given by
P=wyw+zox+yoy+ 207,
Q=wow+T0T —Yoy — 2072,
(64)
R=wyw—z0x—yoy+202,
S=wow—zoT+Yoy — 207,

transforms Equation (59) into Equation (57). O

Lemma 8. Using the same notation as in Equation (62), the sizteen nodes of the Hudson quartic (57) are
given by
0:T0 Yo :Rof,[~Wo:—Lo:Yo: 20 |~Wo:Lo: —Yo: 2o~ Wo:ZTo:Yo: —Z0)s

Yo 20t Wo t Xol, [~Yo P —c0 :Wo : Xol, [—Yo 2o —Wo:ZTol,|—Yo:Ro:Wo: —Tol,

[ L1 I I ]
[To : wo : 20 : Yol, [—20 : —wo : 20 : Yo, [—T0 : Wo : —20 : Yo|, [—To : wo : 20 : —Yol,
[ L I I ]

LI I, [=20 : Yo : —%0 : wo], [—20 : Yo : o : —wp)-

[20 : Yo : @0 : wy),
In particular, for generic parameters (A, B,C, D), no node is contained in the coordinate planes w = 0,
z=0,y=0, orz=0.
We also set
(65) pr=wi+ad iR, @ =wiad—yd - 22,

2 9 9 9 9 2_ 9 9 o 9
Ty =Wy — Ty + Yo — 20, So =Wy — Ty — Yo+ 20-

We have the following:

Lemma 9. The nodes of the Gépel quartic (59) are given by

[Pg'% 7"(:; 50] [QO Po 50 Tols [T 50 7’0 ‘Io] [5(2)37’35(13 51%]7

wWoxo + Yozo : Woxo — Yozo : 0: 0], [wore — yozo : woTo + Yozo : 0 : 0,
0:0:woxg + Yoz0 : WoTo — Yozo), |0 : 0 : woxo — Yo20 : WoTo + Yo20),
s wozo + Toyo : 0 wozo — ToYo

O

)

O

wozo — ToYo : 0 : wozo + ZoYo : 0],
woyo + Tozo : 0: 0 woyo — Zozo), [0 : woyo + Tozo : WoYo — Tozo : 0],

ol [r5
[ Il
[ I
[wo20 + Zoyo : 0 : wozo — Toyo : 0], [
[ I [
[ Nl
[0 woyo — 020 : WoYo + To20 : O], [woyo — Tozo : 0: 0 : woyo + To20

]
]
]
twozo — ToYo : 0 1 wo20 + ToYol,
]
J-

In [4, Prop. 10.3.2] yet another normal form for a nodal quartic surfaces was established. We say that a

Rosenhain quartic is the surface in P? = P(Yp, ..., Y3) given by
P (YGY? + Y5V + 0P (YEY5 + YPYE) + A (Y YT + YPYD)
(66) +2ab(YoY1 — Y2Y3)(YoYa + Y1V3) — 2ac(YoYi + YaY3)(YoYs + Y1Y5)

+20c(YoYs — Y1V3)(YoYs — V1Y) + d2YoY Y Ys = 0,
with [a : b: c: d] € P2, Equation (66) is invariant under the Cremona transformation
(67) [Yb : Yl : Y2 : YEJ,] — [Y1Y'2Y3 : }/E)Y2}/3 : Y()Yl}/g : YOY1Y'2] .

The following was proved in [4, Prop. 10.3.2]:
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Proposition 5. For generic parameters [a : b : ¢

: d] € P3, the Rosenhain quartic in Equation (66) is

isomorphic to the singular Kummer variety ICa associated with the principally polarized Abelian surface

(A,.2).

We also have the following;:

Lemma 10. The Rosenhain quartic in Equation (66) is isomorphic to the Hudson quartic in Equation (57).

Proof. Using the same notation as in the proof of Proposition 4, we set

(68)

a= 4(w(2)z§ - x%yg)(woyo + 2020),
b= (wf + x5 — v — 20) (Wi — x5 + y5 — 23) (woo — Yoz0),

c=(wh — x5 — y5 + 25) (Wi + =5 + ¥ + 25) (womo + Yo2o),

and a polynomial expression for d? of degree twelve that we do not write out explicitly. Then, the linear

transformation given by

Yozwoerxox+yoy+zoz,

Yi=wow+zor —Yy— 202,

69
(69) Yo=zw+yozr+aoy+woz,
Ys=z2w+yor —zoy —woz,
transforms Equation (66) into Equation (57). O

4.4. An explicit model using Theta functions. We provide an explicit model for the quartic hypersur-
faces in terms of Theta functions.

In addition to the identities from Section 3.3, we have the following identities for Theta functions with
non-vanishing elliptic argument [32, 33]:

(70)

and

(71)

01 01(2) = O1(2)% + Oa(2)? + O3(2)” + O4(2)?,
02 02(2) = ©1(2)% + O2(2) — O3(2)* — O4(2)?,
03 03(2) = O1(2)? — Oa(2)? — O3(2)? + O4(2)?,
0404(2) = O1(2)? — Oa(2)? + O3(2)? — O4(2)?,
401 01(22) = 01(2)* + 02(2)% + 05(2) + 04(2)?,
409 05(22) = 01(2)* + 02(2)* — 05(2)* — 04(2)?,
40303(22) = 01(2)* — 02(2)* — 05(2) + 04(2)?,
404 04(22) = 01(2)% — 02(2)* + 03(2)* — 04(2)* .

The following is a well-known fact:

Remark 3. For the principally polarized Abelian surface (A,.£), a basis of sections for £?, called Theta
functions of level two, is given by ©;(2z) or, alternatively, 6?(z) for 1 <i < 4 using Equations (71).

We have the following:

Proposition 6. For the surface in P? given by Equation (59), the coordinates are given by

(72)

[P:Q:R:S)=[0:1(2)":02(2)%: 03(2)° : 04(2)%] ,

and the moduli parameters are

_ 01— 05— 05+ 6

01+ 03— 03— 04 0 — 03 + 03 — 03

0207 — 0203

U= " e 0 T we e
B 01050304 He’e,e{il}(ﬁf + 69% + 6/9§ + 66/93))

(6703 — 0307) (0703 — 0303) (07 03 — 03 63)
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Proof. A direct computation shows that the non-vanishing elliptic variables [P : Q : R : S| =
02(2)? : 03(2)? : 04(2)?] satisfy Equation (59), with
010% + 0303 0103 + 6303 Y= 0107 + 0363
0207 — 0267’ 020% — 0267’ 0207 — 026%°
The moduli parameter can be re-written
_oi-oi-oicol . oieoi-oi-of _oi—oi+oi—of
6202 — 0262 20 — 0262 6262 — 6207

such that over A3(4, 8) the modulus ¢ is given as

B 01929394 He,e’e{il}(G% + 69% + 6’0% + 66’9%)

(63 03 — 03 63) (67 05 — 63 03) (67 0% — 03 63)

(74) a=2 =2

(75)

[61(2)?

O

Remark 4. The transformation [w : x : y : z] = [—w : & : y : 2] is an isomorphism between a Hudson
quartic in Equation (57) with moduli (A, B, C, D) and the one with (A, B,C,—D). Moreover, the two quartics

coincide ezactly along the coordinate planes w =0, x =0, y =0, or z=0.

We also provide an explicit model for the Hudson quartic in terms of Theta functions. In terms of Theta
functions, the relation between Equation (57) and Equation (59) was first determined by Borchardt [7]. We

have the following;:

Proposition 7. For the surface in P? given by Equation (57), the coordinates are given by

(76) [w:z:y:z] =[01(22) : ©3(22) : O3(22) : O4(22)],
and the moduli parameters are
,_ot-ei-eirei . eofrei-ei-ei  ei-oi+ei-of
6702 — @202 ' 0702 0207 0702 — 0207

©,605,0304 He,e’e{il}(e% + 6@% + 6’@% + 66’@2)

77 = .
(77) (0762 — 0267)(0702 — 0367)(6767 — 0362

Proof. Comparing Equations (74) and (63), we find a solution in terms of Theta function given by

(78) [wo : o :yo: 20] =[O1:02:03:0,].
Equations (64) are equivalent to
0?2(2) = ©1 01(22) + 02 05(22) + O3 03(22) + 04 04(22),
79) 02(2) = 01 01(22) + 02 02(22) — O3 O3(22) — O, 04(22),
02(2) = ©10,(22) — 2(22) — O3 03(22) + ©4 04(22),

0,0
02(2) = ©101(22) — 02 05(22) + O3 03(22) — ©40,4(22).

Comparing Equations (64) with Equations (79), the coordinates can be expressed in terms of Theta functions

with non-vanishing elliptic arguments as

[w:z:y:z] =[01(22) : O2(22) : O3(22) : O4(22)].

O

The map 7: P(w, z,y,2) — P(P,Q, R, S) with P =w?,...,S = 2? is 8 : 1 outside the coordinate planes.

The map 7 induces a covering of a reducible octic surface in P3 given by
(80) (@' — 2Dwazyz) (9’ + 2Dwzyz) =0,
with
O = wh ot oyt 2t - Aw? 4 y22?) — Bw?2? + 2%y?) — C(wa? + y222),
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onto the Gépel quartic in Equation (59) with « = A, 8 = B, C = v, and D = §. We can assume that
the Hudson quartic and Gopel quartic are the singular Kummer varieties associated with two principally
polarized Abelian varieties, say A and A, respectively. We have the following;:

Proposition 8. The map 7: P(w,z,y,2) — P(P,Q,R,S) with P = w?,...,S = 22 restricted to the
Hudson quartic onto the Gopel quartic with a = A, 8 = B, C =+, and D = 0, is induced by a (2,2)-isogeny
v: A— A

Proof. The rational map m is 4:1 from the Hudson quartic onto the Gopel quartic. In fact, the map
m: Plw,z,y,2z) — P(P,Q, R,S) maps the sixteen nodes on the Gopel-Hudson quartic in Lemma 8 to
four nodes on the Gopel quartic in Lemma 9. O

Similarly, we have for the Rosenhain quartic (66):
Proposition 9. For the surface in P? given by Equation (66), the coordinates are given by
(81) (Yo : Y1 : Y : V3] = [01(2)% 1 02(2) : 07(2)% : 012(2)°]
and the moduli parameters are
a= (20104 —20:203) (20,04 +20503) (20103 +2020,),
b= (@f +02-03- @i) (@% — 03403 - @i) (201,05 —2030,),
c= (01 -03-03+03) (0] +03+03+067) (2010, +26304),
d* = 256 ©,0,0,0; (0107 — ©303) (0] — 03 — 63 + 0})
+8 (02 + 02) (0% + ©3) (02 + 03 + 0% + 62)” (02 — 0% — 6} + 62)°
+8(03—03) (03 -02) (02 +02—02—02)% (02 — 02 + 02 —02)
—32 (0703 + 0307) (01 + 63 + 03 + 03) (0] — 03 + 03 — 0])
x (0] —03-03+03) (0] +035 - 03 -03).
The Rosenhain roots of the genus 2 curve X in Equation (35) generate the rational function field

Q(A1, A2, A3) of the moduli space Ay(2) of principally polarized Abelian surfaces A = Jac(X) with level-
two structure. The moduli A, B, C, D of the Hudson quartic (57) are then given by the rational functions

A1+1 A2+ A1 A3 — 2903 — 201 + Ao + A3 As + Ao
A=2—— B=2 , C=2 ,
A —1 (A2 = A3)(A1 — 1) A3 — Ao
A1 — A2
(82) D=4 L r27s

M2 —23)(A1—1) "
Similarly, the Rosenhain roots of the genus 2 curve X in Equation (36) generate the rational function field

Q(A1, Ag, As) of the moduli space AQ(Q) of (2, 2)-isogenous principally polarized Abelian surfaces with level-2
structure. In turn, the moduli «, 3,~,d of the Gépel quartic (59) are given by the rational functions

a_2A1+1 B_2A1A2+A1A3*2A2A3*2A1+A2+A3 _2A3+A2
A1 (Ao — As) (A — 1) T A Ay
(53 P (VY ¥%)

(A1 = 1)(As — Az)’
Recalling the statement of Proposition 1, we conclude the following:

Theorem 7. For the Jacobian Jac(X) of a smooth genus-two curve X in Rosenhain normal form given by
Equation (35) we have the following:
(1) The Hudson quartic (57) is the image of [©1(22) : ©2(22) : ©3(22) : ©4(22)] in P? with moduli (82)
defined over Ao (2).
(2) The Gopel quartic (59) is the image of [02(2) : 03(2) : 63(2) : 03(2)] in P3 with moduli (83) defined
over Ay(2).
(3) The Rosenhain quartic (66) is the image of [03(2) : 03(2) : 62(2) : 035(2)] in P? with moduli defined
over As(2,4).
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Tetrahedra in P? whose faces are tropes are called Rosenhain tetrahedra if all vertices are nodes; they are
called Gépel tetrahedra if none of the vertices are nodes. It turns out that Rosenhain tetrahedra have an odd
number of odd tropes, namely one or three, whereas Gopel tetrahedra have an even number of odd tropes,
namely zero or two. In [13] it was shown that Thomae’s formula provides an explicit relation between tropes
and the Theta functions used in Theorem 7. In particular, in [13] it was shown that even tropes can be
chosen so that the following holds:

Remark 5.
(1) The tropes of the Gopel tetrahedron {Tase, T136, T356, T126} can be chosen to coincide with the Theta
functions [03(2) : 03(2) : 03(2) : 03(2)].
(2) The tropes of the Rosenhain tetrahedron {Tase, T136, T246, T2}, can be chosen to coincide with the
Theta functions [03(z) : 03(2) : 02(2) : 625(2)].

4.5. Shioda-Inose Surfaces. Given an Abelian surface A = Jac(X'), one can construct an associate Shioda-
Inose surface Y := SI(Jac(X)), which is a K3 surface that shares a similar Hodge structure with A, on its
transcendental lattice.

The surface, ), is obtained (see [12]) as a geometric two-isogeny of Kum(Jac(X)). Namely, one has a
diagram as below, involving rational double-cover maps:

(84) Jac(X) - Kum(Jac(X)) ~ " Y = SI(Jac(x))

The Shioda-Inose terminology for ) is motivated by the existence of a Shioda-Inose structure on this surface.
In turn, such a structure induces an isomorphism of integral Hodge structures between the transcendental
lattices of Jac(X) and Y (see [62]). More specifically, J admits an involution fixing the holomorphic (2,0)-
form, with quotient Kum(Jac(X)), and the rational degree-two map p: Y — Kum(Jac(X)) determined a
Hodge isometry between T'())(2) and T(Kum(Jac(X))); see [44].

Lemma 11. In the situation above the Shioda-Inose structure induces an isomorphism between the tran-
scendental lattices T'(Jac(X)) and T(Y), up to scaling.

Proof. The transcendental lattice T'(Jac(X')) is the orthogonal complement of the Néron-Severi group in the
cohomology lattice H?(Jac(X),Z). The map 7: Jac(X) — Kum(Jac(X)) contracts the 2-torsion cycles,
and the map p: ¥ — Kum(Jac(X')) doubles the lattice, with the involution on ) preserving the (2,0)-form.
The Hodge structure on T'(Y) aligns with T'(Jac(X)), and the scaling by 2 in T())(2) matches the degree of
the cover, ensuring an isometry of integral lattices. O

The Shioda-Inose surfaces can be constructed explicitly as minimal resolutions of some special projective
quartic surfaces. Namely, consider the following family of quartics in P3:

. 1
(85) y? 2w — 4232 4 3axzw? + Brw® + yrziw — 5(522102 +w?) = 0.

Then, under thre condition (v,d) # (0,0), the minimal resolution of the above quartic is a K3 surface
SI(Jac(X)) of Shioda-Inose type. Moreover, the connection with the associated genus-two curve can be
determined via the fact that the coefficients («, 8,7, ) can be computed in terms of genus-two Siegel modular
forms. Namely, one has (see [12]):

(86) [a:B:v:0] = [w4 s g 2Y23%yq0 21236)(12]
The right-hand term above involves the Igusa modular forms of Section 3.1 and the identity should be seen

as an equality of points in the weighted-projective space IP(3 3 56). From here, one can compute directly the
Tgusa invariants of the associated genus-two curve as:

(87) [Jo:dy: s Jio)] = [2°36: 223%an? 1 2°3%(4ad + By)y* : 229°].

It is also important to note the connection between the quartic form (85) and the Hudson quartic
(57) which describes Kum(Jac(X)). The Kummer surface carries a special Jacobian elliptic fibration
7: Kum(Jac(X)) — P! which, in the generic case, has a Moderl-Weil isomorphic to Z/2Z and a config-
uration of singular fibers consisting of a fiber of Kodaira type IZ, five fibers of type I> and one fiber of type
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I;. The generator of the Moredl-Weil group is associated with a section of order two. Deriving from the
Hudson quartic description, the fibration 7 can also be described explicitly via an equation of type:

(88) Y2 =X (X?+P(t)X + Q1))

where P(t) and Q(t) are polynomials of degrees 4 and 6 with coefficients involving the Hudson quartic
parameters A.B,C, D (see [12] for the explicit formulas). The section of order two may be seen in this
model as X = 0. Translations by this order-two section, within the smooth fibers, extend to a global
Nikulin involution on Kum(Jac(X)). After taking the quotient by this involution and resolving the eight
occurring singularities, one obtains a new K3 surface - the Shioda-Inose surface SI(Jac(X)). The quotient
map r: Kum(Jac(X)) --» SI(Jac(X)) may be seen in the context of (88) as:

_ (L) QW)Y
(89) (XvY)H("E7y)7 (Xa - X2 )
with the two-isogenous elliptic fibration on SI(Jac(X)) being given by:
(90) vt =X (22 + P + Q)

with P(t) = —2P(t) and Q(t) = P(t)*> — 4Q(t). This dual elliptic fibration (90), whose underlying surface is
the Shioda-Inose surface SI(Jac(X)), also has Mordel-Weil group isomorphic to Z/2Z and carries a singular
fiber of Kodaira type I7,. As it turns out, (90) matches the elliptic fibration obtained by projection to [z : w]
in the context of the Shioda-Inose quartic (85). This allows one to obtain explicit formulas relating the
parameters («, 3,7,0) to the Hudson coefficients A.B,C, D. We refer to [12] for the actual formulas.

5. (n,m)-SPLIT JACOBIANS

We have seen above that sets of Abelian surfaces with the same endomorphism ring form sub-varieties
within As. In fact, we showed that the endomorphism ring of principally polarized Abelian surface tensored
with Q is either a quartic CM field, an indefinite quaternion algebra, a real quadratic field or in the generic
case Q. Irreducible components of the corresponding subsets in As have dimensions 0, 1,2 and are known as
CM points, Shimura curves, and Humbert surfaces, respectively. The latter can be related to a fascinating
aspect of genus 2 Jacobians, namely their potential decomposability.

Let v: X — F; be a maximal degree n covering to an elliptic curve Ey, meaning deg = n and i does
not factor through an isogeny of F;. Then, there exists another elliptic curve Ey := Jac(X)/E;, defined
as the quotient by the connected component of ker(¢,), such that Jac(X) is isogenous to E; x E5 via an
isogeny of degree n?. We then call Jac(X) (n,n)-decomposable or (n,n)-Split, a property studied in [26].
The locus of such curves in My forms a 2-dimensional irreducible subvariety, with explicit computations for
n =2,3,5 given in [57], [59], and [42], respectively.

Consider an irreducible, smooth, projective curve of genus two X and a maximal covering ¥;: X —
E; of degree n. The induced map ¢j: E; — Jac(X) is injective, embedding E; as a subvariety, and
1,1 Jac(X) — E has kernel ker(¢; ,), an elliptic curve E; since dim Jac(X) = 2 and dim Ey = 1 (see
[58]). Fixing a Weierstrass point P € X, the embedding

ip: X — Jac(X)
x> |(z) = (P)]

maps X into Jac(X). Let g: E; — Jac(X') be the natural inclusion, with dual ¢*: Jac(X) — Es. Define
o = g*oip: X = Fs, a morphism to E5. This yields exact sequences:

(91)

(92) 0 — By % Jac(X) 2% By 0,
and its dual
(93) 0— E1 5 Jac(X) L5 By — 0.

If deg(v1) = 2 or odd, ¥9: X — Es is unique up to elliptic curve isomorphism, as shown in [59]. The
Hurwitz space H, of such covers embeds as a 2-dimensional subvariety £,, C My, with equations in terms
of Jo, Ju, Jg, J1o given in [57] (for n = 2), [59] (for n = 3), and [42] (for n = 5). We say X has an (n,n)-
decomposable Jacobian if Jac(X) admits such a structure, with E; and Es as its components.
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5.1. Humbert surfaces. The Humbert surface Ha with invariant A is the space of principally polarized
Abelian surfaces admitting a symmetric endomorphism with discriminant A. It turns out that A always is
a positive integer satisfying A = 0,1 mod 4 and uniquely determined Ha. In fact, Ha is the image inside
Ao under the projection of the rational divisor associated with the equation

(94) atiy +bTio + T +d(Th — i1 T22) +e=0,

Ti1 T12

with integers a, b, c, d, e satisfying A = b> —4ac—4de and 7 = (7'} 712) € Hy. The following was proven by
Birkenhake and Lange in [5]:

Theorem 8. For n € N the Humbert surface H,> is the locus of principally polarized Abelian surfaces
(A, L) € Ay admitting an isogeny of degree n?, given by

(95) U: (B x By, Op,(n)®O0g,(n)) — (4,.2),
where O, (n) is a line bundle of degree n on an elliptic curve & forl=1,2.

For example, inside of A, sit the Humbert surfaces H; and H,4 that are defined as the images under the
projection of the rational divisor associated to 712 = 0 and 717 — 92 = 0, respectively. In fact, the singular
locus of A has Hy and Hy as its two connected components. As analytic spaces, H; and Hy are each
isomorphic to the Hilbert modular surface

(96) ((SLx(Z) x SLa(Z)) x Z2)\ (H x H)..
In terms of Siegel modular forms in Section 3.1 we have the following characterization, see [28]:

Proposition 10. The vanishing divisor of the cusp form x19 in As is the Humbert surface Hy, i.e., a period
point T is equivalent to a point with 12 = 0 relative to Ty if and only if x10(7) = 0. The vanishing divisor
of Q in Ay is the Humbert surface Hy, i.e., a period point T is equivalent to a point with 11 = Too relative
to I'y if and only if @ = 0.

It is known that one has x10(7) = 0 if and only if the principally polarized Abelian surface A is a product
of two elliptic curves A = E,, x E.,, with the transcendental lattice T4 = H @ H; see [43]. Here, H denotes
the lattice Z2 with quadratic form q(#) = 2v1v2. Moreover, for Q(7) = 0 the transcendental lattice of the
corresponding Abelian surface A is given by T4 = H @ (2) @ (—2). Here, (m) denotes the rank-one lattice
Zv with ¢(v) = m. Similarly, for 7 € H,,2, the transcendental lattice of A is given by T4 = H @ (n) ® (—n).

Considering A = Jac(X) as above, the isogeny in the above theorem is precisely U= ¥} x1p5. The Humbert
hypersurface Ha then parameterizes curves X whose Jacobians admit an optimal action by the order Oa,
a condition tied to embeddings of quadratic fields (see [29]). In particular, H,2 correspond to curves with
(n,n)-Split Jacobians, reflecting isogenies to products of elliptic curves. A point in H,,2 N H,2 (m # n)
indicates either a simple Abelian surface with quaternionic multiplication by an indefinite quaternion algebra
over Q, or a self-product E? where E is an elliptic curve, a phenomenon prominent on Shimura curves.

Proposition 11. Jac(X) is a geometrically simple Abelian variety if and only if it is not (n,n)-decomposable
for some n > 1. Equivalently, if Jac(X) is split over k, then there exists an integer n > 2 such that Jac(X)
is (n,n)-Split.

Proof. Suppose Jac(X) is geometrically simple, i.e., simple over k. By the Poincaré-Weil theorem, Jac(X)
is isogenous to AJ* x --- x A" and simplicity over k implies 7 = 1, n; = 1, with A; = Jac(X). If Jac(X)
were (n,n)-decomposable, there would exist a maximal degree n covering 1: X — Fj, inducing an isogeny
Jac(X) — E1 x Ey of degree n?, where E1, Ey are elliptic curves. Over k, this isogeny splits Jac(X) into
a product of 1-dimensional varieties, contradicting simplicity unless n = 1, which is trivial (as degy = 1
implies X = Fy, contradicting g = 2). Thus, Jac(X) is not (n,n)-decomposable for any n > 1.

Conversely, if Jac(X) is not (n,n)-decomposable for any n > 1, suppose it is not geometrically simple.
Then over k, Jac(X) = Ey x E,, with dim E; = 1. By the theory of maximal coverings ([26]), there exists a
degree n > 1 map ¢ : X — E; (e.g., projection via a correspondence), making Jac(X') isogenous to Fy X Es,
hence (n,n)-Split, a contradiction. Thus, Jac(X) must be simple over k.

For the equivalent statement, if Jac(X') is split over k (isogenous to F4 x Es over k), there exists a maximal
covering ¢¥: X — E; of degree n > 2, as genus 2 curves admit non-trivial maps to elliptic curves, inducing
the (n,n)-Split structure (see [58], §3). O
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This characterization connects the geometric simplicity of Jac(X') to its indecomposability, a key property
for later isogeny studies. In terms of the Kummer plane introduced in Section 4.2 we have the following:

Remark 6. In [5] the geometry of the Kummer plane was determined over several Humbert surfaces Ha.
In particular, the following statement were proven [5, Cor. 7.2] and [5, Cor. 7.3]:

A= 4: if (A, %) € Hy if and only if (numbering the six lines on its Kummer plane (P?; Ty, ..., T¢) suitably)
the three points Ty N Ty, TsN Ty, Ts N Tg are collinear.

A =16: if (A,£) € Hyg then its Kummer plane (P%;Tq,...,Tg) admits a cubic passing smoothly through
three of the 15 points T,,NT,, and touching the singular lines T,, in the remaining intersection points
with even multiplicity. Conversely, if (P?;Ty,...,Tg) admits such a curve, then (A, £) € Ha with
A € {4,8,12,16,20}.

For the transcendental lattice it follows Tgum(a) = Ta(2) [47, Thm. 10]. In particular we have
(97) Trum(a) = H(2) ® (4) & (—4) for (A,.L) € Hy.

Generally, for A € H,2 it follows from [A7] that Kum(A) has Picard rank 18, and the transcendental lattice
s given by

(98) Trum(a) = Ta(2) = H(2) © (2n) & (—=2n).

5.2. The case of (2,2)-Split Jacobians. The case of a smooth genus 2 curve X with a (2, 2)-Split Jacobian
was described by Bolza [6] explicitly. In particular, he proved that the Jacobian Jac(X') for a smooth genus-
two curve X is (2,2)-Split if and only if Q(7) = 0; see Proposition 10. Next we will provide several explicit
models for the algebraic curves involved in this case.

5.2.1. Bolza’s representation. Bolza also proved that one can always represent this extra involution as [X :
Y :Z]— [-X :Y : Z] if the genus 2 curve is given in the from

(99) X: Y2P=XC 45X 7% 4 5,X%2% + Z5.

One uses Equations (15) and Equation (14) to check that @ = 2'23% 2. /x10 always vanishes for such a
genus-two curve.

Given the elliptic involution, its composition with the hyperelliptic involution defines a second elliptic
involution. The two involutions define two elliptic subfields of degree two for the function field of X. We
introduce the elliptic curves E; in P? = P(z;,y;, ;) for [ = 1,2, given by

(100) Ei: 9Pz =2 + soxtz) + 511128 + 20, Ea: yazg = T + 510520 + sox025 + 25,
where F; and E; have the j-invariants j; = j(E1) and jo = j(F») with

28 (351 — S%)g . 28 (352 B 8%)3

101 = , = )
(101) N 4(s3 + s3) — (s182)% — 185189 + 27 12 4(s3 + s3) — (s182)% — 18s189 + 27

respectively. Here, we use the standard normalization of the j-invariant where the square torus with the
complex structure i satisfies j = 1728 = 123. The degree-two quotient maps 1;: X — E; associated with
the involutions are given by

(102) Y1 X — B, [X:Y:Z] & [miiyiia] = [X22:Y 0 XP],
and
(103) Yo: X — By, [X:Y:Z] & [wmaiy:ia] =[X?Z:Y: 27,

respectively, for X Z # 0.
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5.2.2. Pringsheim’s representation. One can also start with a smooth genus-two curve X’ in Rosenhain form
given by Equation (17). We use the aforementioned relations between the Igusa invariants and the Siegel
modular forms to expand the generators of the ring of modular forms in terms of the Rosenhain roots. We
obtain
9222 (1
—Xi“’(i()) = (h = A020)* 0 = Ma)2 (g — Aiha)?
10

X (A1 —Ada— A3+ )\2)\3>2( — A+ A= A3+ )\1)\3>2( — A=A+ A3+ )\1)\2)2

(A2 + Mg — Aadg — A2 (MiAg + Aads — Midz — A2) 2 (Mids + Aods — AMda — Ag)?

{ (A A2 — AMids — A+ A3)° (A1 s — Aads — A+ A3)° (A1 da — Aads — Ay + Ag)°

(104)

X

()\1)\2 — AMA3+ A — /\2)2()\1)\3 — X3 + Ao — /\3)2(/\1)\2 — X3 — Ao + )\3)2 .

The vanishing divisor of Equation (104) defines fifteen components in Hy/I'3(2) of discriminant A = 4.
Notice that each line in Equation (104) is arranged to be invariant under permutations of the three roots
A1, Az, A3. Pringsheim proved the following statement? in [53]:

Proposition 12 (Pringsheim). There are exactly 15 components in Hy/T9(2) covering Hy. Each of the
component is equivalent to 711 = Tes relative to the modular group T's. Moreover, there is a transposition of
the siz roots (A1, A2, A3,0,1,00) in [y /T'9(2) = Sg that permutes each pair of components.

We will use component A\; = A A3 in Proposition 12 to construct a smooth genus-two curve in Rosenhain
normal form admitting an elliptic involution. That is, we consider the smooth genus-two curve X', given by

(105) X: Y?2=XZ(X-2)(X =XA32) (X —\2) (X —\32),
with a discriminant given by
(106) AT (A2 — DAz — D A2ds — D*(Aa — A3)?.

Let us denote by A; € P1\{0,1, 00} the modular parameter for the elliptic curves E; in P? = P(z,y,, z;) for
I = 1,2 defined by the Legendre normal form

(107) El : y?zl =X (l‘l — Zl) (-Tl — Alzl) 5
with the hyperelliptic involution given by ¢ : [2; : y; : 2] — [2; : —y; : z1]. One easily checks the following:

Lemma 12. The function field of the smooth genus-two curve X contains the subfields given by the function
fields of the elliptic curves & forl=1,2 if

(A2 4+ A3)% — 43
(1= 22)%(1—A3)%

2()\2 =+ /\3)
(1=22)(1=A3)

(108) AAs = A+ Ay = —

We then have the following:
Proposition 13. Assume that Ay, A3 € P'\{0,1,00} satisfy Ao # A", and the moduli of the curves X and
E; in Equations (105) and (107) satisfy Equations (108). Quotient maps ¢;: X — E; forl =1,2 are given
by

(109) Y X — Ep, [X:Y:Z]H[xl:yl:zl] forl=1,2,

with

(110) [wiiy ] = [F(X=M2) (X -M2)XZ: (X —(-D'¢2)Y : r*X?77],

for XZ # 0, and [x; : y; : 2] = [1 : 0 : 0] otherwise. Here, q,7 are square roots of ¢> = laA3 and
r?2 = (1 — Xo)(1 — N\3), respectively. The elliptic involutions 3; on X, given by

(111) e (XY Z] e MadsZ: (1) AaNgqY X,

satisfy Yo 3 =Yy forl =1,2.

3We corrected two minor typos in the statement of the main theorem.
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Proof. The genus-two curve X in Equation (105) is assumed to be smooth. Thus, one must have Ay, A3 €
P'\{0,1,00} and Ay # )\;)—Ll. The remainder of the proof follows by explicit computation. We note that a
choice of square root for r is changed by composing v; with the elliptic involution on E;. The choice of
square root for ¢ is changed by interchanging 11 <> 1. |

Remark 7. Using a covering space of cA\y = Aa2A3 in Proposition 12, given by the set of tuples (ki, ka) with
A= k? for 1 = 2,3 and A\ = (kok3)?, we obtain for the modular parameters of the elliptic-curve quotients
E; in Lemma 12 the following algebraic solutions of Equation (108):

(ko — k3)* (kg + k3)?
(1= k3) (1 —k3) " (1= k3)(1—k3)
A change of square roots (ko,ks) — (Lka,tks) leaves Equations (112) invariant, whereas the change

(ko, k3) — (Lke, Fks) interchanges A1 and As. This means that the elliptic curves E; with level-two structure
can be constructed over Q(ka, k3) as a finite field extension of Q(A1, As).

(112) A =— Ay— —

5.2.3. Legendre’s gluing construction. The Weierstrass points P; of the curve X’ in Equation (105), given by
113 Pp:[AgA3:0:1], Py:[A2:0:1], Ps:[A3:0:1],
(113) Py:[0:0:1], Ps:[1:0:1], PFs:[1:0:0],

are the fixed points of the hyperelliptic involution. The two elliptic involutions 7 in Equation (111) for
[ =1,2 (each) pairwise interchange the Weierstrass points, i.e.,

(114) n: Poe Py, P+ P, Py< Ps.

The points @+, given by

1) Que: [g: iz’qf(i@kg + 1) (ko + ks) £ 1],
Qox: [ q:F q2(koks —1)(k2 —k3) : 1],

are the ramification points of ¢; in Equation (109) for [ = 1 and ! = 2, respectively. The involution j; fixes
the points @1+ and @1, and interchanges the points Q2 + <> @Q2,—. An analogous statements holds for
the involution j». The hyperelliptic involution of the curve X interchanges the elements of the two pairs
simultaneously, i.e., Q4 <+ Q;— for [ =1,2.

The pairs {Ps, Ps}, {P1,P5}, {Q2.+,Q2,_}, and {Ps, Ps} are mapped by 1 to the two-torsion points
po:fri iy 2] =[0:0:1],p1 :[1:0:1], pa, : [A1: 0: 1], and the identity ps : [1 : 0 : 0] in Ej.
Similarly, the pairs {Ps, Ps}, {P1,Ps}, {Q1,4,Q1,—}, and {Ps, Ps} are mapped by ¢, to the two-torsion
points pg : [T2 :y2 1 22) =[0:0: 1], p1 : [1:0: 1], pa, : [A2 : 0: 1], and the identity poo : [1:0: 0] in Es.

We associate with the branch locus of i1 and v, the effective divisor of degree two By = [¥1(Q1,4) +
P1(Q1,-)] on By and By = [12(Q2. +) + ¥2(Q2,— )] on Ey, respectively. One checks that for ¢, (Q1,4) one has
[21 : 21] = [Ag : 1], and for ¥9(Q2.+) one has [z2 : 29] = [A; : 1]. Because of Pic’(E;) = E; the line bundle
Og, (B)) associated with the branch locus B; is equivalent to the line bundle O, (2p,) if and only if

(116) wl(Ql,-‘r) S5 wl(@l,—) = 2p(x = Pa D Pa s

where @ refers to the addition with respect to the elliptic curve group law on F;. Using the properties for
iy in Equation (109) one finds that

(117) Vi(Qr4) ®i(Qr,-) =0,

and p, € Ej[2] is a two-torsion point. Thus, there are four line bundle £; — E; such that L?Q ~ Og,(By),
namely £; = Og, (pa). It follows h°(&;, L;) = 1 by the Riemann-Roch theorem. Conversely, the preimage of
the vanishing locus of a section of £; — & determines a unique double cover 1;: X — E;. The composition
on X of the elliptic involution with the hyperelliptic involution defines a second elliptic involution, and a
second elliptic-curve quotient is obtained. Thus, the data (E;, £;, B;) for either [ = 1 or [ = 2 determines the
curve X uniquely. As we have seen, this data is equivalent to an (unordered) pair {A1, A2} of modular pa-
rameters Ay, Ay € P1\{0, 1,00} with A; # Ay. Legendre constructed an explicit model for X over Q(A1, As);
this is often referred to as Legendre’s gluing method. Following Serre’s explanation [55, Sec. 27] of Legendre’s
gluing method we obtain:
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Proposition 14. Assume that Ay, Ay € P'\{0,1,00} satisfy Ay # Ao, and the moduli of X and E; in
Equations (105) and (107) satisfy Equations (108). The smooth genus-two curve, given by

S A 1—A
11 Y v (x2_72)(x2_2Lz2) [ x2_ e
(118) ( )( > il

is isomorphic to X over a finite field extension of Q(A2, A3). The curve is also isomorphic to each of the
curves obtained by replacing {A1, A2} in FEquation (118) by one of the following pairs:

1 1 A —1 Ay —1 1 1 A Aoy
11 Rl 1—A,1— At
wy Ao e (A b e (s e ) - s

Proof. Using Remark 7 and denoting the Igusa-Clebsch invariants of any pairs genus-two curves in the
statement of the proposition by [Jo : Jy : Jg : Jig] and [J§ : J} : J§ = J{,], respectively, one checks that

(120) [Jo:Jy:Js: Juo) = s3T5« s*Ty = ST+ s1001) = [Jg 2 Ty TG T
with s € @()\2, A3,V /\2)\3). U

The six pairs, given by {A1, A2} and Equation (119), correspond to the orbit of the data (Fy, £;, B;) under
T'/T(2), i.e., the orbit under simultaneous action of the anharmonic group on an elliptic curve in Legendre
form. The anharmonic group is generated by the two transformations A — 1 — A, A/(A —1).

Since the Picard group Pic’(X) 2 Jac (X) consists of elements of the from [P + Q — 2P| for P,Q € X,
an isogeny ¥ of Abelian surfaces is defined by setting

(121) U: JacX — Ei x Ea, [P+ Q —2Ps] = (¥1(P) @ 41(Q), ¥1(P) ®¢2(Q)).

It follows from the construction of the line bundles £; — E; in Section 5.2.3 that the line bundle . — A =
Jac (X) associated with the principal polarization of A satisfies £ = U*(£1 X Ls). U is the dual isogeny to
U in Theorem 8. The elliptic involutions 7; on X extend to involutions on the Jacobian A = Jac (X) that
coincide on A[2]. We denote this induced involution on A[2] by 7: A[2] — A[2].

Given the marking (P, ..., Ps) = (A = AaAs, A2, A3, 0, 1, 00) of the Weierstrass points for the curve X as
before, we have the following:

Proposition 15. In the situation above, the kernel of U: A = Jac (X) — Ey x Es is given by the Gipel
group

(122) ker W = {Py, P15, Pa3, Pas} = (Z/22)° C A[2].
In particular, U is a (2,2)-isogeny and A= A/ker¥ = Ey x Ey with T ; = H @ H.

Proof. The induced actions of the two elliptic involutions 7 on Jac (X) fix the divisors Pi5, Pag, Pyg, and
Qi+ + Qi— — 2Py]. It follows from the explicit formulas for ¢; in Proposition that (P,Q) € ker ¥ if and
only if P,Q € A[2] and 5(P)=Q for I =1,2. a

5.3. Loci of (n,n)-Split Jacobians. The locus £, C My of genus 2 curves over Q whose Jacobians are
(n,n)-Split, i.e., isogenous to a product E; x Ey via an (n,n)-isogeny with kernel an isotropic subgroup of
order n?, is an irreducible two-dimensional subvariety. We have computed £,, for n = 2,3, 5,7, 11, providing
explicit equations in terms of Igusa invariants Ja, Jy, Jg, J1g (see [57], [59], [42] for n = 2,3,5). For n = 2, Ly
was determined explicitly in Section 5.2; for odd n, £, is a Hurwitz space of degree-n coverings, irreducible
due to automorphism group transitivity, with dimension 2 from Ms’s 3 minus the isotropy codimension.

In cryptography, identifying £,, is critical. Over finite fields (e.g., IF2), a split Jac(X') € £, reduces the
superspecial isogeny problem’s complexity from O(p) to elliptic curve subproblems (O(\/ﬁ)), as exploited by
Costello et al. [15]. Their algorithm detects (n, n)-splittings using Kumar’s parameterizations [37]—matching
our L£,—speeding up attacks by factors of 16-159 for p from 50 to 1000 bits. This weakens protocols like
the Castryck-Decru-Smith hash [11], where split Jacobians enable faster collision finding, suggesting key
selection avoid £,, to bolster security.
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6. COMPUTING HIGHER (n,n)-ISOGENIES

The Richelot isogenies treated in Section 3.4 represent the simplest instance of a broader class of isogenies
between Abelian surfaces, specifically (2,2)-isogenies with kernels of order 4. Here, we generalize to (n,n)-
isogenies with n € N9, where the kernel has order n?, focusing on computational methods for Jacobians of
genus 2 curves, leveraging their Kummer surfaces.

To start, we consider an isogeny

(123) O: Jac(X) — Jac()),

with kernel G < Jac(X)[n] of order n?, where X and ) are smooth genus 2 curves over a field k with
char k # 2, and Jac(X) and Jac(Y) are their Jacobian varieties, each a principally polarized Abelian surface.
Over C, represent Jac(X) = C?/A with A = Z? @ 7Z2%, where 7 € Hy is the period matrix. The n-torsion
subgroup Jac(X)[n] = {P € Jac(X) | [n]P = 0} has order n?9 = n* for g = 2, and an isotropic subgroup
G C Jac(X)[n] under the Weil pairing has order n?. Let ©x and ©y denote the Theta divisors on Jac(X)
and Jac()), respectively, where ©y is the image of X under an embedding such as ¢p,: X — Jac(X),
P — [P — Py, for a base point Py € X(k). An (n,n)-isogeny requires determining both the codomain Jac())
and the map .

One easily checks that the isogeny ® satisfies ®(O©y) € |nOy|, the linear system of divisors linearly
equivalent to n times ©y. On the other hand, the singular Kummer surface Ky,c(y) = Jac(Y)/(~I) embeds
in P3 via level-two Theta functions, and on it ®(© ) descends to a curve of degree 2n, genus 0, and arithmetic
genus %(n2 — 1), computable without explicitly determining ®, as shown in [22]. It is precisely this curve
that can provide a deeper inside into the (n,n)-isogeny itself.

6.1. The n-tuple embedding of Dolgachev-Lehavi. For X, given as the binary sextic
6

(124) y* = f(x,2) = agz® + - + 122 + ag2’,
with Ay = Jyig # 0, the divisor at infinity is

(125) Do i=[1:\/f(1,0): 0] + [1: —/F(1,0) : 0],

assuming a normalization where infinity points are [1 : y : 0]. The Weierstrass points of X are denoted

P:x;:0:z] fori=1,...,6, with f(x;,2;) =0, forming the Weierstrass divisor
6
(126) Wy = [2::0:2].

i=1

A canonical divisor on X is
(127) Kx =Wy — 2Do,
as degWy = 6, deg Do, = 2, and 29 — 2 = 2. A divisor D € Jac(X) of the form D = [P + Q — D],
with P: [zp : yp : 1] and Q: [z¢ : yg : 1], corresponds to an ideal (a(z,z),y — b(x,2)), where a(z,2) =
(x —xpz)(z — xgz) is a monic polynomial of degree d < 2 —quadratic if P # @, linear if P = Q- and b(z, 2)
is a cubic polynomial interpolating yp, yq.

We embed X' via the n-tuple map

(128) Pon: IP’%LQJ) =P [riyz] e [P ra® TP 2,

with image Rs,, a rational normal curve of degree 2n. Any 2n + 1 distinct points on Rs, are linearly
independent, as the space of degree 2n homogeneous polynomials has dimension 2n + 1. For n > 3, the 6
points pa, (FP;) are independent (6 < 7 for n = 3), and

(129) W = (pan(Wy)) C P?"
is 5-dimensional. The secant line Lp g is

. {<p2n<P>,p2n<Q>> if P ¢ {Q2(Q)},
P,Q

(130) |
T,,, Py (Ra2n) otherwise,

where ¢ is the hyperelliptic involution on X. Dolgachev and Lehavi ([22]) proved:
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Theorem 9 (Dolgachev-Lehavi). Let X be a genus 2 curve, G C Jac(X)[n] an isotropic subgroup of order
n?, and pon: X — Ra, C P2 the n-tuple embedding. There exists a hyperplane H C P2" such that:

(i) H contains W = (pan,(Wx)),
(ii) the intersections H N L. for each non-zero e € G span a subspace N C H of codimension 3.

The projection P** — P3 from N maps pan(Wx) to a conic C C P2, and the double cover of C ramified at
these 6 points is a genus 2 curve Y with Jac(Y) = Jac(X)/G.

Proof. The linear system [n© x| on Jac(X) has dimension n? — 1 (projective dimension of divisors modulo
scalars), and for an isotropic subgroup G of order n?, Jac())) = Jac(X)/G is principally polarized with Theta
divisor ©y. Since deg®x = 2, ®(Oy) € |nOy| has degree 2n and projects to a genus-zero curve on the
singular Kummer surface Kj,c(yy = Jac(Y)/(—I) with arithmetic genus 1 (2n —1)(2n — 2) = n? — 1 by the
adjunction formula. Embed X via py,, where W has dimension 5 (6 points minus 1). The secant variety
over G (order n?) requires a hyperplane H (dimension 2n — 1) containing W. The n? — 1 secants L. intersect
H in points spanning a subspace N of dimension n? — 2, codimension 3 in H (since n? —2 = 2n — 1 — 3 for
n > 2). Projection from N to P® maps the 6 points to a conic C (5 points determine a conic in P?), and the
double cover ramified at 6 points has genus 1+ 1 (6 —2) = 2 by Riemann-Hurwitz, with Jac(Y) & Jac(X)/G
([22], Theorem 1). O

For n = 2, this aligns with Richelot isogenies (W C P*, N a point). Smith ([63]) developed an algorithm
using this theorem, effective for n = 3 (|G| = 9), refined in [16], [18], [19], and [20]. For n = 3, W C P¢,
H is 5-dimensional, N is 2-dimensional, and the projection yields a conic in P3. Improvements over [20]
include optimized secant computations and invariant recovery. For larger n, the algorithm scales, solving
linear systems for H and N.

6.2. The Lubicz-Robert Formula for (n,n)-Isogenies. The Lubicz-Robert formula provides an effi-
cient method to compute (n,n)-isogenies directly on the Kummer surface Kum(Jac X), leveraging Theta
coordinates to bypass high-dimensional embeddings like p3,. The Lubicz-Robert formula achieves this by
expressing Theta coordinates in terms of sums over G. This approach is particularly effective for odd n and
builds on the foundational work of Lubicz and Robert in [41], offering a higher-dimensional analog to Vélu’s
formulas for elliptic curves.

The Lubicz-Robert formula addresses two tasks: computing the Theta null points of Jac()’) and evaluating
® at points in Jac(X). For an isotropic G, one represents n = a? + a3 + a3 + a3 (by Lagrange’s four-square
theorem, with r < 4) and chooses generators g1, g2 € G such that G = (a191, a291, azgs, a4gs) in a suitable
basis. The Lubicz-Robert Formula then comprises:

(1) Theta null points of Jac()), given by

éi = Z H 0 [Z:] (g’T)aui7

geGu=1

where 6 [Z“] (g, 7) are level-two Theta functions at g € G, and «,,i adjusts indices to align with the

basis (e.g., a permutation or selection).
(2) Point evaluations for P € Jac(X), given by

e(P)i= [[0[5](P+gm)au

geGu=1

We have the following:

Theorem 10 (Lubicz-Robert). For an isotropic subgroup G C Jac(X)[n] of order n?, the Theta coordinates
0; and ®(P); computed via the above formulas define the codomain Jac(Y) = Jac(X)/G and the isogeny
®: Jac(X) — Jac(), respectively, with complexity O(n?) field operations for a general n = a? + - - - + a2.

Proof. Represent Jac(X) = C2/A, and Jac(Y) = C2/A, where A = 72 @ n7Z? + G. The Theta functions
on Jac()) are derived from Jac(X) by summing over G, adjusting the lattice periodicity. For the null
points, 6, aggregates contributions from G, with the product szl 0;,(g) reflecting the kernel’s structure
vian =Y a2. With |G| = n? and r < 4, the sum has n? terms, each a product of O(1) evaluations, totaling
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O(n?) operations. For ®(P), the sum ensures ®(P +¢') = ®(P) for ¢’ € G, as 0, (P+g+4g') =0;,(P+g),
defining the quotient map. Isotropy preserves the principal polarization, as the Weil pairing vanishes on G,
and the resulting 6; define Jac(Y)’s Theta structure ([41], Theorem 4.1). O

On Kjac(xy, 0; determine Kjac(y)’s quartic equation, and ®(P); maps Kummer points, preserving the
(16,6)-configuration on Jac(X). For X : y? = f(x), choose G C Jac(X)[n], e.g., for n = 3, G of order 9 from
combinations of 3-torsion points of the form (z;,0). Compute 6;(g) using the curve’s equation, then ; over
G. The map @ respects Kjac(x) — Kjac(y), maintaining geometric properties ([48], Chapter III).

Proposition 16. The Lubicz-Robert formula on Kjac(x) determines Y’s equation via Theta nulls éi, and
®’s action on Kjac(xy preserves the (16,6)-configuration of tropes and nodes.

Proof. The 6; define K Jac(y)'s quartic in P3, from which )’s Rosenhain form is derived via Igusa invariants
([41], §5). The (16,6)-configuration maps under ® to Jac())[2], preserving isotropy and structure, as the
formula respects the Weil pairing’s symmetry ([48], Chapter III). |

6.3. Isogenies for the (n,n)-Split case. The Lubicz-Robert method also intersects with the geometric
classification of genus 2 curves. Recall that the loci £,, were described in Section 5 as irreducible two-
dimensional subvarieties of Ms where Jac(X) is (n,n)-Split. They can be computationally probed using the
Lubicz-Robert formula: by computing 6; for a given X and an isotropic subgroup G, one can determine if
[X] € L,,, aligning with detection algorithms by Costello et al. [15]. This method contrasts with Dolgachev-
Lehavi’s approach, operating in P? with O(n?) complexity, enhancing efficiency for odd n. While £,, does
not drive computation —the isogeny ® is computed agnostically from G- it verifies splitting post-hoc, aligning
with detection by Costello et al. [15]. Their use of £,, to accelerate attacks (e.g., 25x for 100-bit p) underscores
its cryptographic role, not in computing ¢, but in assessing security by identifying weak split Jacobians.

Thus, our explicit computations for n = 2,3,5,7,11 provide test cases, that can be used to validate the
formula’s efficiency and offer a bridge between geometric loci and cryptographic applications. While £,, does
not directly aid in computing ®, it provides a geometric testbed. Given [X] € L,,, the Lubicz-Robert formula
must yield Jac()) & E; x Es, verifiable via invariants. But the computation proceeds independently of this
property, relying solely on G, benchmarking algorithms like Lubicz-Robert. This dual role enhances both
geometric classification and cryptanalysis.

6.3.1. The (2,2)-Split case via Kummer surfaces. As explained in Section 5.2.3, Legendre’s gluing method
provides a method of constructing a smooth genus-two curve X with [X] € L5 such that Jac(X) is (2,2)-
isogenous to the product of two non-isogenous elliptic curves E; X Es. In Theorem 11 we will construct the
quartic Kummer surface Kjuc (x) that is the surface analogue of Legendre’s gluing method.

On the other hand, the Kummer surface Kum(F; X E3) is the minimal resolution of quotient surface of the
product Abelian surface Eq X Es by the inversion automorphism where the elliptic curves F; for [ = 1,2 are
not mutually isogenous. Oguiso proved that these surfaces admit eleven distinct Jacobian elliptic fibrations
[50]. Kuwata and Shioda furthered Oguiso’s work in [39] and computed their Weierstrass models, reducible
fibers, and Mordell-Weil lattices.

For Kum(FE; x E3) a simple model is obtained as follows: let us define a double quadric surface closely
related to Fy x Fs for the elliptic curves given by Equation (107). In general, a double quadric surface is
obtained as the double cover branched along a locus of bi-degree (4,4) in P! x P!; see [2]. It is well known
that the minimal resolution of any double quadric is a K3 surface. In our situation, we identify P! = P(x;, 2;)
for [ = 1,2 and define the special double quadric surface Kg, x g,, given by

(131) ICE1><E2 : 9%72 = 3312’1(561 — 2’1)(.131 — Alzl) 1‘22’2(332 — Zg)(l‘g — AQZQ) .

There is a natural projection map m: & X & --» Kg,xg, given by y12 = 2122y1Yy2, invariant under the
action of 11 X 19. It follows that the minimal resolution of g, x g, is the Kummer surface Kum(&; x &;).

A (2,2)-isogeny U: Jac(X) — &1 x & was constructed in Equation (121). In fact, Legendre’s gluing
method in Section 5.2.3 determines the smooth genus-two curve X’ in Equation (118) explicitly, admitting an
elliptic involution with elliptic-curve quotients F; and F3. The quotient maps determine the (2, 2)-isogeny
U: Jac(X) — E; x Es in Equation (121). General results in [4, Sec. 1] and Theorem 8 show that there is

31



a dual (2, 2)-isogeny ¥ in Equation (95) with

(132) U: & x & — Jac(X).

Up to isomorphisms, the composition ¥ o U is given by multiplication by two on each factor of Ej x Fjs, i.e.,
[2] x [2]. Thus, the (2,2)-isogeny and its dual (2, 2)-isogeny fit in the following diagram:

(133) By x By —%5 Jac(X) —% By x By

and induce rational maps on the level of Kummer surfaces

Kum (B, x By) —% Kum(JacX) -5 Kum (E; x E»)

In Theorem 12 we will construct the corresponding rational maps relating the singular Kummer surfaces
Kjac (x) and Kg, x g,. This construction can be considered an application of the Lubicz-Robert formula
to the (2,2)-Split case. However, we provide an entirely geometric construction of the induced isogenies,
following the work in [9].

We start with the two elliptic curves Ej for [ = 1,2 in Legendre form in Equation (107); we notice that
they can be represented as a complete quadric intersection in P3. Let I; be the complete intersection of the
two quadric surfaces in P? = P(Xqg, Xo1, X10, X11), given by

X5 = Xj,+Xi,
(134) Ii: : : ,
Xgo = Xip+(1—-A)X7,
and I be the complete intersection in P? = P(Yqo, Yo1, Y10, Y11), given by
Y(%l = Y%O + Y%l )
(135) Ip: : : )
Yio = Yio+(1-A2)Yq,.

We have the following:
Lemma 13. Ej is birational equivalent to I; for 1 =1,2 over Q(A;).
Proof. A rational map E; < P3 [z1 : y;1 @ 21] = [Xo0, Xo1, X10, X11] is given by
(136) [Xoo : Xo1 : X0 : XH] = [x% — 201wz + A 2d i x? — A2l ot - 2wy + A 2P :i:2y1z1] .
It has a rational inverse Iy --+ E1, [Xoo, Xo1, X10, X11] > [21 : 91 : 21], given by
(137) [a:l Dy zl] = [AI(XI,O —Xo,0): A (A —D)Xq1: (1—A1)Xp1 + A1 X0 — X070] .
Thus, we obtain a birational equivalence between E; and I;. An analogous argument holds for Fs and
Is. O
There is a well defined map 7: I x Iy --» P3 with P3 = P(Zoo, Zo1, Z10, Z11) induced by
(138) (Zoo : Zo1 : Z1o : Z11] = [XooYoo: Xo1Yor: X10Y10: Xu1Y1].
In fact, we have the following:
Theorem 11. Let Aj, Ay € P1\{0,1,00} and Ay # As. The image 7(I; x I3) in P? = P(Zoo, Zo1, Z10, Z11)
is the quartic projective surface, given by
Zio+ (1 — A)(1 = A2)Z3, + A ASZTy + A Az (1 — Ay (1 — Ag)ZY

(139) (2 Ay - A)(ZRZ2) + MASZEZ2) — (201 s — Ay — M) (Z20Z2, + T2 Z2)

—(A1 4+ A2) (230230 + (1 — A (1 — A2)Z3,Z3,) = 0.
The quartic hypersurface is birational equivalent over Q(AaAs, Ao + A3) to the singular Kummer variety
K4 associated with the principally polarized Abelian surface A = Jac(X) with X in Equation (118) and

parameters satisfying (108). The minimal resolution is isomorphic to a Kummer surface of Picard rank 18.
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Proof. We multiply (pairwise) Equations (134) and (134) and use the variables in Equation (138). We
obtain Equation (139). For elliptic moduli K; and complementary elliptic moduli K, with A, = K? =
1—(K;)? € P\{0,1, 0} for | = 1,2, Equation (139) is isomorphic over Q(v/K1 K2, /K| K}) to the equation
in P = P(w,x,y, 2) given by

(K7)* + (53)

0 = w+at 4yttt (w222 + 22y?)

KK,
o KRR (o, oy | UG USEY oo
Kk, Wy tee Ky KoK K] wz” +y°27).
In fact, in Equation (139) we can rescale
z w
(141) Zoo =2, Zon=——2—, Zy= , Zu=

VEIK}’ K K, VEI Ky /K(K}’
and obtain Equation (140). We check that the latter is a Hudson quartic in Equation (57) with D = 0.

Accordingly, its minimal resolution is a Jacobian Kummer surface of Picard rank 18.
For parameters satisfying Equations (108), the map, given by

[200:201:210:211] — [WXYZ],
with W= Zo1—210—21,,

(142) = —(1=XA)(1—=X3)Z0,0+ (1 4+ A2A3)Z01 — (N2 + A3)Z1 0,
= XA(Zor—Zi1o+Z1,4),
Z= —J((1—X)(1— /\3)2070 +(1+ )\2)\3)Z0,1 — (Ao + /\3)2170) ,

is an isomorphism, defined over Q(AaA3, A2 + A3), between the quartic surface in Equation (139) and the
Baker quartic introduced in Equation (50) with Ay = AxAs. Substituting Equations (142) into Equation (50),
we obtain Equation (139) up to a non-vanishing scale factor. Inverting Equations (142) yields

Zoo=AAsX +Z,

Zo1 = XAz A2+ A3)W — XXX + (Ae + A3)Y + Z,

Zio=2A3(A2A3 + W — XXX 4+ (A ds + DY + Z,
Zi1=—XX3(1=X)(1=23)W+ (1 —-A2)(1—A3)Y.

Moreover, Equations (52) and (53) provide a birational equivalence between Equation (139) and the Cassels-

Flynn quartic. It is easy to see that for Ay = A2\3 in Equations (48) this equivalence is well defined over
Q(A2A3, A2 + A3) 0

On the other hand, the double quadric Kg, « g, in Equation (131) is related to the surface in Equation (139)
as follows:

(143)

Lemma 14. In the commutative diagram
EixE& = LixI
(144) wl b7
KE xE, LN Kiac(x)
the maps 1[&: KE,xE, —=* Kjac(x) are rational maps of degree two given by
7[& : (w1, 21,%2,22,Y1,2) (Zoo : Zoy = Zo = Zya],

with ZOO = (.’K% — 2A1{E121 + Alzf) (ZL’% — QAQLCQZQ + AQZS) s

(145) Zoi = (23— Aizd) (23 — Ag23),
Ziy = (ac% — 22121 + Alz%) (m% — 22929 + A2z§) ,
2y, = 4y,

such that ﬁi omoy = 1,2; or forl=1,2 and vy the hyperelliptic involution on Ej.
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Proof. Equation (145) follows immediately from Lemma 13 (with a choice £1 for the relative sign of y; and
y2) and the fact that m: Eq x By — Kg, x g, is given by y1,2 = z122y1y2. The fact that the map is a rational
map of degree two follows directly from the fact that Equation (131) is a double quadric surface. O

For the elliptic curve E; with A; € P*\{0,1, 00} for [ = 1,2, multiplication by two [2]: By — E; (with
respect to the elliptic-curve group law) is given by
z o 2027 — Niz) ya,
(146) y o (2F — 20wz + N2P) (@] — 2wz + N2 (af — Ng2?)
2 8yl

The map can be expressed as rational map originating from the complete intersection of quadrics I in
Equation (134) (resp. Iy in Equation (135)), i.e.,

(147) [Xo0, Xo1, X10, X11] + [21: 911 21] = [XF 1 X711 2 X0,0X0,1X1,0 : XF 4]

The induced map for their Cartesian products factors into rational maps between Kjy..(x) to Kg,xg,. We
have the following:

Proposition 17. Rational maps ¥+ : Kjae(x) -—* Kg, xE, of degree two are
(A (Zoo : Zo1 : Zno : Zaa] (21,21, 22, 22,41 ,2)
with T =Q, 21 = (M —A9)Z3
zy =M —-AN)ZE,, = =Q,
Y12 =x(A1 — A2)?Q%*Zo0Z01Z1,0Z1 1,

(148)

where we have set

(149) Q= Zg,o - (1= Al)Z?m - Alzio + A (1 - AQ)Z%,l ;

and they satisfy that the composition ¥4 o Vi Keyxg, ——* Kg,xE, 15 tnduced by the diagonal action of
multiplication by two on Ey x Ey in Equation (146).

Proof. The composition of elliptic-curve isogenies is given by

[Xoo : Xo1 : X0 : Xi1] . (212 21 0 y1] = [XG 1 X010 X5 Xo,0Xo0,1X1,0]
[Yoo:Yo1:Yqo: Y] (22 : 20 o] = [Y5 1 Y11 :Y?, : YooYo1Yio] /-

The relation, given by
(151) (Zoo : Zoy = Z1o - Z11] = [XooYoo: Xo1Yor: XioYio: X11Y1],

induces a correspondence between Kg, x g, and Ky x), given by

(150)

T1Ty = Z%J , 212y = Z%l , 1,2 = Zo,020,121,0%1,1,
(A1 — Ag)z120 = Q, (A2 — Ay)zaz = R, QR = —(A — My)°Z5 77,
with @ = (A1 — A2)X2,Y? and R = (Ay — A1)X3,Y%,. One then obtains
Q= Zg,o -(1- Al)Z(Q)J - Alzio + A (1- A2)Z%,1 )
R=1273,— (1-A)Z3, — NoZF o+ Mo (1 — A1)ZT

When solving for an equivalence class, given by

(152)

(153)

(154) (21,21, @2, 20,y12) ~ (ux1, pz1, vee, vao, p’v’yr ) with p,v € C*,

we obtain Equations (148). Using the relation QR = —(A; — A2)?Z§ ,Z3 | the solution can also be written
as

r1=NA2—A)Z3,, m1=R, 22=R, z=(N—NA\)Z],,
Y12 = (A1 — A2)?R*Z0,0Z01Z1,0Z1 1 -
Equation (146) provides an explicit formula for the (diagonal) action of multiplication by two on E; X Fs.

We apply the projection map 7: Ey x Ey — Kg, xE, given by y1 2 = 2122192 to obtain the induced action
34
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on the the double quadric in Equation (131). We check that this agrees with the composition of maps
Yt 0y U

In summary, the construction of isogenies descends directly to the level of Kummer surfaces and yield the
following Kummer sandwich theorem, see [9, Thm. 2.38] for details:

Theorem 12. The rational maps ¥+,vs in Equations (145) and (148) fit into the following Kummer
sandwich:

o bt
’CE1><E2 — ICJac(X) — ’CE1><E2

The maps V4, + are defined over Q(Ay, Ay) and induced (up to the action of the minus identity involution,)
by the (2,2)-isogeny in Equation (95) and its dual (2,2)-isogeny in Equation (121).

7. CRYPTOGRAPHY APPLICATIONS

The computational methods for (n, n)-isogenies and the geometric classification of the loci £,,, developed
in Sections 2 through 6, enable applications to isogeny-based cryptography in genus 2.

Let Sz(p) denote the isomorphism classes of superspecial principally polarized Abelian surfaces over F..
The superspecial isogeny problem seeks an isogeny ¢ : Jac(X) — Jac()) between superspecial genus 2
Jacobians over Iz, for some prime p. The Costello-Smith algorithm [17] addresses this by navigating the
Richelot isogeny graph I's(2;p), whose vertices are superspecial principally polarized Abelian surfaces in
Sa(p), to reach products 1 x Ey € E5(p). The Richelot isogeny graph I'a(2;p), while not Ramanujan [23],
exhibits sufficient expansion properties to support efficient random walks from Sz (p) to E2(p), a key feature
leveraged in both the original algorithm and the optimized attack. Subsequent elliptic isogeny computations,
leveraging the Delfs-Galbraith algorithm [21] in O(\/ﬁ) time, yield a complexity of O(p) bit operations, given
#S2(p) = O(p®) and #&>(p) = O(p?).

An attack by Costello et al. [15] optimizes this approach by detecting (n,n)-splittings for n < 11, using
equations of £,,, derived in [42,57,59]. The attack inspects approximately n3 neighbors per step (e.g., 40 for
n = 3) through invariant computations, bypassing full isogeny evaluations. This reduces the cost from 1176
multiplications in F,, per Richelot step to as few as 35, as reported in Table 5 of [15], achieving speedups of 16
to 159 times for primes p from 50 to 1000 bits. The asymptotic complexity remains é(p/ n?), but the reduced
constants significantly enhance cryptanalytic efficiency. The attack’s reliance on precomputed £,, equations
limits its scope to small n. Recent work in [56] introduces machine learning-based methods, to detect
whether a curve lies in £,, for arbitrary n. This enables the attack to target larger n, potentially increasing
its efficacy. Additionally, rational points on £, in P(3 46 10)(Q) over fields of positive characteristic studied
in [46], provide arithmetic insights for assessing protocol vulnerabilities by informing secure key selection.

The Costello et al. attack impacts protocols reliant on the superspecial isogeny problem, such as the CDS
hash function [11], which maps inputs via Richelot isogenies in I'y(2;p). For a Jacobian Jac(X) € L,,, the
attack accelerates traversal to & (p), facilitating collision finding by identifying distinct paths to the same
product, as noted by Florit and Smith [23]. For a 100-bit prime, a 25-fold speedup reduces security from
0(2100) to below 296, posing risks to under parameterized systems. For 512-bit primes, a 100-fold speedup
yields 6(2509)7 remaining secure classically but with a reduced margin.

In a hypothetical genus 2 SIDH scheme, where the secret is an (n*, n*)-isogeny, the attack finds a path to
Es(p) if Jac(Y) € L, but does not recover the kernel S, limiting its threat to key exchange compared to hash
functions. The larger n*-torsion groups and complex endomorphism structures of genus 2 Jacobians offer
potential security advantages over elliptic curve protocols like SIDH. Explicit computation of £, enables
protocol designers to avoid vulnerable Jacobians suggesting that careful key selection can mitigate attack
risks.

Achieving a complete break of genus 2 isogeny-based cryptography, reducing it to polynomial time or
practical insecurity, requires advances beyond the current attack. A method to recover the secret kernel
S C Jac(X)[n*] from public data, such as images of torsion points under ¢, is essential but challenged by
the n*-dimensional torsion group and polarization complexities. A sub-exponential algorithm or polynomial-
time solution for the isogeny problem remains elusive, potentially requiring improved expansion of the non-
Ramanujan graph I's(n; p) or endomorphism ring computations. A quantum algorithm achieving polynomial
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time, surpassing the current O~(\/]5/ n3/ 2) via Grover’s search, is undeveloped. Protocol-specific vulnerabil-
ities, such as degree conversion from (2™n,2™n) to (n*,n*) or torsion leakage, could suffice, but no such
methods exist.

Our computational methods, particularly the Lubicz-Robert formula with O(n?) complexity, enhance the
efficiency of (n, n)-isogeny computations, directly supporting genus 2 cryptographic protocols. By computing
isogenies via sums of Theta functions on the Kummer surface the formula leverages the geometric embedding
of Kummer surfaces into P? achieving O(n?) complexity through efficient operations in low-dimensional
projective space. This generalizes Richelot’s constructions, achieving practical advantages over traditional
approaches. Future research may optimize £,, detection for larger n, possibly through new parameterizations,
to refine cryptanalysis.
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